B-SPLINE SURFACES

Rodrigo Silveira

Curve and Surface Design
Facultat d'Informatica de Barcelona
Universitat Politecnica de Catalunya



UNIFORM B-SPLINE SURFACES

Curve and Surface Design, Facultat d'Informatica de Barcelona, UPC



UNIFORM B-SPLINE SURFACES

As with Bézier surfaces: grid of control points

Curve and Surface Design, Facultat d'Informatica de Barcelona, UPC



UNIFORM B-SPLINE SURFACES

As with Bézier surfaces: grid of control points

Example: uniform biquadratic B-spline surface

Curve and Surface Design, Facultat d'Informatica de Barcelona, UPC



UNIFORM B-SPLINE SURFACES

As with Bézier surfaces: grid of control points

Example: uniform biquadratic B-spline surface\/w(3 x 3 control points)

Curve and Surface Design, Facultat d'Informatica de Barcelona, UPC



UNIFORM B-SPLINE SURFACES

As with Bézier surfaces: grid of control points

Example: uniform biquadratic B-spline surface\/w(3 x 3 control points)

Curve and Surface Design, Facultat d'Informatica de Barcelona, UPC



UNIFORM B-SPLINE SURFACES

As with Bézier surfaces: grid of control points

Example: uniform biquadratic B-spline surface\/w(3 x 3 control points)
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As with Bézier surfaces: grid of control points
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UNIFORM B-SPLINE SURFACES

As with Bézier surfaces: grid of control points

Example: uniform biquadratic B-spline surface\/y(3 x 3 control points)
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UNIFORM B-SPLINE SURFACES

As with Bézier surfaces: grid of control points

Example: uniform biquadratic B-spline surface\/y(3 x 3 control points)

1 2 1 -2 1 POO P()l P02 1 -2 1
P(U,?}) = (5) (u2,u, 1) —2 2 0 P10 P11 P12 —2 2 0
1 1 0 PQO P21 P22 1 1 0

P2 P15 P55 0<wu,v<1
® L @

Written as affine combination of the control points:
o1 P4 P
® ® ® 2 2

P(u,v) = > ) Nis(u)N;s(v)P;
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1,2 2,2
: ® ®
Corner points
.Po 1 .P1,1 .P2 1
What are the corner points of this surface patch?
.Po 0 .Pl,O .PQ 0
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Corner points

.Po 1 .P1,1 .P2 1
What are the corner points of this surface patch?

.Po 0 .Pl,O .PQ 0

1 2 1 -2 1 POO P01 P02 1 -2 1 g 1}2
P(u, ’U) = <§> (u2, u, 1) —2 2 0 P10 P11 P12 —2 2 0 v
1 1 0 P20 P21 P22 1 1 0 1
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1,2 2,2
® @ ®

Corner points
.PO,l .P1,1 .P2,1
What are the corner points of this surface patch?
.Po,o o L0 .PQ,O
/2
1 2 1 -2 1 POO P01 P02 1 -2 1 U
P(’LL,’U) = <§> (’LL2,’LL,1) —2 2 0 P10 P11 P12 —2 2 0 v
1 1 0 P20 P21 P22 1 1 0 1

Bottom-left corner:
1 2 1 POO P01 P02 1 —2
P(O, O) — (5) (O, O, 1) —2 2 0 P10 Pll P12 —2 2
1 0 P20 P21 P22 1 0
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Corner points
.PO,l .P1,1 .P2,1
What are the corner points of this surface patch?
.Po,o o L0 .PQ,O
/2
1 2 1 -2 1 POO P01 P02 1 -2 1 U
P(’LL,’U) = <§> (u2,u,1) —2 2 0 P10 P11 P12 —2 2 0 v
1 1 0 P20 P21 P22 1 1 0 1

Bottom-left corner:
1 2 1 POO P01 P02 1 —2
P(O, O) — (5) (O, O, 1) —2 2 0 P10 Pll P12 —2 2
0 Py P21 Pao I 0
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2 2,2
® @ ®

Corner points

.PO,l .P1,1 .P2,1
What are the corner points of this surface patch?

.Po,o o L0 .PQ,O

1 2 1 -2 1 POO P01 P02 1 -2 1
P(’LL,’U) = <§> (u2,u, 1) —2 2 0 P10 P11 P12 —2 2 0
1 0 P20 P21 P22 1 1 0

Bottom-left corner:
1 2 1 -2 1 POO P01 P02 1 -2 1 0
P(O, O) — (—) (O, O, 1) —2 2 0 P10 Pll P12 —2 2 1 0
( 0 P20 P21 P22 1 0 0 1

~
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2 2,2
® @ ®

Corner points

.PO,l .P1,1 .P2,1
What are the corner points of this surface patch?

.Po,o o L0 .PQ,O

1\ 2 1 -2 1
P(u,v) = <§> (w?,u,1) | =2 2 0
1 0

Bottom-left corner:

1\ 2 Poo Po1 Poo 1
= (§> (1,1,0) { Pio Pi1 P2 1
Pyy P21 Pao 0
1\ 2 Poo + Po1 |
= (5) (1,1,0) [ Pio+ P11 | = 1 (Poo +Po1 + P1g + P11)
Poy + Poy
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Corner points

Y Y

o1 P P
o
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Bottom-left corner:

1\ 2 Poo Po1 Poo 1
= (§> (1,1,0) { Pio Pi1 P2 1
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1\ 2 Poo + Po1 |
= (5) (1,1,0) [ Pio+ P11 | = 1 (Poo +Po1 + P1g + P11)
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1,2 2,2
® @ ®

Corner points

What are the corner points of this surface patch?

P,lT Pl,lT Ps 4
ehol | |

.Po,o w .Pl,O .PQ,O

1\ 2 1 -2 1
P(u,v) = <§> (w?,u,1) | =2 2 0
1 0

Bottom-left corner:

1
Pio+P11 | = 1 (Poo +Po1 + P10+ P11)
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Corner points of biquadratic patch

1
Koo =P(0,0) = Z(Poo +Po1 +P1o+P1y)
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Example of biquadratic B-Spline patch

Py = (0,2,0) P Pay = (2,2,0)
® @ ®

® ®
Po1 P Py = (2,1,0)
® @ 9

[ ®

P =(0,0,0) “Pu=(10,0) Psy=(20,0)

Py = (0,0,0), Po; =(0,1,0), Py =(0,2,0),
Py, =(1,0,0), Py;=(1,1,1), P13 =(1,2,0),
Py = (2,0,0), Po; =(2,1,0), Poy=1(2,2,0)
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Example of biquadratic B-Spline patch

P2 = (0,2,0) P Po» = (2.92.0)
PS ® PS . 2
P11 |
________________ _I‘.__________________

® ® 1 / E O
P P P,
® @ @

Z
@ @

® ® . .
1300 = (0,0,0) Pip=(1,0,0) PQUO— &y Uy Uy ~
[Fig. 7.25 from Salomon]
Py = (0,0,0), Py = (0,1,0), Pgs = (0,2,0),

PlO — (17070)7 Pll — (17 17 1)7 P12 — (17270)7
Pao = (2,0,0), Pay = (2,1,0), Pay = (2,2,0)
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NON-UNIFORM B-SPLINE SURFACES

General formula

P(u,v) =3 i PijNip(u)Njg(v)

- t—t; tivk —t
N;1(t) = Loftelttivn)  N(t) = ry — Nig-1(t) + i
’ 0, otherwise i+k—1 b
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NON-UNIFORM B-SPLINE SURFACES

General formula

P(u,v) =3 i PijNip(u)Njg(v)

' t; —t
NZ- 1(t) _ ].7 if t € [tza ti—l—l) N’L,k(t) = Ni,k—l(t) 4 ‘ +k . Nz'_|_1,]€_1(t)
’ 0, otherwise

e Each variable has its own knot vector
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NON-UNIFORM B-SPLINE SURFACES

General formula

P(u,v) =3 i PijNip(u)Njg(v)

. L t—t; tivgp — T
N,L- 1(1’;) _ ].) |f t c [t’Lat’L+1) N’L,k(t) — t ¢ t'NZ"k_l(t) _|_ t 1+ t N,L'_|_1’k_1(t)
’ 0, otherwise ihk—1 7 b itk T Ml
e Each variable has its own knot vector
For example, for the open version, we can use
U=A{0,...,0,upq1,...,U—p_1,1,...,1} r+1knotswithr=n-+p-+1
N—— N——
p+1 p+1
V={0,...,0,v441,..-,Vs—g—1,1,...,1} s+ 1 knots with s =m +qg+1
+1 +1
q q
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NON-UNIFORM B-SPLINE SURFACES

General formula

P(u,v) =%, Z;nzo PijNip(u)Njq4(v)

In order to compute S(u,v) for a given pair (u,v), we need:

1. Find the parameter subinterval for u. Say u € [u;, u;11)

Compute N;_p (1), ..., Nip(u) = (Nip(u))i-p<i<i

Find the parameter subinterval for v. Say v € [vj,vj41)

Then we can compute the patch for parameters in |u;, uiy1) X [vj,vj41) using the
formula for P(u, v)

oL
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NON-UNIFORM B-SPLINE SURFACES

Properties of basis functions

P(u,v) = iz 22520 Pij Nip(t) Nj4(v)
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Properties of basis functions
P(u,v) =%, Z;‘nzo PijNip(u)Njq(v)

e Nonnegativity: N, ,(u)N;,(v) >0 Vi, j,p,q,u,v
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Properties of basis functions
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Properties of basis functions
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Properties of basis functions
P(u,v) =%, Z?:o PijNip(u)Njq(v)

e Nonnegativity: N, ,(u)N;,(v) >0 Vi, j,p,q,u,v
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NON-UNIFORM B-SPLINE SURFACES

Properties of basis functions
P(u,v) =%, Z?:o PijNip(u)Njq(v)

e Nonnegativity: N, ,(u)N;,(v) >0 Vi, j,p,q,u,v
o Affine invariance: » " (> " Ni,(u)N;j4(v) =1 VY(u,v) € [0,1]?

e Whenn=p,m=gq, U=1{0,...,0,1,...,1}, and V. = {0,...,0,1,...,1}:

p+1 p+1 q+1 q+1

N; p(u)N; ,(v) = Bj n(u)Bjm(v) Bézier surface!

e Local Support: N, ,(u)N;,(v) =0 VY(u,v) ¢ [ui, Yitpt+1) X [V, Vjtq+1)

o In [ui,, Uiy+1) X [Vjy;Vjo+1), at most (p+ 1)(g + 1) basis functions are non-zero, namely
Ni’p(u)Nj,q(v) for all ’io — P <1< ’io and jo —q < ] < j().
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RATIONAL B-SPLINE SURFACES

NURBS Surfaces are defined analogously
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RATIONAL B-SPLINE SURFACES

NURBS Surfaces are defined analogously

Z?:o Z;nzo Nip(w)Nj q(v)w; ;P;
Z?:o Z;nzo N p(u)Njq(v)w;

P(u,v) =

e P, ;: The control points forming the control point grid

e w;; > 0: The weights associated with each control point

e N, ,(u) and N, ,(v): The non-rational B-spline basis functions of degree p and ¢
respectively (same as in previous slides)

Curve and Surface Design, Facultat d'Informatica de Barcelona, UPC



RATIONAL B-SPLINE SURFACES

NURBS Surfaces are defined analogously

D im0 2 j—o Nip(u)Nj g (v)w; ;P

e P, ;: The control points forming the control point grid

e w;; > 0: The weights associated with each control point

e N, ,(u) and N, ,(v): The non-rational B-spline basis functions of degree p and ¢
respectively (same as in previous slides)

Most properties extend from curves to surfaces in an analogous way
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