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Q(u) = (1− u)P0 + uP1, for 0 ≤ u ≤ 1, and
R(w) = (1− w)P0 + wP1 for 0 ≤ u ≤ 1

Then P (u,w) = (1− u)(1− w)P00 + (1− u)wP01 + u(1− w)P10 + uwP11

for P00, P01, P10, P11 points, e.g., in R3

P00 P10

P11

P01

P ( 13 , 0) (i.e., u = 1
3 )

P ( 13 , 1)



TECHNIQUE: CARTESIAN PRODUCT

Example: bilinear surfaces See [Salomon, 2.3]

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC
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Bilinear surfaces can be highly curved
Try it: https://www.desmos.com/3d/qylacc01wq
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Idea: use grid of control points

Consider (n+ 1)× (m+ 1) control points arranged in a rectangular grid

P0,n P1,n Pm,n

P0,1 P1,1 Pm,1

P0,0 P1,0 Pm,0

m+ 1 columns

n
+
1
ro
w
s



INTRO TO BEZIER SURFACES

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC
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In matrix form:

S(u, v) = (Bm,0(u), Bm,1(u), . . . , Bm,m(u))


P0,0 P0,1 . . . P0,n

P1,0 P1,1 . . . P1,n

...
...

. . .
...

Pm,0 Pm,1 . . . Pm,n



Bn,0(v)
Bn,1(v)

...
Bn,n(v)



Note that each entry is a 3D point!
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Properties of Bézier surface (on rectangular grid)

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC
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Properties of Bézier surface (on rectangular grid)

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC
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Smooth connection of rectangular Bézier patches

• Same idea as for curves

P (u, v) Q(u, v)

Pm,0

P0,0

Pm,n

P0,n Q0,0

Qm,0

Qk,0

Qk,m

Warning:
subindices
swapped, and
n and m
exchanged
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P0,0

Pm,n = Qm,0

P0,n = Q0,0 Qk,0

Qk,m

P1,n = Q1,0

P2,n = Q2,0
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P1,n = Q1,0

P2,n = Q2,0

• Continuity (C0-cont) Pi,n = Qi,0 ∀i = 0, . . . ,m

Note that this implies that
the curve coincides in all
boundary points (by linear
interpolation of the control
points)
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Smooth connection of rectangular Bézier patches

• Same idea as for curves

P (u, v)
Q(u, v)

Pm,0

P0,0

Pm,n = Qm,0

P0,n = Q0,0 Qk,0

Qk,m

P1,n = Q1,0

P2,n = Q2,0

• Continuity (C0-cont)

• Smoothness (C1-cont)

Pi,n = Qi,0 ∀i = 0, . . . ,m

∂P (u,v)
∂u

∣∣∣
u=1

= ∂Q(u,v)
∂u

∣∣∣
u=0

Note that this implies that
the curve coincides in all
boundary points (by linear
interpolation of the control
points)
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∂P (u,v)
∂u

∣∣∣
u=1

= ∂Q(u,v)
∂u

∣∣∣
u=0
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∂P (u,v)
∂u

∣∣∣
u=1

= ∂Q(u,v)
∂u

∣∣∣
u=0

P (u, v) =
∑m

i=0

∑n
j=0 Bm,i(u)Bn,j(v)Pi,j =

∑m
i=0

∑n
j=0

(
m
i

)
ui(1− u)m−i

(
n
j

)
vj(1− v)n−jPi,j
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∂P (u,v)
∂u

∣∣∣
u=1

= ∂Q(u,v)
∂u

∣∣∣
u=0

P (u, v) =
∑m

i=0

∑n
j=0 Bm,i(u)Bn,j(v)Pi,j =

∑m
i=0

∑n
j=0

(
m
i

)
ui(1− u)m−i

(
n
j

)
vj(1− v)n−jPi,j

∂P (u,v)
∂u

∣∣∣
u=1

=
∑m

i=0

(
m
i

)
nvi(1− v)m−iPi,n −

∑m
i=0

(
m
i

)
nvi(1− v)m−iPi,n−1
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∂P (u,v)
∂u

∣∣∣
u=1

= ∂Q(u,v)
∂u

∣∣∣
u=0

P (u, v) =
∑m

i=0

∑n
j=0 Bm,i(u)Bn,j(v)Pi,j =

∑m
i=0

∑n
j=0

(
m
i

)
ui(1− u)m−i

(
n
j

)
vj(1− v)n−jPi,j

∂P (u,v)
∂u

∣∣∣
u=1

=
∑m

i=0

(
m
i

)
nvi(1− v)m−iPi,n −

∑m
i=0

(
m
i

)
nvi(1− v)m−iPi,n−1

= n
∑m

i=0

(
m
i

)
vi(1− v)m−i(Pi,n − Pi,n−1)

With respect to Vera’s
notes: subindices swapped,
and n and m exchanged
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∂P (u,v)
∂u

∣∣∣
u=1

= ∂Q(u,v)
∂u

∣∣∣
u=0

P (u, v) =
∑m

i=0

∑n
j=0 Bm,i(u)Bn,j(v)Pi,j =

∑m
i=0

∑n
j=0

(
m
i

)
ui(1− u)m−i

(
n
j

)
vj(1− v)n−jPi,j

∂P (u,v)
∂u

∣∣∣
u=1

=
∑m

i=0

(
m
i

)
nvi(1− v)m−iPi,n −

∑m
i=0

(
m
i

)
nvi(1− v)m−iPi,n−1

Analogously,

∂Q(u,v)
∂u

∣∣∣
u=0

= k
∑m

i=0

(
m
i

)
vi(1− v)m−i(Qi,1 −Qi,0)

= n
∑m

i=0

(
m
i

)
vi(1− v)m−i(Pi,n − Pi,n−1)

With respect to Vera’s
notes: subindices swapped,
and n and m exchanged

= n
∑m

j=0

(
m
j

)
vj(1− v)m−j(Pj,n − Pj,n−1)
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∂P (u,v)
∂u

∣∣∣
u=1

= ∂Q(u,v)
∂u

∣∣∣
u=0

P (u, v) =
∑m

i=0

∑n
j=0 Bm,i(u)Bn,j(v)Pi,j =

∑m
i=0

∑n
j=0

(
m
i

)
ui(1− u)m−i

(
n
j

)
vj(1− v)n−jPi,j

∂P (u,v)
∂u

∣∣∣
u=1

=
∑m

i=0

(
m
i

)
nvi(1− v)m−iPi,n −

∑m
i=0

(
m
i

)
nvi(1− v)m−iPi,n−1

Analogously,

∂Q(u,v)
∂u

∣∣∣
u=0

= k
∑m

i=0

(
m
i

)
vi(1− v)m−i(Qi,1 −Qi,0)

= n
∑m

i=0

(
m
i

)
vi(1− v)m−i(Pi,n − Pi,n−1)

With respect to Vera’s
notes: subindices swapped,
and n and m exchanged

Therefore, the condition for C1-continuity is: n(Pi,n − Pi,n−1) = k(Qi,1 −Qi,0) ∀i = 0, . . . ,m

= n
∑m

j=0

(
m
j

)
vj(1− v)m−j(Pj,n − Pj,n−1)
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∂P (u,v)
∂u

∣∣∣
u=1

= ∂Q(u,v)
∂u

∣∣∣
u=0

P (u, v) =
∑m

i=0

∑n
j=0 Bm,i(u)Bn,j(v)Pi,j =

∑m
i=0

∑n
j=0

(
m
i

)
ui(1− u)m−i

(
n
j

)
vj(1− v)n−jPi,j

∂P (u,v)
∂u

∣∣∣
u=1

=
∑m

i=0

(
m
i

)
nvi(1− v)m−iPi,n −

∑m
i=0

(
m
i

)
nvi(1− v)m−iPi,n−1

Analogously,

∂Q(u,v)
∂u

∣∣∣
u=0

= k
∑m

i=0

(
m
i

)
vi(1− v)m−i(Qi,1 −Qi,0)

= n
∑m

i=0

(
m
i

)
vi(1− v)m−i(Pi,n − Pi,n−1)

With respect to Vera’s
notes: subindices swapped,
and n and m exchanged

Therefore, the condition for C1-continuity is: n(Pi,n − Pi,n−1) = k(Qi,1 −Qi,0) ∀i = 0, . . . ,m

If we just want G1-cont, it is enough with Pi,n − Pi,n−1 = α(Qi,1 −Qi,0), for some α ̸= 0 ∈ R

= n
∑m

j=0

(
m
j

)
vj(1− v)m−j(Pj,n − Pj,n−1)

FIX FOR NEXT TIME
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P (t)

De Casteljau for curves

• For surfaces: apply it in two phases
(along u, and along v)

v

along “constant u” control
polygonal lines

u



DE CASTELJAU’S ALGORITHM

Applying De Casteljau to each dimension

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC
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P (t)

De Casteljau for curves

• For surfaces: apply it in two phases
(along u, and along v)

v

along “constant u” control
polygonal lines

u



DE CASTELJAU’S ALGORITHM

Applying De Casteljau to each dimension

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC
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P (t)

De Casteljau for curves

• For surfaces: apply it in two phases
(along u, and along v)

v

along “constant u” control
polygonal lines

along one “constant v” polygon

P (u, v)

• Applications of De Casteljau, e.g., to curve subdivision, also extend to
surfaces

As for curves, De Casteljau
can be used to subdivide a
rectancular patch into four
smaller patches of the
same degree

u
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Problem: given (m+ 1)× (n+ 1) data points Qk,l, compute a set of
(m+ 1)× (n+ 1) control points Pi,j such that the Bézier surface S defined by
the points Pi,j goes through the points Qk,l

Interpolating Bézier surface patch
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Problem: given (m+ 1)× (n+ 1) data points Qk,l, compute a set of
(m+ 1)× (n+ 1) control points Pi,j such that the Bézier surface S defined by
the points Pi,j goes through the points Qk,l

Interpolating Bézier surface patch

Same approach as for curves:

1) Select m+ 1 values uk (for k = 0, . . . ,m)

2) Select n+ 1 values wl (for l = 0, . . . , n)

3) Require S(uk, wl) = Qk,l for all k, l

Defines system of (m+ 1)× (n+ 1) equations that always has a solution

S(uk, wl) = Bt
m(uk)PBn(wl) = Qk,l, for k = 0, . . . ,m and l = 0, . . . , n

matricial form of Bézier surface formula
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Interpolating Bézier surface patch
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Example from [Salomon, page 232]:

12 equations, 12 unknowns
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Rational rectangular Bézier surface patch

Definition anologous to the one for curves

P (u,w) =

∑m
i=0

∑n
j=0wi,jBm,i(u)Bn,j(w)Pi,j∑m

i=0

∑n
j=0 wi,jBm,i(u)Bn,j(w)

0 ≤ u,w ≤ 1
wi,j ∈ R>0 for all i, j

If all weights are wi,j = 1, it reduces to the ordinary Bézier surface
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Surface patches don’t need to be rectangular
The first surface to be derived with
Bézier methods was the triangular
patch, not the rectangular. It was
developed in 1959 by de Casteljau at
Citroen.

Control points arranged as triangular array
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Surface patches don’t need to be rectangular
The first surface to be derived with
Bézier methods was the triangular
patch, not the rectangular. It was
developed in 1959 by de Casteljau at
Citroen.

Control points arranged as triangular array

Bézier formula needs version based on three variables

with u+ v + w = 1 (so there are only two degrees of freedom)

First Bézier surface, developed by De Casteljau in 1959!
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n = 3


