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To overcome this: B-splines

• “Discovered” by Schoenberg (1940s) (actually, even earlier), developed as we will see them
by De Boor in the 1960s and Riesenfeld and others in 1970s

• B-splines = Basis splines

• Several flavors: uniform, non-uniform, rational non-uniform (NURBs)...

In 1960, C. de Boor started
to work for the General
Motors Research labs and
began using B-splines as a
tool for geometry
representation. He later
became one of the most
influential proponents of
B-splines in approximation
theory.

As of 2025, Carl de Boor
(german, moved to the US
to study) is alive and aged
87

Carl de Boor
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Requirements:

1. P1(t) and P2(t) meet smoothly at
common point (C1-continuity)

2. Affine combination of control points

Question: What is the matrix?

Exercise for students, following
[Salomon, pages 252-254]

Important: we give up on fixing
the two endpoints

The 3 eqs. for affine combination you can get by evaluating at t = 0
(you get easily a0 + b0 + c0 = 1), and then combining evaluations
for t = 1 with t = −1 (and using the previous)
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Pi(t) =
1

2
(t2, t, 1)

 1 −2 1
−2 2 0
1 1 0
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Deriving the formula for the quadratic B-splines

QUADRATIC UNIFORM B-SPLINES

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC
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vectors at the ends?
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Question: what are the tangent
vectors at the ends?

P ′
i (0) = Pi − Pi−1

P ′
i (1) = Pi+1 − Pi

Example: use control points
{(1, 0), (1, 1), (2, 1), (2, 0)} Example in [Salomon. pg 255]
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Setting:
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Requirements:

1. Consecutive segments meet with C2 continuity

2. Entire curve is affine combination of control points
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Requirements:

1. Consecutive segments meet with C2 continuity

2. Entire curve is affine combination of control points

Matrix derived in similar way:

[Salomon pg 257]
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Requirements:

1. Consecutive segments meet with C2 continuity

2. Entire curve is affine combination of control points

Matrix derived in similar way:Matrix derived in similar way:

• Equations for equal endpoints, equal first and
second derivatives at t = 0 and t = 1?

[Salomon pg 257]
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[Salomon pg 257]



Pi(t) = (t3, t2, t, 1)


a3 b3 c3 d3
a2 b2 c2 d2
a1 b1 c1 d1
a0 b0 c0 d0



Pi−1

Pi

Pi+1

Pi+2



CUBIC UNIFORM B-SPLINES

Deriving the formula for the cubic B-splines

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC
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Requirements:

1. Consecutive segments meet with C2 continuity

2. Entire curve is affine combination of control points

Matrix derived in similar way:Matrix derived in similar way:

• Equations for equal endpoints, equal first and
second derivatives at t = 0 and t = 1?

15 equations

• Equations for affine combination 4 equations

16 of them are linearly
independent =⇒
unique solution

[Salomon pg 257]
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Try it: https://www.desmos.com/calculator/orbfk3lw1m
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Ki = Pi(0) =
1
6 (Pi−1 + 4Pi + Pi+1)
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Geometrically, it makes more sense to rewrite as

Ki =
(
1
6Pi−1 +

5
6Pi

)
+ 1

6

(
Pi+1 − Pi

)
Ki+1 =

(
1
6Pi +

5
6Pi+1

)
+ 1

6

(
Pi+2 − Pi+1

)
Explain this geometrically,
dotted picture illustrates,
make bigger in board

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC

Try it: https://www.desmos.com/calculator/orbfk3lw1m
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Formula for the cubic B-splines

Pi(t) =
1

6
(t3, t2, t, 1)


−1 3 −3 1
3 −6 3 0

−3 0 3 0
1 4 1 0



Pi−1

Pi

Pi+1

Pi+2


=

1

6
(−t3+3t2−3t+1)Pi−1+

1

6
(3t3−6t2+4)Pi+

1

6
(−3t3+3t2+3t+1)Pi+1+

t3

6
Pi+2

The two endpoints of each curve segment are

P0

P1

P2

P3

P4

K1

K2

K3

Ki = Pi(0) =
1
6 (Pi−1 + 4Pi + Pi+1)

Ki+1 = Pi(1) =
1
6 (Pi + 4Pi+1 + Pi+2)

Geometrically, it makes more sense to rewrite as

Ki =
(
1
6Pi−1 +

5
6Pi

)
+ 1

6

(
Pi+1 − Pi

)
Ki+1 =

(
1
6Pi +

5
6Pi+1

)
+ 1

6

(
Pi+2 − Pi+1

)
Explain this geometrically,
dotted picture illustrates,
make bigger in board

Other geometric interpretations exist (e.g., 2
3 rule)

Explain this one too:
[Salomon, 431, ex. 7.2]
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Try it: https://www.desmos.com/calculator/orbfk3lw1m
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Question: what are P−1 and
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[Salomon 258-259]
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Making the curve go from P0 to Pn

How can we force the curve go through P0 and Pn?

Answer: add dummy control points P−1 and Pn+1

Question: what are P−1 and
Pn+1 points exactly?

Exercise for the students
[Salomon 258-259]

P−1 = 2P0 − P1 and Pn+1 = 2Pn − Pn−1

Example: use control points
{(0, 0), (0, 1), (1, 1), (2, 1), (2, 0)}.

(i) Draw the first segment.
(ii) Add P−1 to fix beginning of curve at P0.

First part is [Salomon pg 259] Second part to be finished
P0

P1 P2 P3

P4
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Making the curve go from P0 to Pn

How can we force the curve go through P0 and Pn?

Answer: add dummy control points P−1 and Pn+1

Question: what are P−1 and
Pn+1 points exactly?

Exercise for the students
[Salomon 258-259]

P−1 = 2P0 − P1 and Pn+1 = 2Pn − Pn−1

Example: use control points
{(0, 0), (0, 1), (1, 1), (2, 1), (2, 0)}.

(i) Draw the first segment.
(ii) Add P−1 to fix beginning of curve at P0.

First part is [Salomon pg 259] Second part to be finished

P−1 = 2

(
0
0

)
−

(
0
1

)
=

(
0

−1

)
P0

P1 P2 P3

P4
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How can we force the curve go through P0 and Pn?

Answer: add dummy control points P−1 and Pn+1
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Exercise for the students
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P−1 = 2P0 − P1 and Pn+1 = 2Pn − Pn−1

Example: use control points
{(0, 0), (0, 1), (1, 1), (2, 1), (2, 0)}.

(i) Draw the first segment.
(ii) Add P−1 to fix beginning of curve at P0.

First part is [Salomon pg 259] Second part to be finished
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0
0

)
−

(
0
1

)
=

(
0

−1

)
P4 = 2

(
2
0

)
−

(
2
1

)
=

(
2

−1

)
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P1 P2 P3

P4
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How can we force the curve go through P0 and Pn?

Answer: add dummy control points P−1 and Pn+1
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P−1 = 2P0 − P1 and Pn+1 = 2Pn − Pn−1

Example: use control points
{(0, 0), (0, 1), (1, 1), (2, 1), (2, 0)}.

(i) Draw the first segment.
(ii) Add P−1 to fix beginning of curve at P0.
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−
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=
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=
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QUADRATIC VS. CUBIC
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You can choose the order (=degree+1)

As opposed to Bézier curves, in B-splines the same n+ 1 points can be used to construct
curve of order 2 (linear), 3 (quadratic), 4 (cubic) ...

Example: use control points
{(0, 0), (0, 1), (1, 1), (2, 1), (2, 0)}.

How would a quadratic
B-spline curve look like?

P0

P1 P3

P4

P2

Quadratic

3 segments

Cubic

2 segments

Note the middle segment is horizontal

Exercise?
[Salomon, ex. 7.4, pg 432]

Cubic
Quadratic



Figure from [Piegl and Tiller]

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC

INCREASING THE ORDER

Higher order, better fit

Where p is the degree of curve (i.e., p = k − 1)
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Matrix formulation of cubic B-spline
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Matrix formulation of cubic B-spline

C(t) = (t3, t2, t, 1)


−1 3 −3 1
3 −6 3 0

−3 3 0 0
1 0 0 0



Q0

Q1

Q2

Q3



Ask students

P (t) = (t3, t2, t, 1)
1

6


−1 3 −3 1
3 −6 3 0

−3 0 3 0
1 4 1 0



P0

P1

P2

P3


Matrix formulation of cubic Bézier
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Matrix formulation of cubic B-spline

C(t) = (t3, t2, t, 1)
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−3 3 0 0
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Matrix formulation of cubic B-spline

C(t) = (t3, t2, t, 1)


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P (t) = (t3, t2, t, 1)
1
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Matrix formulation of cubic Bézier
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Solution: Solve P (t) = C(t) for the
unknowns Q0, . . . , Q3

Posible ejercicio para hacer en clase

At least argue why this
always has a unique
solution. The inverse of the
Bézier matrix is not so easy
to do during class

Question: what is the solution
to the problem?
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Given a cubic B-spline segment P (t) based on control points P0, · · · , P3, how can we find a
cubic Bézier curve C(t) with the same shape?
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[Salomon pg 268]

Matrix formulation of cubic B-spline

C(t) = (t3, t2, t, 1)


−1 3 −3 1
3 −6 3 0

−3 3 0 0
1 0 0 0
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
Q0

Q1

Q2

Q3
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Ask students

P (t) = (t3, t2, t, 1)
1

6


−1 3 −3 1
3 −6 3 0

−3 0 3 0
1 4 1 0



P0

P1

P2

P3


Matrix formulation of cubic Bézier

Unknowns

Solution: Solve P (t) = C(t) for the
unknowns Q0, . . . , Q3

Result:
Q0 = 1

6 (P0 + 4P1 + P2),
Q1 = 1

6 (4P1 + 2P2),
Q2 = 1

6 (2P1 + 4P2),
Q3 = 1

6 (P1 + 4P2 + P3)

Posible ejercicio para hacer en clase

At least argue why this
always has a unique
solution. The inverse of the
Bézier matrix is not so easy
to do during class

Question: what is the solution
to the problem?

Cubic B-Spline:

=
1

6
(−t3+3t2−3t+1)Pi−1+

1

6
(3t3−6t2+4)Pi+

1

6
(−3t3+3t2+3t+1)Pi+1+

t3

6
Pi+2

Cubic Bézier curve:
P (t) = (1− t)3P0 + 3t(1− t)2P1 + 3t2(1− t)P2 + t3P3

or, equivalently,
P (t) = at3 + bt2 + ct+ d
where:
a = 3(P1 − P2)− P0 + P3, b = 3(P0 + P2)− 6P1, c = 3(P1 − P0) , d = P0

Alternatively, one can equate both polynomials, and will get the same system of equations:
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B-splines of order higher than four

The formulas for quadratic and cubic uniform B-splines generalize to arbitrary order
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B-splines of order higher than four

The formulas for quadratic and cubic uniform B-splines generalize to arbitrary order

Matrix formulation of cubic
B-spline segment Pi(t)

Pi(t) =
1

6
(t3, t2, t, 1)


−1 3 −3 1
3 −6 3 0

−3 0 3 0
1 4 1 0



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Pi

Pi+1
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P (t) = (tn, . . . , t2, t, 1)Mn


Pi−1

Pi

Pi+1

...
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
Matrix formulation of degree-n
B-spline segment Pi(t)

mij =
1

n!

(
n

i

) n∑
k=j

(n− k)i(−1)k−j

(
n+ 1

k − j

)
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B-splines of order higher than four

The formulas for quadratic and cubic uniform B-splines generalize to arbitrary order

Matrix formulation of cubic
B-spline segment Pi(t)

Pi(t) =
1

6
(t3, t2, t, 1)


−1 3 −3 1
3 −6 3 0

−3 0 3 0
1 4 1 0



Pi−1

Pi

Pi+1

Pi+2



P (t) = (tn, . . . , t2, t, 1)Mn


Pi−1

Pi

Pi+1

...
Pi+n−1


Matrix formulation of degree-n
B-spline segment Pi(t)

mij =
1

n!

(
n

i

) n∑
k=j

(n− k)i(−1)k−j

(
n+ 1

k − j

)

M3 =
1

6


−1 3 −3 1
3 −6 3 0

−3 0 3 0
1 4 1 0



M4 =
1

24


−1 −4 6 −4 1
−4 12 −12 4 0
6 −6 −6 6 0

−4 −12 12 4 0
1 11 11 1 0



M5 =
1

120


−1 5 −10 10 −5 1
5 −20 30 −20 5 0

−10 20 0 −20 10 0
10 20 −60 20 10 0
−5 −50 0 50 5 0
1 26 66 26 1 0


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Recall formula of cubic B-spline:
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B-spline curve: given n+ 1 given control points, produces curve through n− 1 joints Kj

We want: given n+ 1 data points K0, . . . ,Kn, produce n-segment curve through them

To produce n segments, a cubic B-spline
requires n+ 3 control points, P−1, . . . , Pn+1

Unknowns

Pi(t) =
1

6
(−t3+3t2−3t+1)Pi−1+

1

6
(3t3−6t2+4)Pi+

1

6
(−3t3+3t2+3t+1)Pi+1+
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6
Pi+2

Recall formula of cubic B-spline:

Pi(1) = Pi+1(0) =
1

6
(Pi + 4Pi+1 + Pi+2)= Ki+1

we require this this gives one equation for
each Kj (n+ 1 in total)

We need n+ 3 equations, so we need two more: we fix extreme tangent vectors T1 and Tn

Very important: This
means the user must
specify T1 and TnP ′

0(0) =
1

2
(P1 − P−1)

P ′
n(1) =

1

2
(Pn+1 − Pn−1)

= T1

= Tn

two more
equations (T1 and
T2 given by user)

System with n+ 3 unknowns
and n+ 3 equations that (one
can check) is nonsingular

Draw matrix in board, see
[Salomon pg 270] or
example in page 271
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A different way to look at B-splines

Recall Bézier curves: P (t) =
∑n

i=0 PiBn,i(t) t ∈ [0, 1]

Note how this is different from the B-Splines
seen so far:
• Each point weighted by a basis function
• One single expression for the whole curve (as
opposed to one for a generic segment)

• Parameter goes from 0 to 1 or 0 to n through
all the segments (as opposed to each
segment going from 0 to 1)
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Recall Bézier curves: P (t) =
∑n

i=0 PiBn,i(t) t ∈ [0, 1]

We can do the same with B-splines! Approach based on using a knot vector

For now, we consider cubic uniform B-splines (order 4)

Example: 5 control points → two cubic segments

Note how this is different from the B-Splines
seen so far:
• Each point weighted by a basis function
• One single expression for the whole curve (as
opposed to one for a generic segment)

• Parameter goes from 0 to 1 or 0 to n through
all the segments (as opposed to each
segment going from 0 to 1)



KNOT VECTOR-BASED APPROACH

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC

A different way to look at B-splines

Recall Bézier curves: P (t) =
∑n

i=0 PiBn,i(t) t ∈ [0, 1]

We can do the same with B-splines! Approach based on using a knot vector

For now, we consider cubic uniform B-splines (order 4)

Example: 5 control points → two cubic segments

We need to find five weight (basis) functions B4,0(t), . . . , B4,4(t)
• In this approach we assume each cubic segment is defined for one interval of one unit
[u, u+ 1]

• Each integer value u is called a knot (the sequence of knot values is called knot vector)

• In uniform B-splines, knots are equally spaced, e.g., 0, 1, 2, . . .

The 4 in B4,i is for order-4

cubic = order 4

Note how this is different from the B-Splines
seen so far:
• Each point weighted by a basis function
• One single expression for the whole curve (as
opposed to one for a generic segment)

• Parameter goes from 0 to 1 or 0 to n through
all the segments (as opposed to each
segment going from 0 to 1)

Note a change of notation: knots are not points
anymore, they are know the parameter values where
the segments end and start (and not only, since
there are more knots than “segment joints”)
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A different way to look at B-splines

Recall Bézier curves: P (t) =
∑n

i=0 PiBn,i(t) t ∈ [0, 1]

We can do the same with B-splines! Approach based on using a knot vector

For now, we consider cubic uniform B-splines (order 4)

Example: 5 control points → two cubic segments

We need to find five weight (basis) functions B4,0(t), . . . , B4,4(t)
• In this approach we assume each cubic segment is defined for one interval of one unit
[u, u+ 1]

• Each integer value u is called a knot (the sequence of knot values is called knot vector)

• In uniform B-splines, knots are equally spaced, e.g., 0, 1, 2, . . .

in our example, since there are two segments, the parameter
for the first one lives in [0, 1] and for the second one in [1, 2]

The 4 in B4,i is for order-4

cubic = order 4

Note how this is different from the B-Splines
seen so far:
• Each point weighted by a basis function
• One single expression for the whole curve (as
opposed to one for a generic segment)

• Parameter goes from 0 to 1 or 0 to n through
all the segments (as opposed to each
segment going from 0 to 1)

Note a change of notation: knots are not points
anymore, they are know the parameter values where
the segments end and start (and not only, since
there are more knots than “segment joints”)
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The cubic B-spline basis functions

Each function should:
• Be a cubic polynomial

• Have it maximum near “its” control point

• Drop to zero away from “its” control point

b0(t)

b1(t) b2(t)

b3(t)

each bi(t) is a cubic polynomial
defined over [0, 1]

Overall shape:

knots

Each basis function will be
defined only for an interval of
five knots (so 4 unit-length)

Conditions sought for the bi(t) functions:
• Affine invariant

• C2-continuous at three joints

• b0(t), b
′
0(t), b

′′
0(t) should be zero at the start point b0(0)

• b3(t), b
′
3(t), b

′′
3(t) should be zero at the end point b3(1)

0 1 2 3 4

We write the basis function as the union of four parts
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The cubic B-spline basis functions

Each function should:
• Be a cubic polynomial

• Have it maximum near “its” control point

• Drop to zero away from “its” control point

b0(t)

b1(t) b2(t)

b3(t)

each bi(t) is a cubic polynomial
defined over [0, 1]

Overall shape:

knots

Each basis function will be
defined only for an interval of
five knots (so 4 unit-length)

Conditions sought for the bi(t) functions:
• Affine invariant

• C2-continuous at three joints

• b0(t), b
′
0(t), b

′′
0(t) should be zero at the start point b0(0)

• b3(t), b
′
3(t), b

′′
3(t) should be zero at the end point b3(1)

How many equations on the coefficients of the bi(t)
functions do we obtain from these conditions?

[Salomon, pg 273]

B4,i(t)

t

0 1 2 3 4

We write the basis function as the union of four parts
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Solution to the equations:

b0(t) =
1
6 t

3

b1(t) =
1
6 (1 + 3t+ 3t2 − 3t3)

b2(t) =
1
6 (4− 6t2 + 3t3)

b3(t) =
1
6 (1− 3t+ 3t2 − t3)

Check that they are barycentric, that is,
b0(t) + b1(t) + b2(t) + b3(t) = 1, for all t
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b0(t) =
1
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b1(t) =
1
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6 (4− 6t2 + 3t3)

b3(t) =
1
6 (1− 3t+ 3t2 − t3)
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b1(t) b2(t)

b3(t)

Each control point Pi gets multiplied by a shifted
copy of the basis function:

B4,i(t)
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ti−3 ≤ t ≤ ti−2

ti−2 ≤ t ≤ ti−1

ti−1 ≤ t ≤ ti

ti ≤ t ≤ ti+1

t
ti−3 ti−2 ti−1 ti ti+1

Ni,4(t) =

Note notation flip at Ni,4 vs B4,i: this is
just to follow the notation in the books

Check that they are barycentric, that is,
b0(t) + b1(t) + b2(t) + b3(t) = 1, for all t
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1
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1
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1
6 (4− 6t2 + 3t3)

b3(t) =
1
6 (1− 3t+ 3t2 − t3)

b0(t)

b1(t) b2(t)

b3(t)

Each control point Pi gets multiplied by a shifted
copy of the basis function:

B4,i(t)

B4,i(t) =

ti−3 ≤ t ≤ ti−2

ti−2 ≤ t ≤ ti−1

ti−1 ≤ t ≤ ti

ti ≤ t ≤ ti+1

t
ti−3 ti−2 ti−1 ti ti+1

P (t) =
∑4
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2/3
B4,2(t)

−2 −1

t

0 1 2 3 4

Ni,4(t) =

Note notation flip at Ni,4 vs B4,i: this is
just to follow the notation in the books

Check that they are barycentric, that is,
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Solution to the equations:
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1
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3
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1
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1
6 (4− 6t2 + 3t3)

b3(t) =
1
6 (1− 3t+ 3t2 − t3)
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b1(t) b2(t)

b3(t)

Each control point Pi gets multiplied by a shifted
copy of the basis function:

B4,i(t)

B4,i(t) =

ti−3 ≤ t ≤ ti−2

ti−2 ≤ t ≤ ti−1
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t
ti−3 ti−2 ti−1 ti ti+1

P (t) =
∑4

i=0 PiB4,i(t)

1/6

2/3
B4,2(t)

−2 −1

t

0 1 2 3 4

B4,0(t) B4,4(t)

Ni,4(t) =

Interval defining the two curve
segments: [0, 2]

Note notation flip at Ni,4 vs B4,i: this is
just to follow the notation in the books

Check that they are barycentric, that is,
b0(t) + b1(t) + b2(t) + b3(t) = 1, for all t

−3 5
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1
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b1(t) =
1
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6 (4− 6t2 + 3t3)

b3(t) =
1
6 (1− 3t+ 3t2 − t3)
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ti−3 ti−2 ti−1 ti ti+1

P (t) =
∑4
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2/3

10
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Ni,4(t) =

Interval defining the two curve
segments: [0, 2]

Note notation flip at Ni,4 vs B4,i: this is
just to follow the notation in the books

Check that they are barycentric, that is,
b0(t) + b1(t) + b2(t) + b3(t) = 1, for all t

−3 5



KNOT VECTOR-BASED APPROACH

The cubic B-spline basis functions

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC

Solution to the equations:

b0(t) =
1
6 t

3

b1(t) =
1
6 (1 + 3t+ 3t2 − 3t3)

b2(t) =
1
6 (4− 6t2 + 3t3)

b3(t) =
1
6 (1− 3t+ 3t2 − t3)

b0(t)

b1(t) b2(t)

b3(t)

Each control point Pi gets multiplied by a shifted
copy of the basis function:

B4,i(t)

B4,i(t) =

ti−3 ≤ t ≤ ti−2

ti−2 ≤ t ≤ ti−1

ti−1 ≤ t ≤ ti

ti ≤ t ≤ ti+1

t
ti−3 ti−2 ti−1 ti ti+1

P (t) =
∑4

i=0 PiB4,i(t)

1/6

2/3
B4,2(t)

−2 −1

t

0 1 2 3 4

B4,0(t) B4,4(t)

1/6

2/3

10

b2(t) b1(t)

b0(t)b3(t)

Ni,4(t) =

Interval defining the two curve
segments: [0, 2]

P1

P0

P2

P3

control point
associated to
each bi

E.g., the red curve is the third from the
left, so it is associated to the third point
(P2)

Note notation flip at Ni,4 vs B4,i: this is
just to follow the notation in the books

Check that they are barycentric, that is,
b0(t) + b1(t) + b2(t) + b3(t) = 1, for all t

−3 5
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General B-spline basis functions

This can be generalized to (n+ 1) control points and order k as follows:
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General B-spline basis functions

This can be generalized to (n+ 1) control points and order k as follows:

P (t) =
∑n

i=0 PiNi,k(t)



KNOT VECTOR-BASED APPROACH
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General B-spline basis functions

This can be generalized to (n+ 1) control points and order k as follows:

P (t) =
∑n

i=0 PiNi,k(t) B-spline basis function

Recall: k is curve degree+1
(e.g., cubic curve has k = 4)
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General B-spline basis functions

This can be generalized to (n+ 1) control points and order k as follows:

P (t) =
∑n

i=0 PiNi,k(t) B-spline basis function

Given: control points P0, . . . , Pn, knots: t0 ≤ t1 ≤ · · · ≤ tn+k, order: k

Recall: k is curve degree+1
(e.g., cubic curve has k = 4)



KNOT VECTOR-BASED APPROACH
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General B-spline basis functions

This can be generalized to (n+ 1) control points and order k as follows:

P (t) =
∑n

i=0 PiNi,k(t) B-spline basis function

Given: control points P0, . . . , Pn, knots: t0 ≤ t1 ≤ · · · ≤ tn+k, order: k
Note that #knots is #
control points + order:
n+ k + 1 knots

Also note two consecutive
knots can be equal

Recall: k is curve degree+1
(e.g., cubic curve has k = 4)



KNOT VECTOR-BASED APPROACH
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General B-spline basis functions

This can be generalized to (n+ 1) control points and order k as follows:

P (t) =
∑n

i=0 PiNi,k(t) B-spline basis function

Ni,1(t) =

{
1, if t ∈ [ti, ti+1)

0, otherwise

Order 1 (k = 1, degree 0)

Given: control points P0, . . . , Pn, knots: t0 ≤ t1 ≤ · · · ≤ tn+k, order: k
Note that #knots is #
control points + order:
n+ k + 1 knots

Also note two consecutive
knots can be equal

Recall: k is curve degree+1
(e.g., cubic curve has k = 4)
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General B-spline basis functions

This can be generalized to (n+ 1) control points and order k as follows:

P (t) =
∑n

i=0 PiNi,k(t) B-spline basis function

Ni,1(t) =

{
1, if t ∈ [ti, ti+1)

0, otherwise

Order 1 (k = 1, degree 0)

Given: control points P0, . . . , Pn, knots: t0 ≤ t1 ≤ · · · ≤ tn+k, order: k
Note that #knots is #
control points + order:
n+ k + 1 knots

Also note two consecutive
knots can be equal

0 1 2 3

N0,1(t)

tis= [0, 1, 2, 3, . . . ]

Recall: k is curve degree+1
(e.g., cubic curve has k = 4)
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General B-spline basis functions

This can be generalized to (n+ 1) control points and order k as follows:

P (t) =
∑n

i=0 PiNi,k(t) B-spline basis function

Ni,1(t) =

{
1, if t ∈ [ti, ti+1)

0, otherwise

Order 1 (k = 1, degree 0)

Given: control points P0, . . . , Pn, knots: t0 ≤ t1 ≤ · · · ≤ tn+k, order: k
Note that #knots is #
control points + order:
n+ k + 1 knots

Also note two consecutive
knots can be equal

0 1 2 3

N1,1(t)

tis= [0, 1, 2, 3, . . . ]

Recall: k is curve degree+1
(e.g., cubic curve has k = 4)
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General B-spline basis functions

This can be generalized to (n+ 1) control points and order k as follows:

P (t) =
∑n

i=0 PiNi,k(t) B-spline basis function

Ni,1(t) =

{
1, if t ∈ [ti, ti+1)

0, otherwise

Order 1 (k = 1, degree 0)

Given: control points P0, . . . , Pn, knots: t0 ≤ t1 ≤ · · · ≤ tn+k, order: k
Note that #knots is #
control points + order:
n+ k + 1 knots

Also note two consecutive
knots can be equal

0 1 2 3

N2,1(t)

tis= [0, 1, 2, 3, . . . ]

Recall: k is curve degree+1
(e.g., cubic curve has k = 4)
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General B-spline basis functions

This can be generalized to (n+ 1) control points and order k as follows:

P (t) =
∑n

i=0 PiNi,k(t) B-spline basis function

Ni,1(t) =

{
1, if t ∈ [ti, ti+1)

0, otherwise

Order 1 (k = 1, degree 0)

Given: control points P0, . . . , Pn, knots: t0 ≤ t1 ≤ · · · ≤ tn+k, order: k
Note that #knots is #
control points + order:
n+ k + 1 knots

Also note two consecutive
knots can be equal

0 1 2 3

N2,1(t)

tis= [0, 1, 2, 3, . . . ]

Ni,k(t) =
t− ti

ti+k−1 − ti
Ni,k−1(t) +

ti+k − t

ti+k − ti+1
Ni+1,k−1(t)

Note: for simplicity,
we take x

0 , for any
x ∈ R, as 0

Recall: k is curve degree+1
(e.g., cubic curve has k = 4)
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Ni,k(t) =
t− ti

ti+k−1 − ti
Ni,k−1(t) +

ti+k − t

ti+k − ti+1
Ni+1,k−1(t)Ni,1 =

{
1, if t ∈ [ti, ti+1)

0, otherwise



KNOT VECTOR-BASED APPROACH

Examples of B-spline basis functions
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Ni,k(t) =
t− ti

ti+k−1 − ti
Ni,k−1(t) +

ti+k − t

ti+k − ti+1
Ni+1,k−1(t)

Question: how do the basis functions look for order 2
(k = 2) when knots are uniform (i.e., ti = i)?

Ni,1 =

{
1, if t ∈ [ti, ti+1)

0, otherwise

[Salomon, pg 276-277]

Order 2 (k = 2, degree 1)
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Examples of B-spline basis functions
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Ni,k(t) =
t− ti

ti+k−1 − ti
Ni,k−1(t) +

ti+k − t

ti+k − ti+1
Ni+1,k−1(t)

Question: how do the basis functions look for order 2
(k = 2) when knots are uniform (i.e., ti = i)?

Ni,1 =

{
1, if t ∈ [ti, ti+1)

0, otherwise

[Salomon, pg 276-277]

Order 3 (k = 3, degree 2)

Order 2 (k = 2, degree 1)



KNOT VECTOR-BASED APPROACH

Examples of B-spline basis functions

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC

Ni,k(t) =
t− ti

ti+k−1 − ti
Ni,k−1(t) +

ti+k − t

ti+k − ti+1
Ni+1,k−1(t)

Question: how do the basis functions look for order 2
(k = 2) when knots are uniform (i.e., ti = i)?

Ni,1 =

{
1, if t ∈ [ti, ti+1)

0, otherwise

[Salomon, pg 276-277]

Order 3 (k = 3, degree 2)

N0,3(t)

0 1 2 3 4

N1,3(t)

0 1 2 3 4

N2,3(t)

0 1 2 3 4

Order 2 (k = 2, degree 1)



B-SPLINE BASIS FUNCTIONS

Some important properties

Ni,k(t) =
t− ti

ti+k−1 − ti
Ni,k−1(t) +

ti+k − t

ti+k − ti+1
Ni+1,k−1(t)
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B-SPLINE BASIS FUNCTIONS

Some important properties

1) Shifted basis Ni,k(t) = N0,k(t− i)

Ni,k(t) =
t− ti

ti+k−1 − ti
Ni,k−1(t) +

ti+k − t

ti+k − ti+1
Ni+1,k−1(t)
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B-SPLINE BASIS FUNCTIONS

Some important properties

2) Local support

1) Shifted basis Ni,k(t) = N0,k(t− i)

Ni,k(t) ̸= 0 only for t ∈ [ti, ti+k)

3) Follows from the
fact that each basis has
k intervals of support
(prop. 2)

Ni,k(t) =
t− ti

ti+k−1 − ti
Ni,k−1(t) +

ti+k − t

ti+k − ti+1
Ni+1,k−1(t)

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC

[See sheet # 12]



B-SPLINE BASIS FUNCTIONS

Some important properties

2) Local support

1) Shifted basis Ni,k(t) = N0,k(t− i)

Ni,k(t) ̸= 0 only for t ∈ [ti, ti+k)

3) Non-zero bases for fixed t
In any interval [tj , tj+1), at most k of the Ni,k are non-zero: N(j−k+1),k, . . . , Nj,k

3) Follows from the
fact that each basis has
k intervals of support
(prop. 2)

Ni,k(t) =
t− ti

ti+k−1 − ti
Ni,k−1(t) +

ti+k − t

ti+k − ti+1
Ni+1,k−1(t)
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[See sheet # 12]



B-SPLINE BASIS FUNCTIONS

Some important properties

2) Local support

1) Shifted basis Ni,k(t) = N0,k(t− i)

Ni,k(t) ̸= 0 only for t ∈ [ti, ti+k)

3) Non-zero bases for fixed t
In any interval [tj , tj+1), at most k of the Ni,k are non-zero: N(j−k+1),k, . . . , Nj,k

3) Follows from the
fact that each basis has
k intervals of support
(prop. 2)

4) Non-negativity Ni,k(t) ≥ 0 for all i, k, t

Ni,k(t) =
t− ti

ti+k−1 − ti
Ni,k−1(t) +

ti+k − t

ti+k − ti+1
Ni+1,k−1(t)

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC

[See sheet # 12]



B-SPLINE BASIS FUNCTIONS

Some important properties

2) Local support

1) Shifted basis Ni,k(t) = N0,k(t− i)

Ni,k(t) ̸= 0 only for t ∈ [ti, ti+k)

3) Non-zero bases for fixed t
In any interval [tj , tj+1), at most k of the Ni,k are non-zero: N(j−k+1),k, . . . , Nj,k

3) Follows from the
fact that each basis has
k intervals of support
(prop. 2)

4) Non-negativity Ni,k(t) ≥ 0 for all i, k, t

Ni,k(t) =
t− ti

ti+k−1 − ti
Ni,k−1(t) +

ti+k − t

ti+k − ti+1
Ni+1,k−1(t)

5) Affine invariance

For any t ∈ [tj , tj+1),
∑n

i=0 Ni,k(t) = 1 [Notes by Vera]
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B-SPLINE BASIS FUNCTIONS

Some important properties

2) Local support

1) Shifted basis Ni,k(t) = N0,k(t− i)

Ni,k(t) ̸= 0 only for t ∈ [ti, ti+k)

3) Non-zero bases for fixed t
In any interval [tj , tj+1), at most k of the Ni,k are non-zero: N(j−k+1),k, . . . , Nj,k

3) Follows from the
fact that each basis has
k intervals of support
(prop. 2)

4) Non-negativity Ni,k(t) ≥ 0 for all i, k, t

Ni,k(t) =
t− ti

ti+k−1 − ti
Ni,k−1(t) +

ti+k − t

ti+k − ti+1
Ni+1,k−1(t)

5) Affine invariance

For any t ∈ [tj , tj+1),
∑n

i=0 Ni,k(t) = 1 [Notes by Vera]

6) Continuity
For uniform knots, the curve and its k − 1 derivatives are continuous
(Non-uniform B-Splines can have discontinuities at knot values!)

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC

[See sheet # 12]
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Open (or clampled) uniform B-Splines
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Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times
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Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)k = 4 (cubic B-spline)

uniform knot vector: (0, 1/7, 2/7, 3/7, 4/7, 5/7, 6/7, 1)
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Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)k = 4 (cubic B-spline)

uniform knot vector: (0, 1/7, 2/7, 3/7, 4/7, 5/7, 6/7, 1)

“open” knot vector: (0, 0, 0, 0, 1, 1, 1, 1)
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Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)k = 4 (cubic B-spline)

uniform knot vector: (0, 1/7, 2/7, 3/7, 4/7, 5/7, 6/7, 1)

“open” knot vector: (0, 0, 0, 0, 1, 1, 1, 1)
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Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)k = 4 (cubic B-spline)

uniform knot vector: (0, 1/7, 2/7, 3/7, 4/7, 5/7, 6/7, 1)

“open” knot vector: (0, 0, 0, 0, 1, 1, 1, 1)

Cubic Bézier curve?
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Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)k = 4 (cubic B-spline)

uniform knot vector: (0, 1/7, 2/7, 3/7, 4/7, 5/7, 6/7, 1)

“open” knot vector: (0, 0, 0, 0, 1, 1, 1, 1)

Cubic Bézier curve?

[NURBS book, page 82, Ex 2.1]
Example: compute open basis functions for

n = 2 and k = 3 (quadratic) B-splines
[También en una hoja manuscrita - número 11b]

[Salomon book, page 282, Example]
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Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)k = 4 (cubic B-spline)

uniform knot vector: (0, 1/7, 2/7, 3/7, 4/7, 5/7, 6/7, 1)

“open” knot vector: (0, 0, 0, 0, 1, 1, 1, 1)

Cubic Bézier curve? Always the case when k = n+ 1

[NURBS book, page 82, Ex 2.1]
Example: compute open basis functions for

n = 2 and k = 3 (quadratic) B-splines
[También en una hoja manuscrita - número 11b]

[Salomon book, page 282, Example]
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Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)k = 4 (cubic B-spline)

uniform knot vector: (0, 1/7, 2/7, 3/7, 4/7, 5/7, 6/7, 1)

“open” knot vector: (0, 0, 0, 0, 1, 1, 1, 1)

Cubic Bézier curve?

n = 4 (5 control points)

k = 4 (cubic B-spline)k = 4 (cubic B-spline)
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Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)k = 4 (cubic B-spline)

uniform knot vector: (0, 1/7, 2/7, 3/7, 4/7, 5/7, 6/7, 1)

“open” knot vector: (0, 0, 0, 0, 1, 1, 1, 1)

Cubic Bézier curve?

n = 4 (5 control points)

k = 4 (cubic B-spline)k = 4 (cubic B-spline)

uniform knot vector: (0, 1/8, 2/8, 3/8, 4/8, 5/8, 6/8, 7/8, 1)
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Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)k = 4 (cubic B-spline)

uniform knot vector: (0, 1/7, 2/7, 3/7, 4/7, 5/7, 6/7, 1)

“open” knot vector: (0, 0, 0, 0, 1, 1, 1, 1)

Cubic Bézier curve?

n = 4 (5 control points)

k = 4 (cubic B-spline)k = 4 (cubic B-spline)

uniform knot vector: (0, 1/8, 2/8, 3/8, 4/8, 5/8, 6/8, 7/8, 1)

“open” knot vector: (0, 0, 0, 0, 0.5, 1, 1, 1, 1)
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Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)k = 4 (cubic B-spline)

uniform knot vector: (0, 1/7, 2/7, 3/7, 4/7, 5/7, 6/7, 1)

“open” knot vector: (0, 0, 0, 0, 1, 1, 1, 1)

Cubic Bézier curve?

n = 4 (5 control points)

k = 4 (cubic B-spline)k = 4 (cubic B-spline)

uniform knot vector: (0, 1/8, 2/8, 3/8, 4/8, 5/8, 6/8, 7/8, 1)

“open” knot vector: (0, 0, 0, 0, 0.5, 1, 1, 1, 1)

degree-4 Bézier—knot vector: (0, 0, 0, 0, 0, 1, 1, 1, 1, 1)
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Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)k = 4 (cubic B-spline)

uniform knot vector: (0, 1/7, 2/7, 3/7, 4/7, 5/7, 6/7, 1)

“open” knot vector: (0, 0, 0, 0, 1, 1, 1, 1)

Cubic Bézier curve?

n = 4 (5 control points)

k = 4 (cubic B-spline)k = 4 (cubic B-spline)

uniform knot vector: (0, 1/8, 2/8, 3/8, 4/8, 5/8, 6/8, 7/8, 1)

“open” knot vector: (0, 0, 0, 0, 0.5, 1, 1, 1, 1)

degree-4 Bézier—knot vector: (0, 0, 0, 0, 0, 1, 1, 1, 1, 1)

Open uniform B-spline curves always
start at P0 and end at Pn. Tangents
are also like in Bézier curves
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Example for quadratic open B-Splines
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Exercise: compute basis functions for 5 control points
(n = 4) and k = 3 (i.e., quadratic open B-splines)

[Salomon pg 282]

5 control points
3 quadratic segments: P1(t), P2(t), P3(t)
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Example for quadratic open B-Splines
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Exercise: compute basis functions for 5 control points
(n = 4) and k = 3 (i.e., quadratic open B-splines)

[Salomon pg 282]

• knot vector: (0, 0, 0, 1, 2, 3, 3, 3)

5 control points
3 quadratic segments: P1(t), P2(t), P3(t)

Recall:

• need to compute 5 bases: N0,3(t) to N4,3(t)

Ni,k(t) =
t− ti

ti+k−1 − ti
Ni,k−1(t) +

ti+k − t

ti+k − ti+1
Ni+1,k−1(t)Ni,1 =

{
1, if t ∈ [ti, ti+1)

0, otherwise

• t goes from tk−1 = t2 = 0 to tn+1 = t5 = 3

This problem can take quite some time
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More examples

Figure from [Piegl and Tiller]

Bézier vs open B-Spline of order 3
where n = 9 and k = 3
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NON-UNIFORM B-SPLINES

When knots are not equally spaced
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• Only restriction: non-decreasing knots

• Knots can have multiplicity larger than one

Effect of knot multiplicity for k = 4 (cubic)

ignoring the first and last k knots, in case of open B-splines

That is, uniform open
B-splines are considered
uniform, even though
nodes at the beginning
and the end are not
equally spaced

P0

P1 P2

P3 P4

P5 P6

P7

(−3,−2,−1, 0, 1, 2, 3, 4, 5, 6, 7, 8)

t3

t4

t5 t6

t7 t8

Knot vector:

P3(t)

P4(t)

P5(t)

P6(t)

P7(t)

See explanation in [Sal pg 287]

0 1 2 3 4 5 6 7 8 9 10 11i



NON-UNIFORM B-SPLINES

When knots are not equally spaced

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC

• Only restriction: non-decreasing knots

• Knots can have multiplicity larger than one

Effect of knot multiplicity for k = 4 (cubic)
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That is, uniform open
B-splines are considered
uniform, even though
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• Only restriction: non-decreasing knots

• Knots can have multiplicity larger than one

Effect of knot multiplicity for k = 4 (cubic)
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That is, uniform open
B-splines are considered
uniform, even though
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• Only restriction: non-decreasing knots

• Knots can have multiplicity larger than one

Effect of knot multiplicity for k = 4 (cubic)

ignoring the first and last k knots, in case of open B-splines

That is, uniform open
B-splines are considered
uniform, even though
nodes at the beginning
and the end are not
equally spaced

P0

P1 P2

P3 P4

P5 P6

P7

t3

t4 = t5 = t6 = t7

t8

(−3,−2,−1, 0, 1, 1, 1, 1, 2, 3, 4, 5)

Knot vector:

P3(t)
P7(t)

0 1 2 3 4 5 6 7 8 9 10 11i



NON-UNIFORM B-SPLINES

Understanding knot vectors

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC



Open uniform B-splines interpolate the first and last control points due to the knot multiplicity

In general: continuity at the knots depends on multiplicity

Ni,k(t) is (k −m− 1) times continuously differentiable, where m is the multiplicity of the knot
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Open uniform B-splines interpolate the first and last control points due to the knot multiplicity

In general: continuity at the knots depends on multiplicity

Ni,k(t) is (k −m− 1) times continuously differentiable, where m is the multiplicity of the knot

Examples:

• If all knots are different, a cubic (k = 4) B-spline is C2-continuous at every knot
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Open uniform B-splines interpolate the first and last control points due to the knot multiplicity

In general: continuity at the knots depends on multiplicity

Ni,k(t) is (k −m− 1) times continuously differentiable, where m is the multiplicity of the knot

Examples:

• If all knots are different, a cubic (k = 4) B-spline is C2-continuous at every knot

• If a knot appears twice, the cubic B-spline will be only C1-continuous there
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Open uniform B-splines interpolate the first and last control points due to the knot multiplicity

Play with some example in http://nurbscalculator.in/

In general: continuity at the knots depends on multiplicity

Ni,k(t) is (k −m− 1) times continuously differentiable, where m is the multiplicity of the knot

Examples:

• If all knots are different, a cubic (k = 4) B-spline is C2-continuous at every knot

• If a knot appears twice, the cubic B-spline will be only C1-continuous there

• If a knot appears three times, the cubic B-spline will be only C0-continuous there

NON-UNIFORM B-SPLINES

Understanding knot vectors

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC

(m=number of repetitions of knot value)
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Matrix form

Matrix-based expressions to compute non-uniform B-splines also exist

Linear case (k = 2)

t ∈ [0, 1]
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N12(u) is obtained by incrementing all the indices

More practical than the recursive formula
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Matrix form

Matrix-based expressions to compute non-uniform B-splines also exist

Quadratic case (k = 3)
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t ∈ [0, 1]

Need notation for difference between consecutive knots:

N13(u) and N23(u) are obtained by incrementing all the indices



NON-UNIFORM B-SPLINES

Matrix form

Matrix-based expressions to compute non-uniform B-splines also exist

Curve and Surface Design, Facultat d’Informàtica de Barcelona, UPC
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N14(u), N24(u) and N34(u) are obtained by
incrementing all the indices

Only in [u3, u4) all four are nonzero, with values:
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Matrix form

Matrix-based expressions to compute non-uniform B-splines also exist
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Cubic case (k = 4)

take
N14(u), N24(u) and N34(u) are obtained by
incrementing all the indices

Only in [u3, u4) all four are nonzero, with values:

3 4

We obtain:
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The most general parametric curve

Same idea as for rational Bézier: each control point Pi has a weight, wi ≥ 0. This gives even
more flexibility to shape the curve

Advantages

• Invariant under projections

Figure from real3dtutorials.com
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more flexibility to shape the curve

Advantages

• Invariant under projections

• It can represent conic curves exactly (e.g., segments of circles, ellipses, hyperbolas and
parabolas)
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The most general parametric curve

Same idea as for rational Bézier: each control point Pi has a weight, wi ≥ 0. This gives even
more flexibility to shape the curve

Advantages

• Invariant under projections

• It can represent conic curves exactly (e.g., segments of circles, ellipses, hyperbolas and
parabolas)

• It is more general, so it includes as particular cases all other B-splines and Bézier curves
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Related to homogeneous coordinates

Any 2D point (x, y) is equivalent to a 3D point: (wx,wy,w)
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e.g., each point Pi = (xi, yi), becomes Qi = (wixi, wiyi, wi), for some wi ≥ 0
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Compute a 3D B-spline curve in the usual (non-rational) way: Pnr(t) =
∑n

i=0QiNi,k(t)
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we need to isolate the coefficients wi multiplying each point, and divide by them
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Related to homogeneous coordinates

Any 2D point (x, y) is equivalent to a 3D point: (wx,wy,w)

the projection of 3D point (a, b, w) to 2D is (a/w, b/w)

Suppose your control points Qi have one extra dimension Pi ∈ R2 → Qi ∈ R3

e.g., each point Pi = (xi, yi), becomes Qi = (wixi, wiyi, wi), for some wi ≥ 0

Compute a 3D B-spline curve in the usual (non-rational) way: Pnr(t) =
∑n

i=0QiNi,k(t)

Now, we can project any point on the 3D curve Pnr(t) to 2D:

we need to isolate the coefficients wi multiplying each point, and divide by them

Pr(t) =
∑n

i=0 wiPiNi,k(t)∑n
j=0 wjNj,k(t)

=
∑n

i=0 Pi

(
wiNi,k(t)∑n

j=0 wjNj,k(t)

)
=

∑n
i=0 PiRi,k(t)
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Related to homogeneous coordinates

Any 2D point (x, y) is equivalent to a 3D point: (wx,wy,w)

the projection of 3D point (a, b, w) to 2D is (a/w, b/w)

Suppose your control points Qi have one extra dimension Pi ∈ R2 → Qi ∈ R3

e.g., each point Pi = (xi, yi), becomes Qi = (wixi, wiyi, wi), for some wi ≥ 0

Compute a 3D B-spline curve in the usual (non-rational) way: Pnr(t) =
∑n

i=0QiNi,k(t)

Now, we can project any point on the 3D curve Pnr(t) to 2D:

we need to isolate the coefficients wi multiplying each point, and divide by them

Pr(t) =
∑n

i=0 wiPiNi,k(t)∑n
j=0 wjNj,k(t)

=
∑n

i=0 Pi

(
wiNi,k(t)∑n

j=0 wjNj,k(t)

)
=

∑n
i=0 PiRi,k(t)

rational blending functions
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Rational curves as curves in projective space
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(w1x1, w1y1, w1)
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P1
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w1 > 1

Figure adapted from book by Mortenson
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Figure by Wojciech Mu la - Own work (Python script, final touches Inkscape), CC BY-SA 3.0, https://commons.wikimedia.org/w/index.php?curid=1196334

Rational curves as curves in projective space
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Another picture

Try it! https://www.desmos.com/3d/c18u0svyrs
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• Effect of changing weight: increasing weight moves curve closer to Pi
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Properties of rational basis functions and NURBS

Has most properties of the non-rational basis functions, plus a few more:

• Non-negativity, partition of unity, unimodality, local support (for control point position and
weight), convex hull property, etc..

• Effect of changing weight: increasing weight moves curve closer to Pi

Figure from [Piegl and Tiller]
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• When all weights are the same, the curve becomes non-rational See book or Vera’s notes
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• When all weights are the same, the curve becomes non-rational

• Curve is invariant under projective transformations

See book or Vera’s notes

See Vera’s notes
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• When all weights are the same, the curve becomes non-rational

• Curve is invariant under projective transformations

See book or Vera’s notes

See Vera’s notes

• Conic sections can be represented exactly (same as with rational Bézier curves)

w1 = 1

w1 = 1/3

w1 = 2

ellipse

parabola

hyperbola

Figure from rational Bézier, but it should be the same
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• When all weights are the same, the curve becomes non-rational

• Curve is invariant under projective transformations

See book or Vera’s notes

See Vera’s notes

• Conic sections can be represented exactly (same as with rational Bézier curves)

w1 = 1

w1 = 1/3

w1 = 2

ellipse

parabola

hyperbola

Figure from rational Bézier, but it should be the same

Play with NURBS at
http://geometrie.foretnik.net/files/NURBS-en.swf

or play in http://nurbscalculator.in/


