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INTRODUCTION TO B-SPLINES

Improving over Bézier curves

Bézier curves have some drawbacks:

e Degree is proportional to number of control points
e Does not offer true global control (at most “pseudo-local”)

e (C? continuity is not so easy to obtain for composite curves

To overcome this: B-splines

e “Discovered” by Schoenberg (1940s) (actually, even earlier), developed as we will see them
by De Boor in the 1960s and Riesenfeld and others in 1970s

e B-splines = Basis splines Carl de Boor

e Several flavors: uniform, non-uniform, rational non-uniform (NURBs)...

GENERAL
MOTORS
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QUADRATIC UNIFORM B-SPLINES

Deriving the formula for the quadratic B-splines

Setting:
e Input: n + 1 control points Py, ..., P,

e Output: spline curve where each segment P;(t) is a quadratic parametric polynomial
based on P;_1,P; and P;.1. Segments start and end at points K, called knots.
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Deriving the formula for the quadratic B-splines

Setting:
e Input: n + 1 control points Py, ..., P,

e Output: spline curve where each segment P;(t) is a quadratic parametric polynomial
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Deriving the formula for the quadratic B-splines

Setting:
e Input: n + 1 control points Py, ..., P,

e Output: spline curve where each segment P;(t) is a quadratic parametric polynomial
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QUADRATIC UNIFORM B-SPLINES

Deriving the formula for the quadratic B-splines

Setting:
e Input: n + 1 control points Py, ..., P,

e Output: spline curve where each segment P;(t) is a quadratic parametric polynomial
based on P;_1,P; and P;.1. Segments start and end at points K, called knots.
777 P;_4
P, P, Pi(t)= (t*t,1)|? ? ? P;
777 P4

Py Requirements:

Fo 1. Pi(t) and P(t) meet smoothly at
common point (C!-continuity)
2. Affine combination of control points

Question: What is the matrix?

sketch of setting for n = 3 (not accurate!)
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QUADRATIC UNIFORM B-SPLINES

Deriving the formula for the quadratic B-splines

— N =

1 2 L\ Ry 1 2
P;(t) = 5(752,7:, 1) | - 2 0 P | = 5(752 — 2+ 1P+ (-2t +2t+1)P; + 7 Pt
1 0

2
Pitq
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Deriving the formula for the quadratic B-splines

— N =

1 2 L\ Ry 1 2
P;(t) = 5(752,7:, 1) | - 2 0 P | = 5(752 — 2+ 1P+ (-2t +2t+1)P; + 7 Pt
1 0

2
Pitq

e Start and endpoints: K; and K;
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QUADRATIC UNIFORM B-SPLINES

Deriving the formula for the quadratic B-splines

— N =

1 2 L\ [Py 1 2
1%@:%#@9 - 2 0 P; :56—%+n34+44w+%+n3+iﬂﬂ
1 0

2
Pitq

e Start and endpoints: K; and K;
Since Kz = Pz(()) and Ki_|_1 = Pr,,(l), we have:

K; = P,(0) = 2(P,-1 + P)
Kip1 = Pi(1) = 5(P; + Piya)
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Since Kz = Pz(()) and Ki_|_1 = Pr,,(l), we have:
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Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC
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QUADRATIC UNIFORM B-SPLINES

Deriving the formula for the quadratic B-splines

— N =

1 2 L\ [Py 1 2
1ﬂwzﬁﬁmn - 2 0 P; ziw—%+nﬂq+44w+%+na+iﬂﬂ
1 0

2
Piiq

e Start and endpoints: K; and K;
Since Kz = PZ(O) and Ki—i—l = Pz(1>1 we have:

K; = P,(0) = 2(P,-1 + P)
Kip1 = Pi(1) = 5(P; + Piya)

Question: what are the tangent i
? 0
vectors at the ends: More accurate picture

P/(0)=P, — P,

1

P/(1) = Py — P,

1
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QUADRATIC UNIFORM B-SPLINES

Deriving the formula for the quadratic B-splines

— N =

1 2 L\ [Py 1 2
}M@:?ﬁmn - 2 0 P; ziw—%+naq+44w+%+na+iﬂﬂ
1 0

2
Pitq

e Start and endpoints: K; and K;
Since Kz = PZ(O) and K’H—l = Pz(1>1 we have:

K; = P,(0) = 2(P,-1 + P)
Kip1 = Pi(1) = 5(P; + Piya)

Question: what are the tangent i
? 0
vectors at the ends: More accurate picture

Pi(0) =P = i Example: use control points
P/(1) =P — P 1,0),(1,1),(2,1),(2,0
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CUBIC UNIFORM B-SPLINES

Deriving the formula for the cubic B-splines

Setting:
e Input: n + 1 control points Py, ..., P,

e Output: spline curve where each segment P;(t) is a cubic parametric polynomial based on
P 1,F;, Py, Pigo
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CUBIC UNIFORM B-SPLINES

Deriving the formula for the cubic B-splines

Setting:
e Input: n + 1 control points Py, ..., P,

e Output: spline curve where each segment P;(t) is a cubic parametric polynomial based on
P 1,F;, Py, Pigo

sketch of setting for n = 4 (not accurate!)
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CUBIC UNIFORM B-SPLINES

Deriving the formula for the cubic B-splines

Setting:
e Input: n + 1 control points Py, ..., P,

e Output: spline curve where each segment P;(t) is a cubic parametric polynomial based on
P 1,F;, Py, Pigo
P;_q
Pz(t> - (t37t27 ¢ 1)M
Piq
Pita

Requirements:

1. Consecutive segments meet with C*-
continuity sketch of setting for n = 4 (not accurate!)
2. Entire curve is affine combination of
control points
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CUBIC UNIFORM B-SPLINES

Deriving the formula for the cubic B-splines

az b3 c3 ds3 P;_q
az by co2 do P;

ar b1 c1 dy Piiq
ap by co do P o

Pz(t) — (t37t27t7 1)

Requirements:

1. Consecutive segments meet with C? continuity

2. Entire curve is affine combination of control points

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC



CUBIC UNIFORM B-SPLINES

Deriving the formula for the cubic B-splines
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CUBIC UNIFORM B-SPLINES

Deriving the formula for the cubic B-splines

az b3 c3 ds3 P;_q
az by co2 do P;

ar b1 c1 dy Piiq
ap by co do P o

Pz(t) — (t37t27t7 1)

Requirements:

1. Consecutive segments meet with C? continuity

2. Entire curve is affine combination of control points

Matrix derived in similar way:

e Equations for equal endpoints, equal first and
second derivatives at t =0 and t = 17
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CUBIC UNIFORM B-SPLINES

Deriving the formula for the cubic B-splines

az b3 c3 ds3 P;_q
az by co2 do P;

ar b1 c1 dy Piiq
ap by co do P o

Pz(t) — (t37t27t7 1)

Requirements:

1. Consecutive segments meet with C? continuity
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CUBIC UNIFORM B-SPLINES

Deriving the formula for the cubic B-splines

az b3 c3 ds3 P;_q
az by co2 do P;

ar b1 c1 dy Piiq
ap by co do P o

Pz(t) — (t37t27t7 1)

Requirements:

1. Consecutive segments meet with C? continuity

2. Entire curve is affine combination of control points

Matrix derived in similar way:

e Equations for equal endpoints, equal first and

second derivatives at t =0 and ¢t = 17 15 equations

e Equations for affine combination
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CUBIC UNIFORM B-SPLINES

Deriving the formula for the cubic B-splines

az b3 c3 ds3 P;_q
az by co2 do P;

ar b1 c1 dy Piiq
ap by co do P o

Pz(t) — (t37t27t7 1)

Requirements:

1. Consecutive segments meet with C? continuity

2. Entire curve is affine combination of control points

Matrix derived in similar way:

e Equations for equal endpoints, equal first and

second derivatives at t =0 and ¢t = 17 15 equations

e Equations for affine combination 4 equations
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CUBIC UNIFORM B-SPLINES

Deriving the formula for the cubic B-splines

az b3 c3 ds3 P;_q
az by co2 do P;

ar b1 c1 dy Piiq
ap by co do P o

P’L(t) — (t37t27t7 1)

Requirements:

1. Consecutive segments meet with C? continuity

2. Entire curve is affine combination of control points

Matrix derived in similar way:

e Equations for equal endpoints, equal first and

second derivatives at t =0 and t = 17 15 equations 16 of them are linearly

independent —
e Equations for affine combination 4 equations unique solution
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CUBIC UNIFORM B-SPLINES

Formula for the cubic B-splines
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CUBIC UNIFORM B-SPLINES

Formula for the cubic B-splines

1 3 -3 1 P4
P(t) =z & 60 o g 5 P;is
1 4 1 0 P
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CUBIC UNIFORM B-SPLINES

Formula for the cubic B-splines

—1 3 =3 1 P4
1 3 -6 3 0 P;
Pz(t) — é(tgatzatal) —3 0 3 0 P‘—l—l
1 4 1 0 P'L+2 Try it: https://www.desmos.com/calculator/orbfk3lwlm
1 3 2 1 3 2 1 3 2 t3
= 6(—t +3t°=3t+1) P+ 6(375 —6t"+4)P; + 6(—315 +3t*+3t+1)P; 1+ gPHQ
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CUBIC UNIFORM B-SPLINES

Formula for the cubic B-splines

—1 3 -3 1 P4
1 3 —6 3 0 P;
Pz(t) — é(tgatzatal) —3 0 3 0 P'_|_1
1 4 1 0 P'L+2 Try it: https://www.desmos.com/calculator/orbfk3lwlm
1 3 2 1 3 2 1 3 2 t3
= 6(—t +3t°=3t+1) P+ 6(315 —6t"+4)P; + 6(—315 +3t*+3t+1)P; 1+ gPHQ

The two endpoints of each curve segment are
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CUBIC UNIFORM B-SPLINES

Formula for the cubic B-splines

—1 3 -3 1 P4
1 3 —6 3 0 P;
Pz(t) é(tgatzata 1) —3 0 3 0 P'_|_1
1 4 1 0 P'L+2 Try it: https://www.desmos.com/calculator/orbfk3lwlm
1 3 2 1 3 2 1 3 2 t3
=5 (—t°+3t°—=3t+1)P,_1+ c (3t° — 6t +4)P; + 6(—315 +3t*+3t+1)P; 1+ gPHQ

The two endpoints of each curve segment are

K; = P;(0) = 5(P,—1 + 4P, + Piy1)
Kiy1 = Pi(1) = (P + 4Piy1 + Pigo)
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CUBIC UNIFORM B-SPLINES

Formula for the cubic B-splines

—1 3 -3 1 P4
1 3 —6 3 0 P;
Pz(t) — é(tgatzatal) —3 0 3 0 P'_|_1
1 4 1 0 P'L+2 Try it: https://www.desmos.com/calculator/orbfk3lwlm
1 3 2 1 3 2 1 3 2 t3
= 6(—t +3t°=3t+1) P+ 6(315 —6t"+4)P; + 6(—315 +3t*+3t+1)P; 1+ gPH?

The two endpoints of each curve segment are

K; = P;(0) = 5(P,—1 + 4P, + Piy1)

Kiy1 = Pi(1) = (P + 4Piy1 + Pigo)
Geometrically, it makes more sense to rewrite as
Ki= (4P + §R) + (P~ P)

Kit1= (5P + 2Pis1) + 5 (Pis2 — Pig1) Fo
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CUBIC UNIFORM B-SPLINES

Formula for the cubic B-splines

—1 3 -3 1 P4
1 3 —6 3 0 P;
Pz(t) — é(tgatzatal) —3 0 3 0 P'_|_1
1 4 1 0 PIL+2 Try it: https://www.desmos.com/calculator/orbfk3lwlm
1 3 2 1 3 2 1 3 2 t3
= 6(—t +3t°=3t+1) P+ 6(315 —6t"+4)P; + 6(—315 +3t*+3t+1)P; 1+ gPHQ

The two endpoints of each curve segment are

K; = P;(0) = 5(P,—1 + 4P, + Piy1)

Kiy1 = Pi(1) = (P + 4Piy1 + Pigo)
Geometrically, it makes more sense to rewrite as
Ki= (4P + §R) + (P~ P)

Kit1= (5P + 2Pis1) + 5 (Pis2 — Pig1) Fo

Other geometric interpretations exist (e.g., % rule)
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CUBIC UNIFORM B-SPLINES

Making the curve go from Fj to P,

How can we force the curve go through Fy and P,?
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How can we force the curve go through Fy and P,?

Answer: add dummy control points P_; and P,
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CUBIC UNIFORM B-SPLINES

Making the curve go from Fj to P,

How can we force the curve go through Fy and P,?

Answer: add dummy control points P_; and P,

Question: what are P_; and
P,.1 points exactly?
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CUBIC UNIFORM B-SPLINES

Making the curve go from Fj to P,

How can we force the curve go through Fy and P,?

Answer: add dummy control points P_; and P,

Question: what are P_; and
P,.1 points exactly?

P_1=2P0—P1 and Pn_|_1:2Pn—Pn_1
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CUBIC UNIFORM B-SPLINES

Making the curve go from Fj to P,

How can we force the curve go through Fy and P,? -

Answer: add dummy control points P_; and P,

Question: what are P_; and
' 7
P,.1 points exactly" Py P,

P_1=2P0—P1 andPn+1:2Pn—Pn_1

Example: use control points

1(0,0),(0,1),(1,1),(2,1),(2,0)}.

(i) Draw the first segment.

(i) Add P_; to fix beginning of curve at Fj.
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QUADRATIC VS. CUBIC

You can choose the order (=degree+1)
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QUADRATIC VS. CUBIC

You can choose the order (=degree+1)

As opposed to Bézier curves, in B-splines the same n + 1 points can be used to construct
curve of order 2 (linear), 3 (quadratic), 4 (cubic) ...
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QUADRATIC VS. CUBIC

You can choose the order (=degree+1)

As opposed to Bézier curves, in B-splines the same n + 1 points can be used to construct
curve of order 2 (linear), 3 (quadratic), 4 (cubic) ...

How would a quadratic
B-spline curve look like?
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QUADRATIC VS. CUBIC

You can choose the order (=degree+1)

As opposed to Bézier curves, in B-splines the same n + 1 points can be used to construct
curve of order 2 (linear), 3 (quadratic), 4 (cubic) ...

How would a quadratic
B-spline curve look like?

Py

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC



QUADRATIC VS. CUBIC

You can choose the order (=degree+1)

As opposed to Bézier curves, in B-splines the same n + 1 points can be used to construct
curve of order 2 (linear), 3 (quadratic), 4 (cubic) ...

How would a quadratic
B-spline curve look like?

Cubic
Quadratic
P I . .Pz ° ;P:a
P, Py
¢ | *
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QUADRATIC VS. CUBIC

You can choose the order (=degree+1)

As opposed to Bézier curves, in B-splines the same n + 1 points can be used to construct
curve of order 2 (linear), 3 (quadratic), 4 (cubic) ...

How would a quadratic
B-spline curve look like?

Cubic ® ® ®
Quadratic Quadratic

3 segments
Py P Ps
[ ) [
E ; Cubic ¢ o - e ¢
2 segments
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INCREASING THE ORDER

Higher order, better fit

P1 PE

=

P3 P4

Figure 3.9. B-spline curves of different degree, using the same control polygon.

Where p is the degree of curve (i.e., p=Fk — 1) Figure from [Piegl and Tiller]
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B-SPLINE TO BEZIER

From a cubic B-Spline to a cubic Bézier curve
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B-SPLINE TO BEZIER

From a cubic B-Spline to a cubic Bézier curve

Given a cubic B-spline segment P(t) based on control points Py, --- , P3, how can we find a
cubic Bézier curve C(t) with the same shape?
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B-SPLINE TO BEZIER

From a cubic B-Spline to a cubic Bézier curve

Given a cubic B-spline segment P(t) based on control points Py, --- , P3, how can we find a
cubic Bézier curve C(t) with the same shape?

—1 3 =3 1 Py

__ (43 42 1 3 —6 3 0 P
PO=00008 03 0 3 o P
1 4 1 0 P

Matrix formulation of cubic B-spline
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B-SPLINE TO BEZIER

From a cubic B-Spline to a cubic Bézier curve

Given a cubic B-spline segment P(t) based on control points Py, --- , P3, how can we find a
cubic Bézier curve C(t) with the same shape?

-1 3 =3 1\ [P -1 3 =3 1\ /Qo
3 9 1 3 —06 3 0 P 3,2 3 —6 3 0 Q1
— = = 1
1 4 1 0 Ps 1 0 0 O Q3
Matrix formulation of cubic B-spline Matrix formulation of cubic Bézier
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From a cubic B-Spline to a cubic Bézier curve

Given a cubic B-spline segment P(t) based on control points Py, --- , P3, how can we find a
cubic Bézier curve C(t) with the same shape?

-1 3 =3 1\ [P -1 3 =3 1\|/Qo
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— = = 1
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Matrix formulation of cubic B-spline Matrix formulation of cubic Bézier l
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From a cubic B-Spline to a cubic Bézier curve

Given a cubic B-spline segment P(t) based on control points Py, --- , P3, how can we find a
cubic Bézier curve C(t) with the same shape?

-1 3 =3 1\ [P -1 3 =3 1\|/Qo
3 9 1 3 —06 3 0 P 3,2 3 —6 3 0 Q1
— = = 1
1 4 1 0 Ps 1 0 0 O Qs
Matrix formulation of cubic B-spline Matrix formulation of cubic Bézier l

Question: what is the solution .
to the problem? nknowns

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC



B-SPLINE TO BEZIER

From a cubic B-Spline to a cubic Bézier curve

Given a cubic B-spline segment P(t) based on control points Py, --- , P3, how can we find a
cubic Bézier curve C(t) with the same shape?

-1 3 =3 1\ [P -1 3 =3 1\|/Qo
3 9 1 3 —06 3 0 P 3,2 3 —6 3 0 Q1
— = = 1
1 4 1 0 Ps 1 0 0 O Qs
Matrix formulation of cubic B-spline Matrix formulation of cubic Bézier l

Question: what is the solution .
to the problem? nknowns

Solution: Solve P(t) = C(t) for the
unknowns Qg, ..., Q3
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B-SPLINE TO BEZIER

From a cubic B-Spline to a cubic Bézier curve

Given a cubic B-spline segment P(t) based on control points Py, --- , P3, how can we find a
cubic Bézier curve C(t) with the same shape?

1 3 -3 1\ /P 1 3 =3 1\|/Qo
s 0., 1 3 =6 3 0ol |~ 3 3 6 3 olllos
PO =@t | 5 0 5 ol | CO=EE8D 5 s o
1 4 1 0 Ps 1 0 0 O Q3
Matrix formulation of cubic B-spline Matrix formulation of cubic Bézier l
Question: what is the solution Uni
to the problem? nknowns
Result:
_ 1
Solution: Solve P(t) = C(t) for the Qo = ?(PO +4P + P,),
unknowns Qo, ..., Qs Q1 = §(4P1 +2P,),
QQ — §(2P1 —|—4P2),
Q3 = (P +4P + P3)
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B-splines of order higher than four
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B-splines of order higher than four

The formulas for quadratic and cubic uniform B-splines generalize to arbitrary order
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HIGHER ORDER B-SPLINE CURVES

B-splines of order higher than four

The formulas for quadratic and cubic uniform B-splines generalize to arbitrary order

1 3 -3 1\ [P | | |
Pi(t) = 1(153 2 1) 3 —6 3 0 P; |\/|atr|_x formulation of cubic
Z 6 7 -3 0 3 0f|P+ B-spline segment P;(t)
1 4 1 0) \Pys
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HIGHER ORDER B-SPLINE CURVES

B-splines of order higher than four

The formulas for quadratic and cubic uniform B-splines generalize to arbitrary order

1 3 -3 1\ [P | | |
Pi(t) = 1(753 2 1) 3 —6 3 0 P; |\/|atr|_x formulation of cubic
Z 6 7 -3 0 3 0f|P+ B-spline segment P;(t)
1 4 1 0) \Pys

n 9 p. Matrix formulation of degree-n
P(t) = (t",...,t",t, DM, | T+ B-spline segment P (1)
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HIGHER ORDER B-SPLINE CURVES

B-splines of order higher than four

The formulas for quadratic and cubic uniform B-splines generalize to arbitrary order

3 3 1
P(4) — 1,35 9 . 3 -6 3 0 P Matri_x formulation of cubic
i(f) = E(t 56 1) -3 0 3 0 Piyq B-spline segment P;(t)
1 4 1 0) \ P

n 9 p. Matrix formulation of degree-n
P(t) = (t",...,t",t, DM, | T+ B-spline segment P (1)
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HIGHER ORDER B-SPLINE CURVES

B-splines of order higher than four

The formulas for quadratic and cubic uniform B-splines generalize to arbitrary order

-1 3 -3 1
-1 3 =3 1y [ha 1 3 =6 3 o0
1 3 ,2 3 —6 3 0 Pq, M3 — =
(£ — 1 -3 0 30
Pz(t) 6(t 7t 7t7 1) _3 O 3 O P’i+1 6 1 4 1 O
1 4 1 0) \Pio
-1 -4 6 -4 1
( P;;? \ | (—4 12 —12 4 0\
) , D, Matrix for My=g| 6 -6 -6 60
Pt) = (", ..., 5, )My [ 2*HT B-spline s —4 —-12 12 4 0
5 \ 1 11 11 1 0/
\Pi—l—n—1)

—1 5 —10 10 -5 1
( 5 —20 30 —20 5 O\

L /) < | i+ _ 1 |-10 20 0 —-20 10 O
mij:_(.) (n— k)" (1) J( ) Ms=261 10 20 —60 20 10 o0
5 —50 0 5 5 0

\ 1 2% 66 26 1 0
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INTERPOLATING B-SPLINES

How to build an interpolating cubic B-spline curve
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How to build an interpolating cubic B-spline curve

B-spline curve approximates control points. How can we make it interpolate?
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INTERPOLATING B-SPLINES

How to build an interpolating cubic B-spline curve

B-spline curve approximates control points. How can we make it interpolate?

B-spline curve: given n + 1 given control points, produces curve through n — 1 joints K
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How to build an interpolating cubic B-spline curve

B-spline curve approximates control points. How can we make it interpolate?

B-spline curve: given n + 1 given control points, produces curve through n — 1 joints K

We want: given n + 1 data points Ky, ..., K,, produce n-segment curve through them
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INTERPOLATING B-SPLINES

How to build an interpolating cubic B-spline curve

B-spline curve approximates control points. How can we make it interpolate?

B-spline curve: given n + 1 given control points, produces curve through n — 1 joints K

We want: given n + 1 data points Ky, ..., K,, produce|n-segment curve|through them

To produce n segments, a cubic B-spline
requires . + 3 control points, P_1,..., P11
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INTERPOLATING B-SPLINES

How to build an interpolating cubic B-spline curve |,1mowne

B-spline curve approximates control points. How can we make it interpolate?

B-spline curve: given n + 1 given control points, produces curve through n — 1 joints K

We want: given n + 1 data points Ky, ..., K,, produce|n-segment curve|through them

To produce n segments, a cubic B-spline
requires [n + 3 control points, P_1,..., P11
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INTERPOLATING B-SPLINES

How to build an interpolating cubic B-spline curve |,1mowne

B-spline curve approximates control points. How can we make it interpolate?

B-spline curve: given n + 1 given control points, produces curve through n — 1 joints K

We want: given n + 1 data points Ky, ..., K,, produce|n-segment curve|through them

To produce n segments, a cubic B-spline
requires [n + 3 control points, P_1,..., P11

Recall formula of cubic B-spline:
1 1 1 t3
P;i(t) = 6(—t3+3t2—3t+1)Pi_1+6(3t3—6t2+4)Pz~+6(—3t3+3t2+3t+1)P7;+1+EPZ-+2
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INTERPOLATING B-SPLINES

How to build an interpolating cubic B-spline curve |,1mowne

B-spline curve approximates control points. How can we make it interpolate?

B-spline curve: given n + 1 given control points, produces curve through n — 1 joints K

We want: given n + 1 data points Ky, ..., K,, produce|n-segment curve|through them

To produce n segments, a cubic B-spline
requires [n + 3 control points, P_1,..., P11

Recall formula of cubic B-spline:
1 1 1 t3
P;i(t) = 6(—t3+3t2—3t+1)Pi_1+6(3t3—6t2+4)Pz~+6(—3t3+3t2+3t+1)Pz-+1+EPZ~+2

1
Pi(1) = Pi+1(0) = E(Pz +4P; 1 + Piy2)
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INTERPOLATING B-SPLINES

How to build an interpolating cubic B-spline curve |,1mowne

B-spline curve approximates control points. How can we make it interpolate?

B-spline curve: given n + 1 given control points, produces curve through n — 1 joints K

We want: given n + 1 data points Ky, ..., K,, produce|n-segment curve|through them

To produce n segments, a cubic B-spline
requires [n + 3 control points, P_1,..., P11

Recall formula of cubic B-spline:
1 1 1 t3
P;i(t) = 6(—t3+3t2—3t+1)Pi_1+6(3t3—6t2+4)Pz~+6(—3t3+3t2+3t+1)Pz-+1+EPZ~+2

1 - we require this
Pi(1) = Piy1(0) = o (P + 4Pip1 + Piy2)= Kita
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INTERPOLATING B-SPLINES

How to build an interpolating cubic B-spline curve |,1mowne

B-spline curve approximates control points. How can we make it interpolate?

B-spline curve: given n + 1 given control points, produces curve through n — 1 joints K

We want: given n + 1 data points Ky, ..., K,, produce|n-segment curve|through them

To produce n segments, a cubic B-spline
requires [n + 3 control points, P_1,..., P11

Recall formula of cubic B-spline:
1 1 1 t3
P;i(t) = 6(—t3+3t2—3t+1)Pi_1+6(3t3—6t2+4)Pz~+6(—3t3+3t2+3t+1)Pz-+1+EPZ~+2

1 - we require this—® this gives one equation for
Pi(1) = Pi+1(0) = E(Pz +4Pit1 + Piye)= K1 each K; (n+ 1 in total)
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INTERPOLATING B-SPLINES

How to build an interpolating cubic B-spline curve |,1mowne

B-spline curve approximates control points. How can we make it interpolate?

B-spline curve: given n + 1 given control points, produces curve through n — 1 joints K

We want: given n + 1 data points Ky, ..., K,, produce|n-segment curve|through them

To produce n segments, a cubic B-spline
requires [n + 3 control points, P_1,..., P11

Recall formula of cubic B-spline:
1 1 1 t3
P;i(t) = 6(—t3+3t2—3t+1)Pi_1+6(3t3—6t2+4)Pi+6(—3t3+3t2+3t+1)Pz-+1+EPZ~+2

1 - we require this—® this gives one equation for
Pi(1) = Pi+1(0) = E(P'L +4Pit1 + Piye)= K1 each K; (n+ 1 in total)

We need n + 3 equations, so we need two more: we fix extreme tangent vectors T and T},
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INTERPOLATING B-SPLINES

How to build an interpolating cubic B-spline curve |,1mowne

B-spline curve approximates control points. How can we make it interpolate?

B-spline curve: given n + 1 given control points, produces curve through n — 1 joints K

We want: given n + 1 data points Ky, ..., K,, produce|n-segment curve|through them

To produce n segments, a cubic B-spline
requires [n + 3 control points, P_1,..., P11

Recall formula of cubic B-spline:
3

1 1 1 t
P;i(t) = 6(—t3+3t2—3t+1)Pi_1+6(3t3—6t2—|—4)P7;—1—6(—3t3—|—3t2—|—3t+1)Pz-+1+EPZ-+2

- we require this—® this gives one equation for

1
Pi(1) = Pi+1(0) = E(P'L +4Pit1 + Piye)= K1 each K; (n+ 1 in total)
We need n + 3 equations, so we need two more: we fix extreme tangent vectors T and T},
1
Py(0) = §(P1 — P_4)

1
P’I{L(]‘) — i(Pn—i—l - Pn—1>
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INTERPOLATING B-SPLINES

How to build an interpolating cubic B-spline curve |,1mowne

B-spline curve approximates control points. How can we make it interpolate?

B-spline curve: given n + 1 given control points, produces curve through n — 1 joints K

We want: given n + 1 data points Ky, ..., K,, produce|n-segment curve|through them

To produce n segments, a cubic B-spline
requires [n + 3 control points, P_1,..., P11

Recall formula of cubic B-spline:
3

1 1 1 t
P;i(t) = 6(—t3+3t2—3t+1)Pi_1+6(3t3—6t2+4)Pi+6(—3t3+3t2+3t+1)Pz-+1+EP2-+2

- we require this—® this gives one equation for

1
Pi(1) = Pi+1(0) = E(P'L +4Pit1 + Piye)= K1 each K; (n+ 1 in total)
We need n + 3 equations, so we need two more: we fix extreme tangent vectors T and T},
1
Py(0) = §(P1 — P_1) =T two more
1 — & equations (77 and

P(1) = i(Pn-Fl —Pp1) =T, T> given by user)
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INTERPOLATING B-SPLINES

How to build an interpolating cubic B-spline curve | momne

B-spline curve approximates control points. How can we make it interpolate?

B-spline curve: given n + 1 given control points, produces curve through n — 1 joints K

We want: given n + 1 data points Ky, ..., K,, produce|n-segment curve|through them

To produce n segments, a cubic B-spline
requires [n + 3 control points, P_1,..., P11

Recall formula of cubic B-spline:
3

1 1 1 t
P;i(t) = 6(—t3+3t2—3t+1)Pi_1+6(3t3—6t2+4)Pz-—1—6(—3t3+3t2—|—3t+1)Pz-+1+EP7;+2

1 - we require this—® this gives one equation for
Pi(1) = Pi+1(0) = E(P'L +4Pit1 + Piye)= K1 each K; (n+ 1 in total)

We need n + 3 equations, so we need two more: we fix extreme tangent vectors 77 and 7},

P}(0) = l(pl — P_;) — T two more System with n + 3 unknowns
21 —& equations (7} and and n + 3 equations that (one
P (1) = 5(PnH —P,1) =T, T, given by user) can check) is nonsingular
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KNOT VECTOR-BASED APPROACH

A different way to look at B-splines
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KNOT VECTOR-BASED APPROACH

A different way to look at B-splines
Recall Bézier curves: P(t) — ZZ‘L:O PiBn,i(t) L € [O, 1]
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We can do the same with B-splines! Approach based on using a knot vector
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KNOT VECTOR-BASED APPROACH

A different way to look at B-splines
Recall Bézier curves: P(t> — Z;L:O PiBn,i(t) L € [O, 1]

We can do the same with B-splines! Approach based on using a knot vector

For now, we consider cubic uniform B-splines (order 4)

| Example: 5 control points — two cubic segments
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KNOT VECTOR-BASED APPROACH

A different way to look at B-splines
Recall Bézier curves: P(t) — ZZL:O PiBn,i(t) L € [O, 1]

We can do the same with B-splines! Approach based on using a knot vector

For now, we consider cubic uniform B-splines (order 4)

| Example: 5 control points — two cubic segments

ﬁcubic — order 4

We need to find five weight (basis) functions By (%), ..., Bs.4(t)
e In this approach we assume each cubic segment is defined for one interval of one unit
lu, u + 1]

e Each integer value u is called a knot (the sequence of knot values is called knot vector)

e In uniform B-splines, knots are equally spaced, e.g., 0,1,2,...
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KNOT VECTOR-BASED APPROACH

A different way to look at B-splines
Recall Bézier curves: P(t) — ZZL:O PiBn,z’(t) L € [O, 1]

We can do the same with B-splines! Approach based on using a knot vector

For now, we consider cubic uniform B-splines (order 4)

| Example: 5 control points — two cubic segments

/§>cubic — order 4

We need to find five weight (basis) functions By (%), ..., Bs.4(t)
e In this approach we assume each cubic segment is defined for one interval of one unit
lu, u + 1]

e Each integer value u is called a knot (the sequence of knot values is called knot vector)

e In uniform B-splines, knots are equally spaced, e.g., 0,1,2,...

in our example, since there are two segments, the parameter
for the first one lives in [0, 1] and for the second one in [1, 2]
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KNOT VECTOR-BASED APPROACH

The cubic B-spline basis functions
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KNOT VECTOR-BASED APPROACH

The cubic B-spline basis functions

Each function should:
e Be a cubic polynomial

e Have it maximum near “its’ control point

e Drop to zero away from
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KNOT VECTOR-BASED APPROACH

The cubic B-spline basis functions

Overall shape:

Each function should:
e Be a cubic polynomial
e Have it maximum near “its’ control point
1

e Drop to zero away from
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KNOT VECTOR-BASED APPROACH

The cubic B-spline basis functions

Overall shape:

Each function should: b1 (1) b2(t)
e Be a cubic polynomial
. . . . bo(t) b3 (t)
e Have it maximum near “its’ control point

| | | R

,,,, | o 1 2 3 4
its” control point T— - knots

We write the basis function as the union of four parts

e Drop to zero away from
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KNOT VECTOR-BASED APPROACH

The cubic B-spline basis functions

Overall shape:

Each function should: b1 (1) b2(t)

e Be a cubic polynomial

e Have it maximum near “its’ control point

4
its” control point : 3\>knots

We write the basis function as the union of four parts— €ach bi(t) is a cubic polynomial
defined over |0, 1]

e Drop to zero away from

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC



KNOT VECTOR-BASED APPROACH

The cubic B-spline basis functions

Overall shape:

Each function should: b1 (1) b2(t)

e Be a cubic polynomial

e Have it maximum near “its’ control point

4
its” control point : 3\>knots

We write the basis function as the union of four parts— €ach bi(t) is a cubic polynomial
defined over |0, 1]

e Drop to zero away from

Conditions sought for the b;(¢) functions:
e Affine invariant

e (C?-continuous at three joints
o bo(t), by(t), by (t) should be zero at the start point by (0)
o b3(t), b5(¢), b5(t) should be zero at the end point b3(1)
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KNOT VECTOR-BASED APPROACH

The cubic B-spline basis functions

Overall shape:

b (1) Bai(t)

Each function should: b2(t)

e Be a cubic polynomial

e Have it maximum near “its’ control point

e Drop to zero away from

We write the basis function as the union of four parts— €ach b;(t) is a cubic polynomial
defined over |0, 1]

Conditions sought for the b;(¢) functions:
e Affine invariant

e (C?-continuous at three joints
o bo(t), by(t), by (t) should be zero at the start point by (0)
o b3(t), b5(¢), b5(t) should be zero at the end point b3(1)

How many equations on the coefficients of the b;(t)
functions do we obtain from these conditions?
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KNOT VECTOR-BASED APPROACH

The cubic B-spline basis functions

Solution to the equations:

bo(t) = §t°

bi(t) = (14 3t + 3¢% — 3¢3)
ba(t) = 5(4 — 612 + 3¢3)
bs(t) = 5(1 — 3t + 3t* — t?)
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KNOT VECTOR-BASED APPROACH

The cubic B-spline basis functions

Solution to the equations:

bo(t) = 5t®
Nia(t)= | by(t) = 2(1+3t 4 3t2 — 3t%)
Bailt) = 1 2 | 243
bo(t) = 1(4 — 612 + 3t3)
bs(t) = 5(1 — 3t + 3t* — t?)

Each control point P; gets multiplied by a shifted
copy of the basis function:
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Nia(t)= | by(t) = 2(1+3t 4 3t2 — 3t%)
Bailt) = 1 2 | 243
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KNOT VECTOR-BASED APPROACH

The cubic B-spline basis functions

Solution to the equations:

bo(t) = 5t®
Nia(t)= | by(t) = 2(1+3t 4 3t2 — 3t%)
Bu,i(t) = 1 2 3
bo(t) = L(4— 612 + 3t3)
bs(t) = 5(1 — 3t + 3t* — t?)

Each control point P; gets multiplied by a shifted
copy of the basis function: P(t) = >_, P;By;(t)

'a WA>)
A/O
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~
»
~

_______________________________

-3 —2 —1 0 1 2 3 4
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KNOT VECTOR-BASED APPROACH

The cubic B-spline basis functions

Solution to the equations:

bo(t) = 5t®
Nia(t)= | by(t) = 2(1+3t 4 3t2 — 3t%)
Bu,i(t) = 1 2 3
bo(t) = 5(4 6t° + 3t°)
bs(t) = 5(1 — 3t + 3t* — t?)
Each control point P; gets multiplied by a shifted
copy of the basis function: P(t) = Z?:o P;By (1) bt Rl
| Bio(t) |  Bia(t)  Baa(t)
Z7/9o '
1/
J_/U
_______________________________ t
—3 —2 —1 0 1 2 3 4 5
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KNOT VECTOR-BASED APPROACH

The cubic B-spline basis functions

Solution to the equations:

bo(t) = 5t®
Nia(t)= | by(t) = 2(1+3t 4 3t2 — 3t%)
Bu,i(t) = 1 2 3
bo(t) = 5(4 6t° + 3t°)
bs(t) = 5(1 — 3t + 3t* — t?)
Each control point P; gets multiplied by a shifted
copy of the basis function: P(t) = Z?:o P;By (1) bt Rl
i | Bio(t) |  Bia(t)  Baa(t)
bo (t b1 (t) are '
2/3 2(?) <
| 1./¢
J_/U : :
1/6 ¢
o 1 -3 —2 —1 0 1 2 3 4 5)
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KNOT VECTOR-BASED APPROACH

The cubic B-spline basis functions

Solution to the equations:

bo(t) = 5t®
Nia(t)= | by(t) = 2(1+3t 4 3t2 — 3t%)
Ba,i(t) = 1 2 3
bo(t) = 5(4 6t° + 3t°)
bs(t) = 5(1 — 3t + 3t* — t?)
Each control point P; gets multiplied by a shifted
copy of the basis function: P(t) = Z?:o P;By (1) bt Rl
| Bio(t) 1  Bua(t)  Baa(t)
z7/o '
2/3 <
control point
associated to e
each b; 179
1/6 K bs(t)  bo(t) > L L AL | L SL ] SL t
—3 —2 —1 0 1 2 3 4 5
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KNOT VECTOR-BASED APPROACH

General B-spline basis functions

This can be generalized to (n 4 1) control points and order k as follows:
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KNOT VECTOR-BASED APPROACH

General B-spline basis functions

This can be generalized to (n 4 1) control points and order k as follows:

P(t) — Z?:o PiNi,k(t)
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KNOT VECTOR-BASED APPROACH

Recall: £ is curve degree+1

General B-spline basis functions (e.q. cubic curve has k — 4)

This can be generalized to (n 4 1) control points and order k as follows:

P(t) — Z?zo PiNi,k(t) —» B-spline basis function
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KNOT VECTOR-BASED APPROACH

Recall: £ is curve degree+1

General B-spline basis functions (e.q. cubic curve has k — 4)

This can be generalized to (n + 1) control points and order k as follows:
P(t) — Z?zo PiNi,k(t) —» B-spline basis function

Given: control points Py, ..., P,, knots: tg <t; <--- <t,4k, order: k
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KNOT VECTOR-BASED APPROACH

Recall: £ is curve degree+1

General B-spline basis functions (e.q. cubic curve has k — 4)

This can be generalized to (n 4 1) control points and order k as follows:

P(t) — Z?zo PiNi,k(t) —» B-spline basis function

Note that #knots is #
control points + order:

n + k + 1 knots

Given: control points Py, ..., P,, knots: tg <t; <--- <t,4k, order: k
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KNOT VECTOR-BASED APPROACH

Recall: £ is curve degree+1

General B-spline basis functions (e.q. cubic curve has k — 4)

This can be generalized to (n 4 1) control points and order k as follows:

P(t) — Z?zo PiNi,k(t) —» B-spline basis function

Note that #knots is #
control points + order:

Given: control points Py, ..., P,, knots: tg <t; <--- <t,4k, order: k

Order 1 (k =1, degree 0) n + k + 1 knots

N (t) o 1, ifte [tiati—i—l)
B 0, otherwise
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KNOT VECTOR-BASED APPROACH

Recall: £ is curve degree+1

General B-spline basis functions (e.q. cubic curve has k — 4)

This can be generalized to (n 4 1) control points and order k as follows:

P(t) — Z?zo PiNi,k(t) —» B-spline basis function

: : Note that #knots is #
Given: control points P,.....P,. knots: to <t <---<t¢ order: k .
P Oy 0 =" = = tntk control points + order:

n + k + 1 knots

Order 1 (k = 1, degree 0)

No,1(t)
t;s= [0, 1, 2,3, . ]

1, ift t;, t;
Ni,l(t)—{, [ E[ +1)

0, otherwise
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KNOT VECTOR-BASED APPROACH

Recall: £ is curve degree+1

General B-spline basis functions (e.q. cubic curve has k — 4)

This can be generalized to (n 4 1) control points and order k as follows:

P(t) — Z?zo PiNi,k(t) —» B-spline basis function

: : Note that #knots is #
Given: control points P,.....P,. knots: to <t <---<t¢ order: k .
P Oy 0 =" = = tntk control points + order:

n + k + 1 knots

Order 1 (k = 1, degree 0)

N11(t)
t;s= [0, 1, 2, 3, . ]

1, ift t;, t;
Ni,l(t)—{, [ E[ +1)

0, otherwise
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KNOT VECTOR-BASED APPROACH

Recall: £ is curve degree+1

General B-spline basis functions (e.q. cubic curve has k — 4)

This can be generalized to (n 4 1) control points and order k as follows:

P(t) — Z?zo PiNi,k(t) —» B-spline basis function

: : Note that #knots is #
Given: control points P,.....P,. knots: to <t <---<t¢ order: k .
P Oy 0 =" = = tntk control points + order:

n + k + 1 knots

Order 1 (k = 1, degree 0)

N2 1(t)
t;s= [0, 1, 2,3, . ]

1, ift t;, t;
Ni,l(t)—{, [ E[ +1)

0, otherwise
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KNOT VECTOR-BASED APPROACH

Recall: £ is curve degree+1

General B-spline basis functions (e.g., cubic curve has k — 4)

This can be generalized to (n 4 1) control points and order k as follows:

P(t) — Z?zo PiNi,k(t) —» B-spline basis function

Note that #knots is #
control points + order:

n + k + 1 knots

Given: control points Py, ..., P,, knots: tg <t; <--- <{t,4k, order: k

Order 1 (k = 1, degree 0)

N;1(t) = L, ift e [titiy1) Nz (2)
bl 0, otherwise tis=[0,1,2,3,...]
0 T 2 37
t—t; tivh —t Note: for simplicity,
Ni,kz(t> — ‘ — t.Ni,k—l(t) + ) y N@-H,k_l(t) we take %, for any
dhkml T itk R r€R, as 0
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KNOT VECTOR-BASED APPROACH

Examples of B-spline basis functions

1, iftelt,tisr)
N; 1 = _ N; 1 (t) = N; —1(t) + N; _1(t
! {0, otherwise () tivn1 — t; k 1(t) firk — it +1,k 1()
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KNOT VECTOR-BASED APPROACH

Examples of B-spline basis functions

1, ifte [ti,tﬂ_l)
N;q1 = _ N; (1) = Nir_1(t) + N; —1(2
& {0, otherwise (1) livk—1 — ¥ H=1(0) tivk — tit1 +1k-1(t)

Order 2 (k = 2, degree 1)
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KNOT VECTOR-BASED APPROACH

Examples of B-spline basis functions

1, iftet,t - tivk —1
N1 = [.Z i+1) N; k(t) = N; p—1(t) + A Nit1,5-1(t)
0, otherwise Civk—1 — s tivk — it

Order 2 (k = 2, degree 1)

Order 3 (k = 3, degree 2)
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KNOT VECTOR-BASED APPROACH

Examples of B-spline basis functions

1, if t € ti, t; t—1; t; — 1
N;1 = [ +1) N, (t) = N;p—1(t) + th Nit1k-1(t)
0, otherwise livk—1 — 14 /

Order 2 (k = 2, degree 1)
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B-SPLINE BASIS FUNCTIONS

Some important properties

t—1; tivk — 1
Nip(t) = - *— Nig—1(t) + ———Nis15-1(t)
tz—l—k:—l ti tz—l—k: tH—l
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B-SPLINE BASIS FUNCTIONS

Some important properties

t—1; tivk — 1
Nip(t) = - *— Nig—1(t) + ———Nis15-1(t)
tz—l—k:—l ti tz—l—k: tH—l

1) Shifted basis Nix(t) = Nox(t — 1)
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B-SPLINE BASIS FUNCTIONS

Some important properties

t—1; Civr — T
N; (1) = N;p—1(t) + h Nit1,6-1(2)
Civk—1 — s bivk — tit1
1) Shifted basis Nik(t) = Nox(t — i)

2) Local support N, x(t) # 0 only for t € [t;, titx)
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B-SPLINE BASIS FUNCTIONS

Some important properties

t—1; tivk — 1
Nip(t) = - *— Nig—1(t) + ———Nis15-1(t)
tz—l—k:—l ti tz—l—k: tz—i—l

1) Shifted basis Nix(t) = Nox(t — 1)
2) Local support N, x(t) # 0 only for t € [t;, titx)

3) Non-zero bases for fixed ¢
In any interval [t;,%;41), at most k of the N, are non-zero: N¢;_pi1)5,---1Njk
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B-SPLINE BASIS FUNCTIONS

Some important properties

t—1; tivk — 1
Nip(t) = - *— Nig—1(t) + ———Nis15-1(t)
tz—l—k:—l ti tz—l—k: tz—i—l

1) Shifted basis Nix(t) = Nox(t — 1)
2) Local support N, x(t) # 0 only for t € [t;, titx)

3) Non-zero bases for fixed ¢
In any interval [t;,%;41), at most k of the N, are non-zero: N¢;_pi1)5,---1Njk

4) Non-negativity — N;(t) > 0 for all i, k,t
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B-SPLINE BASIS FUNCTIONS

Some important properties

t—1; tivk — 1
Nip(t) = - *— Nig—1(t) + ———Nis15-1(t)
tz—l—k:—l ti tz—l—k: tz—i—l

1) Shifted basis Nix(t) = Nox(t — 1)
2) Local support N, x(t) # 0 only for t € [t;, titx)

3) Non-zero bases for fixed ¢
In any interval [t;,%;41), at most k of the N, are non-zero: N¢;_pi1)5,---1Njk

4) Non-negativity — N;(t) > 0 for all i, k,t

5) Affine invariance
For any t € [tj,tj+1), Z?:O Ni’k(t) =1
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B-SPLINE BASIS FUNCTIONS

Some important properties

t—t; iz — 1

Nit1 p—1(t
litk—1 — 1 tivk —tixr (t)

1) Shifted basis Nix(t) = Nox(t — 1)
2) Local support N, x(t) # 0 only for t € [t;, titx)

3) Non-zero bases for fixed ¢
In any interval [t;,%;41), at most k of the N, are non-zero: N¢;_pi1)5,---1Njk

4) Non-negativity — N;(t) > 0 for all i, k,t
5) Affine invariance
For any t € [tj,tj_|_1), Z?:O Ni’k(t) =1

6) Continuity
For uniform knots, the curve and its k — 1 derivatives are continuous
(Non-uniform B-Splines can have discontinuities at knot values!)
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UNDERSTANDING KNOT VECTORS

Open (or clampled) uniform B-Splines
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UNDERSTANDING KNOT VECTORS

Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

7~ N
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UNDERSTANDING KNOT VECTORS

Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)
k = 4 (cubic B-spline)
uniform knot vector: (0,1/7,2/7,3/7,4/7,5/7,6/7,1)

7~ N
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UNDERSTANDING KNOT VECTORS

Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)

uniform knot vector: (0,1/7,2/7,3/7,4/7,5/7,6/7,1)
“open” knot vector: (0,0,0,0,1,1,1,1)

7~ N
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UNDERSTANDING KNOT VECTORS

Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)

uniform knot vector: (0,1/7,2/7,3/7,4/7,5/7,6/7,1)
“open” knot vector: (0,0,0,0,1,1,1,1)

7~ N
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UNDERSTANDING KNOT VECTORS

Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)

uniform knot vector: (0,1/7,2/7,3/7,4/7,5/7,6/7,1)
“open” knot vector: (0,0,0,0,1,1,1,1)

Cubic Bézier curve?

7~ N
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UNDERSTANDING KNOT VECTORS

Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)

uniform knot vector: (0,1/7,2/7,3/7,4/7,5/7,6/7,1)
“open” knot vector: (0,0,0,0,1,1,1,1)

Cubic Bézier curve?

7~ N
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UNDERSTANDING KNOT VECTORS

Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)

uniform knot vector: (0,1/7,2/7,3/7,4/7,5/7,6/7,1)

“open” knot vector: (0,0,0,0,1,1,1,1)

Cubic Bézier curve? —» Always the case when £ =n + 1

7~ N
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UNDERSTANDING KNOT VECTORS

Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)

uniform knot vector: (0,1/7,2/7,3/7,4/7,5/7,6/7,1)
“open” knot vector: (0,0,0,0,1,1,1,1)

Cubic Bézier curve?

7~ N

n = 4 (5 control points)
k = 4 (cubic B-spline)
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UNDERSTANDING KNOT VECTORS

Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

— n=3 (4 cc?ntrol p.oints)
k = 4 (cubic B-spline)

uniform knot vector: (0,1/7,2/7,3/7,4/7,5/7,6/7,1)
“open” knot vector: (0,0,0,0,1,1,1,1)
Cubic Bézier curve?

n = 4 (5 control points)
k = 4 (cubic B-spline)

uniform knot vector: (0,1/8,2/8,3/8,4/8,5/8,6/8,7/8,1)
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UNDERSTANDING KNOT VECTORS

Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)

uniform knot vector: (0,1/7,2/7,3/7,4/7,5/7,6/7,1)
“open” knot vector: (0,0,0,0,1,1,1,1)

Cubic Bézier curve?

7~ N

n =4 (5 control points)

k = 4 (cubic B-spline)

uniform knot vector: (0,1/8,2/8,3/8,4/8,5/8,6/8,7/8,1)
“open” knot vector: (0,0,0,0,0.5,1,1,1,1)
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UNDERSTANDING KNOT VECTORS

Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)

uniform knot vector: (0,1/7,2/7,3/7,4/7,5/7,6/7,1)
“open” knot vector: (0,0,0,0,1,1,1,1)

Cubic Bézier curve?

7~ N

n = 4 (5 control points)

k = 4 (cubic B-spline)

uniform knot vector: (0,1/8,2/8,3/8,4/8,5/8,6/8,7/8,1)
“open” knot vector: (0,0,0,0,0.5,1,1,1,1)

degree-4 Bézier—knot vector: (0,0,0,0,0,1,1,1,1,1)
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UNDERSTANDING KNOT VECTORS

Open (or clampled) uniform B-Splines

Uniform knot vector, except at ends: at the beginning and end knot values are repeated k times

n = 3 (4 control points)

k = 4 (cubic B-spline)

uniform knot vector: (0,1/7,2/7,3/7,4/7,5/7,6/7,1)
“open” knot vector: (0,0,0,0,1,1,1,1)

Cubic Bézier curve?

7~ N

n = 4 (5 control points)

k = 4 (cubic B-spline)

uniform knot vector: (0,1/8,2/8,3/8,4/8,5/8,6/8,7/8,1)
“open” knot vector: (0,0,0,0,0.5,1,1,1,1)

degree-4 Bézier—knot vector: (0,0,0,0,0,1,1,1,1,1)

Open uniform B-spline curves always
start at F, and end at P,,. Tangents
are also like in Bézier curves
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UNDERSTANDING KNOT VECTORS

Example for quadratic open B-Splines
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UNDERSTANDING KNOT VECTORS

Example for quadratic open B-Splines

Recall:
e knot vector: (0,0,0,1,2,3,3,3)
o t goes fromiy 1 =1t,=0tot, 1 =15=3
e need to compute 5 bases: Ny 3(t) to Ny 3(t)

t—t;

1, ifte[titi tiv —t
N;1 = [.z i+1) N; 1 (t) = N; k—1(t) + s Nit1,6-1(2)
0, otherwise tivk—1 — 4 tivk —tiv1
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UNDERSTANDING KNOT VECTORS

More examples

Bézier vs open B-Spline of order 3
where n =9 and k£ =3

(b) 1 33
Figure 3.8. B-spline curves. (a) A ninth-degree Bézier curve on the knot vector U =

{o0,0,0,0,0,0,0,0,0,0,1,1,1,1,1,1,1,1,1,1}; (b) a quadratic curve using the same con-
trol pOlngIl defined on U = {Os Oa 03 1/8’ 2/83 3/8: 4/8: 5/8: 6/83 7/81 ]-a 15 ]-}

Figure from [Piegl and Tiller]
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NON-UNIFORM B-SPLINES

When knots are not equally spaced
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NON-UNIFORM B-SPLINES

When knots are not equally spaced

‘ » ignoring the first and last £ knots, in case of open B-splines
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NON-UNIFORM B-SPLINES

When knots are not equally spaced

‘ » ignoring the first and last £ knots, in case of open B-splines

e Only restriction: non-decreasing knots
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NON-UNIFORM B-SPLINES

When knots are not equally spaced

‘ » ignoring the first and last £ knots, in case of open B-splines

e Only restriction: non-decreasing knots

e Knots can have multiplicity larger than one
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NON-UNIFORM B-SPLINES

When knots are not equally spaced

‘ » ignoring the first and last £ knots, in case of open B-splines

e Only restriction: non-decreasing knots

e Knots can have multiplicity larger than one

Effect of knot multiplicity for £ = 4 (cubic)

? 0 1 2 34567891011
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NON-UNIFORM B-SPLINES

When knots are not equally spaced

‘ » ignoring the first and last £ knots, in case of open B-splines

e Only restriction: non-decreasing knots

e Knots can have multiplicity larger than one

Effect of knot multiplicity for £ = 4 (cubic)

P o ﬂP2 Ps Ps
Py Ps Py Py

? 0 1 2 34567891011
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NON-UNIFORM B-SPLINES

When knots are not equally spaced

‘ » ignoring the first and last £ knots, in case of open B-splines

e Only restriction: non-decreasing knots

e Knots can have multiplicity larger than one

Effect of knot multiplicity for £ = 4 (cubic)

P

Knot vector: Py

(-3,-2,—-1,0,1,2,3,4,5,6,7,8)
7 0 1 2 34567891011
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NON-UNIFORM B-SPLINES

When knots are not equally spaced

‘ » ignoring the first and last £ knots, in case of open B-splines

e Only restriction: non-decreasing knots

e Knots can have multiplicity larger than one

Effect of knot multiplicity for £ = 4 (cubic)

P

Knot vector: Py Ps Py Py

(-3,-2,—-1,0,1,1,2,3,4,5,6,7)
7 0 1 2 34567891011
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NON-UNIFORM B-SPLINES

When knots are not equally spaced

‘ » ignoring the first and last £ knots, in case of open B-splines

e Only restriction: non-decreasing knots

e Knots can have multiplicity larger than one

Effect of knot multiplicity for £ = 4 (cubic)

P1 P2

Knot vector: Py

(-3,-2,—-1,0,1,1,1,2,3,4,5,6)
7 0 1 2 34567891011

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC

g =15 = t6';3




7

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC

NON-UNIFORM B-SPLINES

When knots are not equally spaced

‘ » ignoring the first and last £ knots, in case of open B-splines

e Only restriction: non-decreasing knots

e Knots can have multiplicity larger than one

Effect of knot multiplicity for £ = 4 (cubic)

P P Ps Ps

Knot vector: Py P Py P
(—3, —2,—1,0,1,1,1,1,2,3,4,5)
0O 1 234567891011




NON-UNIFORM B-SPLINES

Understanding knot vectors
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NON-UNIFORM B-SPLINES

Understanding knot vectors

Open uniform B-splines interpolate the first and last control points due to the knot multiplicity

In general: continuity at the knots depends on multiplicity

N; 1(t) is (kK —m — 1) times continuously differentiable, where m is the multiplicity of the knot
(m=number of repetitions of knot value)
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NON-UNIFORM B-SPLINES

Understanding knot vectors

Open uniform B-splines interpolate the first and last control points due to the knot multiplicity

In general: continuity at the knots depends on multiplicity

N; 1(t) is (kK —m — 1) times continuously differentiable, where m is the multiplicity of the knot
(m=number of repetitions of knot value)

Examples:

e If all knots are different, a cubic (k = 4) B-spline is C?-continuous at every knot
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NON-UNIFORM B-SPLINES

Understanding knot vectors

Open uniform B-splines interpolate the first and last control points due to the knot multiplicity

In general: continuity at the knots depends on multiplicity

N; 1(t) is (kK —m — 1) times continuously differentiable, where m is the multiplicity of the knot
(m=number of repetitions of knot value)

Examples:
e If all knots are different, a cubic (k = 4) B-spline is C?-continuous at every knot

e If a knot appears twice, the cubic B-spline will be only C''-continuous there
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NON-UNIFORM B-SPLINES

Understanding knot vectors

Open uniform B-splines interpolate the first and last control points due to the knot multiplicity

In general: continuity at the knots depends on multiplicity

N; 1(t) is (kK —m — 1) times continuously differentiable, where m is the multiplicity of the knot
(m=number of repetitions of knot value)

Examples:
e If all knots are different, a cubic (k = 4) B-spline is C*-continuous at every knot
e If a knot appears twice, the cubic B-spline will be only C''-continuous there

e If a knot appears three times, the cubic B-spline will be only C°-continuous there

Play with some example in http://nurbscalculator.in/
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NON-UNIFORM B-SPLINES

Matrix form

Matrix-based expressions to compute non-uniform B-splines also exist
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NON-UNIFORM B-SPLINES

Matrix form

Matrix-based expressions to compute non-uniform B-splines also exist

Linear case (k = 2)

U — Ujg Ui4+2 — U
Nig = —— Nz (u) + Niy1,1(u)
Uj41 — Uq Uj4+2 — Uj42

(U — U4 .
—_— for u € [u;, uizq),
Uil — U4
= X uaj+2 — U .
for u € [wit1, wiya), w—uy U —up
Uj42 — Ujt1] t = A :
. Ug — uj
. 0 otherwise.

For « = 0. this becomes

(27 foru € [up, uy)

; -1 1 P
U1 — o Pt:t.l( )( 0)
Nooa =<K us —u (t) = (1) 1 0 P,

for w € [uy,us),

Ug — Ui

0 otherwise. t €10,1]

Ni2(u) is obtained by incrementing all the indices
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NON-UNIFORM B-SPLINES

Matrix form

Matrix-based expressions to compute non-uniform B-splines also exist

Quadratic case (k‘ — 3) Niz(u) and Naz(u) are obtained by incrementing all the indices

over subinterval [us, u3)

(U — U U — Ug .
. for u € [ug, uy),
ug —ug Ul — Ug Noa(u) = g —u Uz —u
u — ug uz—u_l_ug—u u—ur | ) ug — Uy U3 — U
. . or u € |uy,us),
_ » U2); u—u Uz — u Ug — U  U—u
Noz(u) = ug —uo wug —ur  uz—ur uz —uy Nig(u) = L 4 4 : 2
Uz —uU U3 — U i uz —ui1 U3 — U2 Ug — U2 U3 — U2
- for u € [ug, us), U— gy U — U
Uz —up U3 — U2 Nosz(u) = . .
. Ug — Ug U3 — U
\ 0 otherwise. 4 213 2

Need notation for difference between consecutive knots:

Al = Ug — Uy, AQ = Uz — U9, Ag = U4q — U3.
a —a—b b Py

We also define t = (u — ug2)/As, which implies Pit)=(t*,t.1) | —2a 2a 0 P,
a l—a 0 P
w—uy = tAg + Ay,
U — Ug — tAzj AQ Az
u—uz = (t—1)A,, a:A1—I—A2=
U — Ug = tAz — (Az + Ag) '

t € [0,1]
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NON-UNIFORM B-SPLINES

Matrix form

Matrix-based expressions to compute non-uniform B-splines also exist

Cubic case (k = 4)

(1L —1ug U —uUg U — Uy

for u € |ug.,uy). : : .
s — g e — g U — 110 wo-u1): QOnly in [us, uq) all four are nonzero, with values:
'(L—UO.U—UD'UQ—U Ug — U Ug — U Uy —Uu

Usq — Uy Uy — — N04(U) — .
3 0 2 —Ug U2 —Uj Ug — U] U4 — U2 Ug — U3
u — Ug U3 —uU U — Ul

UW— 1y Uy — U Uy — U Us — U U — Uy Uy — U
Uz — g U3 — U] Uy — Uy Nig(u) = : : + : :
Uy — U U — Uy U — uq . Uqg — U1 Ug — U2 Ug — U3 us — U2 Ug — U Ugqg — U3
: : for u € [uy, us), Us —U U — U U — U3
Ugqg — U1 U3 — U1 U — U] + . . .
Nog(u) = uwu—ug uz—u uz—u U — U U5 — U3 Uy — U3
Us — U U3 — UL U3 — U N24(u):u—u2‘u—u2'u4—u+u—ug'u5—u-u—u3
Ug —u U —uy Uz —u Us — Uy Uy — U Ug — U3 U5 — Uy U5 — U3 Uy — U3
Uqg — U1 U3 — U1 U3 — UD Ug — U U — us U — Us
Ug — U Ug — U U — Us X ) ’ ’
: : for u € [ug, us), Ug — U3 U5 — U3 Uy — U3
Ug — U Uy — Uz Uz — U9 U — u o o
3 Uu us u Us
Ug — U  Ug — U Uy — U ‘ N34(u) = . . .
' : or u € [ug, ug), Ug — U3 U5 — U3 Ug — U3
Ug — UL Uy — U2 Ug — Uz
\ 0 otherwise.
Ni4(u), Naa(u) and N34(u) are obtained by T N VR

incrementing all the indices take Ay = sy Ao ug—us. = (i us)/As.
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NON-UNIFORM B-SPLINES

Matrix form

Matrix-based expressions to compute non-uniform B-splines also exist

Cubic case (k = 4)

(U — UQ u — up U — Uup
Uz — uUg U9 — Upg U — Up
U — up w — up U9 —Uu
Uz —UuUg U9 — Uy U — UL

U — up us —u U — up

Ug —Upg U — U U — Uq

Ug — U U — Uy U — Uy

Ugqg — U1 U3 — U1 U — U]
Nog(u) = uwu—ug uz—u uz—u
Uz — Upg U3 — U] Uz — U2

Uy — U U — Uy Uz — U

Uqg — U1 U3 — U1 U3 — UD

Ug — U Ug — U U — U9

Ug — UL Ug — Uz U — U2
Ug — U Uqg — U Ug — U
Ug — UL Uy — U2 Ug — Uz

\

Ni4(u), Naa(u) and N34(u) are obtained by

incrementing all the indices

We obtain:
—a a+b4+ec —-b—c—d d Py
o 3 —3a—3b 3 0] [P,
P#) =010 3, 34— 3 3 0| P,
a l1l—a—f f 0 Ps
where
L
A3 A3 N
a = 3 — ’
(A1 + Az + Az)(Ag + Az) (Az + A4+ As5)(Az+ Ay
_ A3 B AgAj
(A + Az + AL (Ag + Ag)’ (A + Az + Ay (Ay+ Ag)’ P
] X . A3 :
(Ag + Az +Ay)(Az+Ay) (Ao + Az + Ay)(Ar + Ag)
) N — — a— =
for u € [ug, uy), 34(u) U — U3 U5 — U3 Ug — U3
otherwise.
Ay =ug —uy. Ao =u3z—uy, Az=uy—us,
take

Ay = up — uy,

Ay = ug — us,

t = (u—usz)/As.
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

The most general parametric curve

Same idea as for rational Bézier: each control point P; has a weight, w; > 0. This gives even
more flexibility to shape the curve
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

The most general parametric curve

Same idea as for rational Bézier: each control point P; has a weight, w; > 0. This gives even
more flexibility to shape the curve

Advantages

e Invariant under projections
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

The most general parametric curve

Same idea as for rational Bézier: each control point P; has a weight, w; > 0. This gives even
more flexibility to shape the curve

Advantages

e Invariant under projections Virtual objects
(3D models)

Viewport
(Computer screen)

View frustum

Field of view
Figure from real3dtutorials.com

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC




NON-UNIFORM RATIONAL B-SPLINES (NURBS)

The most general parametric curve

Same idea as for rational Bézier: each control point P; has a weight, w; > 0. This gives even
more flexibility to shape the curve

Advantages

e Invariant under projections

e It can represent conic curves exactly (e.g., segments of circles, ellipses, hyperbolas and
parabolas)
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

The most general parametric curve

Same idea as for rational Bézier: each control point P; has a weight, w; > 0. This gives even
more flexibility to shape the curve

Advantages

e Invariant under projections

e It can represent conic curves exactly (e.g., segments of circles, ellipses, hyperbolas and
parabolas)

e It is more general, so it includes as particular cases all other B-splines and Bézier curves
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Related to homogeneous coordinates

Any 2D point (x,y) is equivalent to a 3D point: (wx,wy, w)
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Related to homogeneous coordinates
Any 2D point (x,y) is equivalent to a 3D point: (wx,wy, w)
|—> the projection of 3D point (a, b, w) to 2D is (a/w,b/w)
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Related to homogeneous coordinates
Any 2D point (x,y) is equivalent to a 3D point: (wx,wy, w)
|—> the projection of 3D point (a, b, w) to 2D is (a/w,b/w)

Suppose your control points (; have one extra dimension P; € R? — Q; € R?

|—> e.g., each point P, = (x;,v;), becomes Q; = (w;x;, w;y;, w;), for some w; >0
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Related to homogeneous coordinates

Any 2D point (x,y) is equivalent to a 3D point: (wx,wy, w)

|—> the projection of 3D point (a, b, w) to 2D is (a/w,b/w)

Suppose your control points (; have one extra dimension P; € R? — Q; € R?

|—> e.g., each point P, = (x;,v;), becomes Q; = (w;x;, w;y;, w;), for some w; >0

Compute a 3D B-spline curve in the usual (non-rational) way: Pnr(t) — Z?:O QiNi,k(t)
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Related to homogeneous coordinates

Any 2D point (x,y) is equivalent to a 3D point: (wx,wy, w)

|—> the projection of 3D point (a, b, w) to 2D is (a/w,b/w)

Suppose your control points (; have one extra dimension P; € R? — Q; € R?
|—> e.g., each point P, = (x;,v;), becomes Q; = (w;x;, w;y;, w;), for some w; >0
Compute a 3D B-spline curve in the usual (non-rational) way: P () = > 7" Q:N; i (%)

Now, we can project any point on the 3D curve P, (t) to 2D:
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Related to homogeneous coordinates

Any 2D point (x,y) is equivalent to a 3D point: (wx,wy, w)

|—> the projection of 3D point (a, b, w) to 2D is (a/w,b/w)
Suppose your control points (; have one extra dimension P; € R? — Q; € R?

|—> e.g., each point P, = (x;,v;), becomes Q; = (w;x;, w;y;, w;), for some w; >0
Compute a 3D B-spline curve in the usual (non-rational) way: Pnr(t) — Z?:o QiNi,k(t)
Now, we can project any point on the 3D curve P, (t) to 2D:

|—> we need to isolate the coefficients w; multiplying each point, and divide by them
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Related to homogeneous coordinates

Any 2D point (x,y) is equivalent to a 3D point: (wx,wy, w)

|—> the projection of 3D point (a, b, w) to 2D is (a/w,b/w)
Suppose your control points (; have one extra dimension P; € R? — Q; € R?

|—> e.g., each point P, = (x;,v;), becomes Q; = (w;x;, w;y;, w;), for some w; >0
Compute a 3D B-spline curve in the usual (non-rational) way: Pnr(t) — Z?:o QiNi,k(t)
Now, we can project any point on the 3D curve P, (t) to 2D:

|—> we need to isolate the coefficients w; multiplying each point, and divide by them

wi P;N; 1 (t n
B(t) = Zz?’oowg gkk@)) iz b ( 5 ) = 2imo Piltir(?)

w] 7, k(t)
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Related to homogeneous coordinates

Any 2D point (x,y) is equivalent to a 3D point: (wx,wy, w)

|—> the projection of 3D point (a, b, w) to 2D is (a/w,b/w)
Suppose your control points (; have one extra dimension P; € R? — Q; € R?

|—> e.g., each point P, = (x;,v;), becomes Q; = (w;x;, w;y;, w;), for some w; >0
Compute a 3D B-spline curve in the usual (non-rational) way: Pnr(t) — Z?:o QiNi,k(t)
Now, we can project any point on the 3D curve P, (t) to 2D:

|—> we need to isolate the coefficients w; multiplying each point, and divide by them

n wiPiNz-, t o n ’U)Z'Ni, t L n
Pr(t) — 2150 Nj,kk(g)) — Zi:O P’i( L) ) — Zi:O P&'Ri,k(t)

=0 Wj =0 w; Nj k()

— rational blending functionsJ
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Rational curves as curves in projective space

P
P

(’wlxh w1Y1, wl)
wy > 1

Py = (z2,y2,1) Py = (x2,92,1)

w =1 plane w = 1 plane

X

Figure adapted from book by Mortenson
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Rational curves as curves in projective space

_ \Y\%
Another picture

Y

Try it! https://www.desmos.com/3d/c18uOsvyrs X

Figure by Wojciech Muta - Own work (Python script, final touches Inkscape), CC BY-SA 3.0, https://commons.wikimedia.org/w/index.php?curid=1196334
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Properties of rational basis functions and NURBS
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Properties of rational basis functions and NURBS

Has most properties of the non-rational basis functions, plus a few more:
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Properties of rational basis functions and NURBS

Has most properties of the non-rational basis functions, plus a few more:

e Non-negativity, partition of unity, unimodality, local support (for control point position and
weight), convex hull property, etc..
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Properties of rational basis functions and NURBS

Has most properties of the non-rational basis functions, plus a few more:

e Non-negativity, partition of unity, unimodality, local support (for control point position and
weight), convex hull property, etc..

e Effect of changing weight: increasing weight moves curve closer to P;
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Properties of rational basis functions and NURBS

Has most properties of the non-rational basis functions, plus a few more:

e Non-negativity, partition of unity, unimodality, local support (for control point position and
weight), convex hull property, etc..

e Effect of changing weight: increasing weight moves curve closer to P;

Figure 4.2. Rational cubic B-spline curves, with w3 varying.

Figure from [Piegl and Tiller|
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Properties of rational basis functions and NURBS
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Properties of rational basis functions and NURBS

e When all weights are the same, the curve becomes non-rational
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Properties of rational basis functions and NURBS

e When all weights are the same, the curve becomes non-rational

e Curve is invariant under projective transformations
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Properties of rational basis functions and NURBS

e When all weights are the same, the curve becomes non-rational
e Curve is invariant under projective transformations

e Conic sections can be represented exactly (same as with rational Bézier curves)

hyperbola

w1 =
parabola

w1 — 1/3
ellipse
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NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Properties of rational basis functions and NURBS

e When all weights are the same, the curve becomes non-rational
e Curve is invariant under projective transformations

e Conic sections can be represented exactly (same as with rational Bézier curves)

hyperbola
Play with NURBS at
http://geometrie.foretnik.net /files/NURBS-en.swf
or play in http://nurbscalculator.in/

w1 = 1/3
ellipse
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