BEZIER SURFACES

Rodrigo Silveira

Curve and Surface Design
Facultat d'Informatica de Barcelona
Universitat Politecnica de Catalunya



TECHNIQUE: CARTESIAN PRODUCT

Curve and Surface Design, Facultat d'Informatica de Barcelona, UPC



TECHNIQUE: CARTESIAN PRODUCT

A simple way to combine curves into surfaces  see [salomon, 1.9]

Curve and Surface Design, Facultat d'Informatica de Barcelona, UPC



TECHNIQUE: CARTESIAN PRODUCT

A simple way to combine curves into surfaces  see [salomon, 1.9]

Consider two parametric curves Q(u) = > ", fi(u)Q; and
R(w) =>_", gi(u)R;, where the @); and R; are (control) points

Curve and Surface Design, Facultat d'Informatica de Barcelona, UPC



TECHNIQUE: CARTESIAN PRODUCT

A simple way to combine curves into surfaces  see [salomon, 1.9]

Consider two parametric curves Q(u) = > ", fi(u)Q; and
R(w) =>_", gi(u)R;, where the @); and R; are (control) points

Their Cartesian product surface is given by

Plu,w) =" > fi(u)gj(w)P;  where each P;; is a point (or vector)

Curve and Surface Design, Facultat d'Informatica de Barcelona, UPC



TECHNIQUE: CARTESIAN PRODUCT

A simple way to combine curves into surfaces  see [salomon, 1.9]

Consider two parametric curves Q(u) = > ", fi(u)Q; and
R(w) =>_", gi(u)R;, where the @); and R; are (control) points

Their Cartesian product surface is given by

Plu,w) =" > fi(u)gj(w)P;  where each P;; is a point (or vector)

Curve and Surface Design, Facultat d'Informatica de Barcelona, UPC



TECHNIQUE: CARTESIAN PRODUCT

Example: bilinear surfaces See [Salomon, 2.3]

Qu)=(1—u)Py+uPy, for 0 <u <1, and
Rw)=(1—-w)Py+wP; for 0 <u <1

Then P(u,w) — (1 — U)(l — w)POO + (1 — U,)TUPOl -+ U(l — ”(U)Pl() + uwP11
for PQ(), P()l, Pl(), P11 points, e.g., In RB
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Example: bilinear surfaces See [Salomon, 2.3]

Qu)=(1—u)Py+uPy, for 0 <u <1, and
Rw)=(1—-w)Py+wP; for 0 <u <1

Then P(u,w) = (1 — U)(l — w)POO + (1 — u)wP01 + U(l — ’U})Pl() + uwP11

for POO, P()l, Pl(), P11 points, e.g., In RB
/
| —

N

Bilinear surfaces can be highly curved
Try it: https://www.desmos.com/3d/qylaccOlwq
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INTRO TO BEZIER SURFACES

ldea: use grid of control points

Consider (n + 1) x (m + 1) control points arranged in a rectangular grid

PO n Pl,n Pm n
® @ ®
m n
% S(uv U) — Z’izo ijo B, (U)Bn,j (U)P’i,j
: 0<u,v<1
= [ Py 4 Py 1
o @ o
v
.PO,O .Pl,O .Pm,O where the terms B,, ; and B,, ; are the Bernstein
polynomials, same as in Bézier curves

U m <+ 1 columns
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INTRO TO BEZIER SURFACES

ldea: use grid of control points

Consider a grid of (m + 1) x (n+ 1) control points arranged in a rectangular grid

S(u,v) =220 2 j—0 Bmi(u)Bnj(v) Py | 0<uv<l

In matrix form:

(Poo  Pox ... PO,n\ (Bn,O('U)\
Pio Pi1 ... P, By.1(v)
S(U, U) — (Bm,O(u)7 Bm,l(“’)a <. 7BTR,m(u)) : : - : .
\Pm,O Pm,l SR Pm,n) \Bn,n(v))
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-

Note that each entry is a 3D point!
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BEZIER SURFACES

Example

Biquadratic Bézier surface
patch [Salomon, Fig 6.20]
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o ® o)
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Try it: https://www.desmos.com/3d/qwmnwoivxd
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Properties of Bézier surface (on rectangular grid)
0<u,v<l1

S(u,v) = 2220 2 jmo Bm,i(w) B i (v) P
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PROPERTIES OF BEZIER SURFACES

Properties of Bézier surface (on rectangular grid)

e Uniparametric curves S(u,v) => ", Z?:o Bp.i(u) B, (v) P
(i.e., fixed u or fixed v)

All uniparametric curves are Bézier curves

e Affine invariance
S Z?:o Bp.i(u)By, j(v) =1  for all (u,v)
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PROPERTIES OF BEZIER SURFACES

Properties of Bézier surface (on rectangular grid)

e Uniparametric curves
(i.e., fixed u or fixed v)

S(u,v) = 2220 2 jmo Bm,i(w) B i (v) P

All uniparametric curves are Bézier curves

e Affine invariance

S Z?:o Bp.i(u)By, j(v) =1  for all (u,v)

e Convex hull property

e No variation diminishing property
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CONNECTING BEZIER SURFACES

Smooth connection of rectangular Bézier patches
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CONNECTING BEZIER SURFACES

Smooth connection of rectangular Bézier patches

e Same idea as for curves

T\o

P(u,v) Q(u,v)
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CONNECTING BEZIER SURFACES

Smooth connection of rectangular Bézier patches

e Same idea as for curves Py @m0

T\. ka,m

Warning:
subindices
swapped, and
nand m
exchanged

Pm,O

Py Qoo Q.0

P(u,v) Q(u,v)
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CONNECTING BEZIER SURFACES

Smooth connection of rectangular Bézier patches

e Same idea as for curves
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CONNECTING BEZIER SURFACES

Smooth connection of rectangular Bézier patches

e Same idea as for curves

Q.0

e Continuity (C"-cont) Pin=Qi0 Vi=0,....,m

e Smoothness (C'-cont)
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CONNECTING BEZIER SURFACES

Smooth connection of rectangular Bézier patches

e Same idea as for curves

Qk,0
e Continuity (C"-cont) Pin=Qi0 Vi=0,....,m
OP(u,v 0Q (u,v
e Smoothness (C'-cont) 8P u) = 9u) .
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CONNECTING BEZIER SURFACES

Smoothness condition (C*-continuity)

0P (u,v)
ou

_ 9Q(u,v)
o ou

u=1

u=0
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CONNECTING BEZIER SURFACES

Smoothness condition (C*-continuity)

0P (u,v)
ou

_ 9Q(u,v)
o ou

u=1

u=0

P(u,v) = Zyio Z?:o Bu,i(u)Bn,j(v) P j = Zyio Z?:O (T)“z(l - u)m_i(?)vj(l — V)" Py
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CONNECTING BEZIER SURFACES

Smoothness condition (C*-continuity)

0P (u,v)
ou

_ 9Q(u,v)
o ou

u=1

P(u,v) = Zyio Z?:o Bu,i(u)Bn,j(v) P j = Zyio Z?:O (T)“z(l - u)m_i(?)vj(l — V)" Py

oP N m m ) 1 m m : o
—(,gz v) = S (i)mﬂ(l — )" "Pin =) g (i)nvz(l — )" P 1

u=0
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CONNECTING BEZIER SURFACES

Smoothness condition (C*-continuity)

0P (u,v)
ou

_ 9Q(u,v)
o ou

u=1
P(u,v) = Zyio Z?:o Bm,i(U)Bn,j(U)Pz',j — Zyio Z?:o (T)u@(l - u)m_i(?)vj(l - U)n_jpi,j
| = (Pt (L= o) P = S ()t (L= o) P

ou
=n i, ()0 (1 =)™ (P — Pypa)

u=0
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CONNECTING BEZIER SURFACES

Smoothness condition (C*-continuity)

0P (u,v)
ou

_ 9Q(u,v)
o ou

u=1
P(u,v) = Zyio Z?:o Bm,i(U)Bn,j(U)Pi,j — Zyio Z?:o (T)u@(l - U)m_i(?)vj(l - U)n_jpi,j
| = (Pt (L= o) P = S ()t (L= o) P

ou
=n i, ()0 (1 =)™ (P — Pypa)

u=0

Analogously,
0 kY ico (?)Uz(l —0)""(Qi1 — Qi)

u=

0Q (u,v)
ou
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CONNECTING BEZIER SURFACES

Smoothness condition (C*-continuity)

0P (u,v)
ou

_ 9Q(u,v)
o ou

u=1

u=0
P(u,v) = Zyio Z?:o Bm,i(U)Bn,j(U)Pi,j — Z::Zo Z?:o (T)u@(l - U)m_i(?)vj(l - U)n_jpi,j
| = (Pt (L= o) P = S ()t (L= o) P

ou
=n i, ()0 (1 =)™ (P — Pypa)

Analogously,
0 kY ico (?)Uz(l —0)""(Qi1 — Qi)

u=

0Q (u,v)
ou

Therefore, the condition for C''-continuity is: n(P;pn— Pin-1) =k(Qi1—Qio) Vi=0,....,m
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0P (u,v)
ou

_ 9Q(u,v)
o ou

u=1

u=0
P(u,v) = Zyio Z?:o Bm,i(U)Bn,j(U)Pz’,j — Z::r;o Z?:o (T)u@(l - U)m_i(?)vj(l - U)n_jpi,j
| = (Pt (L= o) P = S ()t (L= o) P

ou
=n i, ()0 (1 =)™ (P — Pypa)

Analogously,
0 kY ico (Tzn)vz(l —0)""(Qi1 — Qi)

u=

0Q (u,v)
ou

Therefore, the condition for C''-continuity is: n(P;pn— Pin-1) =k(Qi1—Qio) Vi=0,....,m

If we just want G''-cont, it is enough with P, — Pin—1 = a(Qi1 — Qip), for some a #0 € R
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DE CASTELJAU’'S ALGORITHM

Applying De Casteljau to each dimension

e For surfaces: apply it in two phases
(along u, and along v) &P(t)

De Casteljau for curves
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DE CASTELJAU’'S ALGORITHM

Applying De Casteljau to each dimension

. . ——
e For surfaces: apply it |n two phases
(along u, and along v) & P)
De Casteljau for curves
JW\

along “constant u" control along one “constant v" polygon
polygonal lines

U

e Applications of De Casteljau, e.g., to curve subdivision, also extend to
surfaces
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INTERPOLATING SURFACE

Interpolating Bézier surface patch

Problem: given (m + 1) x (n + 1) data points () ;, compute a set of
(m+1) x (n+ 1) control points P; ; such that the Bézier surface S defined by
the points P, ; goes through the points Q)
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INTERPOLATING SURFACE

Interpolating Bézier surface patch

Problem: given (m + 1) x (n + 1) data points () ;, compute a set of
(m+1) x (n+ 1) control points P; ; such that the Bézier surface S defined by

the points P, ; goes through the points Q)

Same approach as for curves:
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INTERPOLATING SURFACE

Interpolating Bézier surface patch

Problem: given (m + 1) x (n + 1) data points () ;, compute a set of
(m+1) x (n+ 1) control points P; ; such that the Bézier surface S defined by
the points P, ; goes through the points Q)

Same approach as for curves:

1) Select m + 1 values uy, (for k =0,...,m)
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INTERPOLATING SURFACE

Interpolating Bézier surface patch

Problem: given (m + 1) x (n + 1) data points () ;, compute a set of
(m+1) x (n+ 1) control points P; ; such that the Bézier surface S defined by

the points P, ; goes through the points Q)

Same approach as for curves:

1) Select m + 1 values uy, (for k =0,...,m)
2) Select n + 1 values w; (for [ =0,...,n)
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INTERPOLATING SURFACE

Interpolating Bézier surface patch

Problem: given (m + 1) x (n + 1) data points () ;, compute a set of
(m+1) x (n+ 1) control points P; ; such that the Bézier surface S defined by

the points P, ; goes through the points Q)

Same approach as for curves:

1) Select m + 1 values uy, (for k =0,...,m)
2) Select n + 1 values w; (for [ =0,...,n)
3) Require S(uk,wl) = Qk,l for all k,l

Curve and Surface Design, Facultat d'Informatica de Barcelona, UPC



INTERPOLATING SURFACE

Interpolating Bézier surface patch

Problem: given (m + 1) x (n + 1) data points () ;, compute a set of
(m+1) x (n+ 1) control points P; ; such that the Bézier surface S defined by

the points P, ; goes through the points Q)

Same approach as for curves:

1) Select m + 1 values uy, (for k =0,...,m)
2) Select n + 1 values w; (for [ =0,...,n)
3) Require S(uk,wl) = Qk,l for all k,l

Defines system of (m + 1) X (n + 1) equations that always has a solution
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INTERPOLATING SURFACE

Interpolating Bézier surface patch

Problem: given (m + 1) x (n + 1) data points () ;, compute a set of
(m+1) x (n+ 1) control points P; ; such that the Bézier surface S defined by

the points P, ; goes through the points Q)

Same approach as for curves:

1) Select m + 1 values uy, (for k =0,...,m)
2) Select n + 1 values w; (for [ =0,...,n)
3) Require S(uk,wl) = Qk,l for all k,l

Defines system of (m + 1) X (n + 1) equations that always has a solution

S(uk,wl) = Bfn(uk)PBn(wl) = Qk,l, for k = O, "’ and [ = O, ooy N
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INTERPOLATING SURFACE

Interpolating Bézier surface patch

Problem: given (m + 1) x (n + 1) data points () ;, compute a set of
(m+1) x (n+ 1) control points P; ; such that the Bézier surface S defined by

the points P, ; goes through the points Q)

Same approach as for curves:

1) Select m + 1 values uy, (for k =0,...,m)
2) Select n + 1 values w; (for [ =0,...,n)
3) Require S(uk,wl) = Qk,l for all k,l

Defines system of (m + 1) X (n + 1) equations that always has a solution
S(uk,wl) = Bfn(uk)PBn(wl) = Qk,l’ for k = O, "’ and [ = O, ooy N
|

matricial form of Bézier surface formula
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INTERPOLATING SURFACE

Interpolating Bézier surface patch

Example from [Salomon, page 232]:

Example: We choose m = 3 and n = 2. The system of equations becomes

_ e
3 2 o 2 37 | Pio Pii Pio (1 =)
[(1—u;€),3uk(1—uk),3uk(1—uk),uk] P,y P,, P 2w;(12—wl) = Qi

Py Py Pyl l YT
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INTERPOLATING SURFACE

Interpolating Bézier surface patch

Example from [Salomon, page 232]:

Example: We choose m = 3 and n = 2. The system of equations becomes

_ e
3 2 o 2 37 | Pio Pii Pio (1 =)
[(1—u;€),3uk(1—uk),3uk(1—uk),uk] P,y P,, P 2w;(12—wl) = Qi

Py Py Pyl l YT

12 equations, 12 unknowns
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RATIONAL BEZIER SURFACES

Rational rectangular Bézier surface patch
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RATIONAL BEZIER SURFACES

Rational rectangular Bézier surface patch

Definition anologous to the one for curves
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RATIONAL BEZIER SURFACES

Rational rectangular Bézier surface patch

Definition anologous to the one for curves

ZZO Z?:O wi,ij,i(u)Bn,j (w)Pi,j 0<u,w<l1

p — -
) S Sy wns B Bagw) v SR ol

If all weights are w; ; = 1, it reduces to the ordinary Bézier surface
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TRIANGULAR PATCHES

Surface patches don't need to be rectangular

Control points arranged as triangular array

Po4o
P30 Po31 P13o
P20 P21 P1og Po22 P21 Paog
Po1o Po11 P11o Poi2 P111 Paio P13 P112 Pa11 Paio

Pooi Pioo Poo2 Pioi P2oo Poos Pio2 P201 Psoo Poos Pios P2o2 Psoi Paoo
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TRIANGULAR PATCHES

Surface patches don't need to be rectangular

Control points arranged as triangular array

Po4o
P30 Po31 P13o
P20 P21 P1og Po22 P21 Paog
Po1o Po11 P11o Poi2 P111 Paio P13 P112 Pa11 Paio

Pooi Pioo Poo2 Pioi P2oo Poos Pio2 P201 Psoo Poos Pios P2o2 Psoi Paoo

Bézier formula needs version based on three variables

P(u,v, w) E Pwk. Tk Wl wk = E P By (u, v, w)
1+j+k=n i+j+k=n

with u 4+ v 4+ w = 1 (so there are only two degrees of freedom)

First Bézier surface, developed by De Casteljau in 1959!
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TRIANGULAR PATCHES

Example
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