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VECTORS AND POINTS

Two main ingredients in geometry

Points, vectors: what are they?
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Two main ingredients in geometry
Points, vectors: what are they?
Points: they represent locations in some space

Vectors: they represent direction, orientation, magnitude relative to a coordinate system
(no fixed position!)
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VECTORS AND POINTS

Two main ingredients in geometry
Points, vectors: what are they?
Points: they represent locations in some space

Vectors: they represent direction, orientation, magnitude relative to a coordinate system
(no fixed position!)

a point on this slide
(identified by coordinates (480, 256))
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VECTORS AND POINTS

Two main ingredients in geometry
Points, vectors: what are they?
Points: they represent locations in some space

Vectors: they represent direction, orientation, magnitude relative to a coordinate system
(no fixed position!)

A
1 a point on this slide
(identified by coordinates (480, 256))
4__
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VECTORS AND POINTS

Two main ingredients in geometry
Points, vectors: what are they?
Points: they represent locations in some space

Vectors: they represent direction, orientation, magnitude relative to a coordinate system
(no fixed position!)

A
1 a point on this slide
(identified by coordinates (480, 256))
a vector with direction of 45°, positive
47T orientation,and magnitude of ~ 4 -1.41 = 5.64
| | | >
(0,0) 4 | |
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VECTORS AND POINTS

Two main ingredients in geometry
Points, vectors: what are they?
Points: they represent locations in some space

Vectors: they represent direction, orientation, magnitude relative to a coordinate system
(no fixed position!)

a point on this slide
(identified by coordinates (480, 256))

a vector with direction of 45°, positive

47T orientation,and magnitude of ~ 4 -1.41 = 5.64
this vector has coordinates (4,4)

| | |

(0,0) 4 | —
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VECTORS AND POINTS

Two main ingredients in geometry
Points, vectors: what are they?
Points: they represent locations in some space

Vectors: they represent direction, orientation, magnitude relative to a coordinate system
(no fixed position!)

A
1 a point on this slide
(identified by coordinates (480, 256))
¢ vectors are always
relative to a -+
coordinate system
a vector with direction of 45°, positive
47T orientation,and magnitude of ~ 4 -1.41 = 5.64
this vector has coordinates (4,4)
| | |
(0,0) 4 | —r
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VECTORS

Vectors: basic elements of vector spaces
A vector space over R is a set V' with two operations: vector addition and scalar multiplication

Vector addition: V xV =V  (u,v) > u+ ¥
Scalar multiplication: Rx V —V (A ¥) = AU

These operations can be anything as long as they satisfy a series of axioms (next slide)
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VECTORS

Vectors: basic elements of vector spaces

A vector space over R is a set V' with two operations: vector addition and scalar multiplication

Vector addition: V xV =V  (u,v) > u+ ¥
Scalar multiplication: Rx V —V (A ¥) = AU

These operations can be anything as long as they satisfy a series of axioms (next slide)

In this course we will use the standard operations. For example, for V = R?

Vector addition: if & = (u1,us) and v = (v1,v2), then 4+ ¥ = (v1 + uy,vo + us)

Scalar multiplication: if @ = (u1,u2) and A € R, then  Ad = (Aug, A\us)
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VECTORS

Vectors: basic elements of vector spaces
A vector space over R is a set V' with two operations: vector addition and scalar multiplication

Vector addition: V xV =V  (u,v) > u+ ¥
Scalar multiplication: R x V —V (A, ¥) = AU

These operations can be anything as long as they satisfy a series of axioms (next slide)

In this course we will use the standard operations. For example, for V = R?

Vector addition: if & = (u1,us) and v = (v1,v2), then 4+ ¥ = (v1 + uy,vo + us)
Scalar multiplication: if @ = (u1,u2) and A € R, then  Ad = (Aug, A\us)

The set of vectors can be any set that satisfies the axioms  (in this course, R? or R?)

The set of scalars can be any field (R, C, Q, ..) (in this course, R)

[More examples of vector spaces?]
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VECTORS

Axioms for a vector space

The operations can be anything as long as they satisfy the following axioms:

¢ Closure under addition: Vu, v e V,u+v €V

¢ Commutativity of addition: Vu, v € V.U + U = 17+ u
¢ Associativity of addition: Vi, ¥, @ € V, (4 + ¥) + W = 4 + (¥ + W)
¢ Existence of additive identity: E|O eV VTeV,i+0="7

¢ Existence of additive inverses: Vo € V,3 -7 € V, 9+ (—0) =0

¢ Closure under scalar multiplication: Va e R,v € V,av € V
¢ Compatibility of scalar multiplication with field multiplication:
Va,b e R, v €V, (ab)v = a(bv)
¢ Distributivity of scalar multiplication over vector addition:
Va € R,u,v € V,a(d + ¥) = at + a¥
¢ Distributivity of scalar multiplication over field addition:
Va,be R, v €V, (a+b)v=av+ bU
¢ Compatibility of scalar multiplication with field addition:
Va,b € R,V vectors u and v € vector space, (a+b) -v=(a-v)+ (b-v)
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VECTORS

Combining vectors

The addition and scalar multiplication can be combined to produce new vectors

These are called linear combinations

—

Given vectors v1,...7, and scalars A\q,...,A,, U is a linear combination of v1, ... U,:

—

U=ANUL+ -+ \,Up, :Zyzlki’vi
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VECTORS

Combining vectors

The addition and scalar multiplication can be combined to produce new vectors

These are called linear combinations

—

Given vectors v1,...7, and scalars A\q,...,A,, U is a linear combination of v1, ... U,:

—

U=ANUL+ -+ \,Up, :Z?=1 A\ U;

Recall that for us A1,..., A\, will always be real numbers
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VECTORS

Combining vectors

The addition and scalar multiplication can be combined to produce new vectors

These are called linear combinations

—

Given vectors v1,...7, and scalars A\q,...,A,, U is a linear combination of v1, ... U,:

—

U=ANUL+ -+ \,Up, :Z?=1 A\ U;

Recall that for us A1,..., A\, will always be real numbers
A
v = (4,4)
T 7= (12,4)
| | |
(0,0 L
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VECTORS

Combining vectors

The addition and scalar multiplication can be combined to produce new vectors

These are called linear combinations

—

Given vectors v1,...7, and scalars A\q,...,A,, U is a linear combination of v1, ... U,:

U= MU+ Ay = D0 A

Recall that for us A1,..., A\, will always be real numbers
A
1 . 4
7= (4,4) .-
T ’ 7= (12,4)
0 4
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VECTORS

Combining vectors

The addition and scalar multiplication can be combined to produce new vectors

These are called linear combinations

—

Given vectors v1,...7, and scalars A\q,...,A,, U is a linear combination of v1, ... U,:

—

U=ANUL+ -+ \,Up, :Z?=1 A\ U;

Recall that for us A1,..., A\, will always be real numbers

T=1-(4,4)+1-(12,4) = (16,8)

(0,0)
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VECTORS

Combining vectors

The addition and scalar multiplication can be combined to produce new vectors

These are called linear combinations

—

Given vectors v1,...7, and scalars A\q,...,A,, U is a linear combination of v1, ... U,:

—

U=ANUL+ -+ \,Up, :Z?=1 A\ U;

Recall that for us A1,..., A\, will always be real numbers

T=1-(4,4)41-(12,4) = (16,8)

(0,0)
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VECTORS

Combining vectors

The addition and scalar multiplication can be combined to produce new vectors

These are called linear combinations

—

Given vectors v1,...7, and scalars A\q,...,A,, U is a linear combination of v1, ... U,:

U=ANUL+ -+ \,Up, :Z?=1 A\ U;

Recall that for us A1,..., A\, will always be real numbers

A 0=05-(4,4)+0.25-(12,4) = (5,3)
T=1-(4,4)+1-(12,4) = (16,8)

(0,0)
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VECTORS

Basis of a vector space
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VECTORS

Basis of a vector space

A basis of a vector space is an ordered sequence of vectors of V' {é1,...,€,} such that:

—

1) €1,...,€y, are linearly independent

le., if Z?:l A\ €; = 6, then N =0 Wi
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VECTORS

Basis of a vector space

A basis of a vector space is an ordered sequence of vectors of V' {é1,...,€,} such that:

—

1) €1,...,€y, are linearly independent
le., if Z?:l A\ €; = 6, then N =0 Wi
2) €1,...,€, span the whole set of vectors V/

Z?zl i€

S
I

e, ifvreV, dxq, ...,z, € R such that
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VECTORS

Basis of a vector space

A basis of a vector space is an ordered sequence of vectors of V' {é1,...,€,} such that:

—

1) €1,...,€y, are linearly independent
e, if S0 Né& =0,then X\, =0 Vi
2) €1,...,€, span the whole set of vectors V/
e, ifVZeV, 3Jxi,...,2, € Rsuchthat Z=)> " 26

In other words,

—

€1,...,€, form a basis of V <= each vector of V' can be expressed as a unique linear
combination of €1,..., €,
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VECTORS

Basis of a vector space
A basis of a vector space is an ordered sequence of vectors of V' {é1,...,€,} such that:
1) €1,...,€y, are linearly independent
e, if S0 Né& =0,then X\, =0 Vi
2) €1,...,€, span the whole set of vectors V/
e, ifVZeV, 3Jxi,...,2, € Rsuchthat Z=)> " 26

In other words,

€1,...,€, form a basis of V <= each vector of V' can be expressed as a unique linear
combination of €7, ..., €,
The coefficients (x1,...,x, above) of the unique combination are called the coordinates of

the vector in that basis

Once a basis B is fixed, we have a bijection between vectors in V' and coordinates in R"!

vector & € V < coordinates (x1,...,x,) in basis B
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VECTORS

Examples of bases and coordinates

V =R? Canonical basis: £ = {e1,e2,e3} = {(1,0,0),(0,1,0),(0,0,1)}

E.g. (2,3,1)=2-(1,0,0)+3-(0,1,0) +1-(0,0,1)
The coordinates of (2,3,1) in basis £ are (2,3,1)
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VECTORS

Examples of bases and coordinates

V =R? Canonical basis: £ = {e1,e2,e3} = {(1,0,0),(0,1,0),(0,0,1)}

E.g. (2,3,1)=2-(1,0,0)+3-(0,1,0) +1-(0,0,1)
The coordinates of (2,3,1) in basis £ are (2,3,1)

V =R? Another basis: B = {e1,e2,e3} = {(2,0,0),(1,3,-1),(0,0,1)}

E.g. (2,3,1)=05-(2,0,0)+1-(1,3,—1)+2-(0,0,1)
The coordinates of (2,3,1) in basis £ are (0.5,1,2)

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC



VECTORS

Examples of bases and coordinates

V =R? Canonical basis: £ = {e1,e2,e3} = {(1,0,0),(0,1,0),(0,0,1)}

E.g. (2,3,1)=2-(1,0,0)+3-(0,1,0) +1-(0,0,1)
The coordinates of (2,3,1) in basis £ are (2,3,1)
V =R? Another basis: B = {e1,e2,e3} = {(2,0,0),(1,3,-1),(0,0,1)}

E.g. (2,3,1)=05-(2,0,0)+1-(1,3,—1)+2-(0,0,1)
The coordinates of (2,3,1) in basis £ are (0.5,1,2)

V =P, (quadratic polynomials)  Canonical basis B = {e1,e3,e3} = {1, z, 2%}

Eg, bz +3x—2=(-2)-e1+3-e3+5-e3
The coordinates of 5x2 + 3z — 2 in basis B are (—2,3,5)
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VECTORS

Examples of bases and coordinates

V =R? Canonical basis: £ = {e1,e2,e3} = {(1,0,0),(0,1,0),(0,0,1)}

E.g. (2,3,1)=2-(1,0,0)+3-(0,1,0) +1-(0,0,1)
The coordinates of (2,3,1) in basis £ are (2,3,1)

V =R? Another basis: B = {e1,e2,e3} = {(2,0,0),(1,3,-1),(0,0,1)}

E.g. (2,3,1)=05-(2,0,0)+1-(1,3,—1)+2-(0,0,1)
The coordinates of (2,3,1) in basis £ are (0.5,1,2)

V =P, (quadratic polynomials)  Canonical basis B = {e1,e3,e3} = {1, z, 2%}
Eg, bz +3x—2=(-2)-e1+3-e3+5-e3
The coordinates of 5x2 + 3z — 2 in basis B are (—2,3,5)
V = P, (quadratic polynomials)  Another basis B’ = {e1,e2,e3} = {2,3 + x,2° + x}
Eg, bz’ +3x—2=2-e1+(—2)-ea+5-e3
The coordinates of 5x2 + 3z — 2 in basis B are (2, —2,5)
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VECTORS

Measuring vectors
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VECTORS

Measuring vectors

An inner product is an operation that takes two vectors and returns a scalar value.
The dot product is the inner product usually used in R™:

For two vectors u = (u1,...,un), v = (v1,...,vy), it is defined as the function

VxVoR (@0 —dd= (@5 =", v
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VECTORS

Measuring vectors

An inner product is an operation that takes two vectors and returns a scalar value.
The dot product is the inner product usually used in R™:

For two vectors u = (u1,...,un), v = (v1,...,vy), it is defined as the function

VxVoR (@0 —dd= (@5 =", v

Inner products satisfy a number of nice properties:

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC



VECTORS

Measuring vectors

An inner product is an operation that takes two vectors and returns a scalar value.
The dot product is the inner product usually used in R™:

For two vectors u = (u1,...,un), v = (v1,...,vy), it is defined as the function

VxVoR (@0 —dd= (@5 =", v

Inner products satisfy a number of nice properties:

¢ bilineal: 4.(0+ W) =u.d+uw and (A\u).0 = A\(u.7)
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VECTORS

Measuring vectors

An inner product is an operation that takes two vectors and returns a scalar value.
The dot product is the inner product usually used in R™:

For two vectors u = (u1,...,un), v = (v1,...,vy), it is defined as the function

VXV =R (4,0 = dv= (470 =, uv;
Inner products satisfy a number of nice properties:

¢ bilineal: 4.(0+ W) =u.d+uw and (A\u).0 = A\(u.7)

¢ symmetric u.v = v.u
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VECTORS

Measuring vectors

An inner product is an operation that takes two vectors and returns a scalar value.
The dot product is the inner product usually used in R™:

For two vectors u = (u1,...,un), v = (v1,...,vy), it is defined as the function

VxVoR (@0 —dd= (@5 =", v

Inner products satisfy a number of nice properties:

¢ bilineal: 4.(0+ W) =u.d+uw and (A\u).0 = A\(u.7)
¢ symmetric u.v = v.u

¢ positive definite w.u > 0
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VECTORS

Measuring vectors

An inner product is an operation that takes two vectors and returns a scalar value.
The dot product is the inner product usually used in R™:

For two vectors u = (u1,...,un), v = (v1,...,vy), it is defined as the function

VxVoR (@0 —dd= (@5 =", v

Inner products satisfy a number of nice properties:

¢ bilineal: 4.(0+ W) =u.d+uw and (A\u).0 = A\(u.7)
¢ symmetric u.v = v.u
¢ positive definite u.u >

¢ non degenerate u.u =
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VECTORS

Measuring vectors

An inner product is an operation that takes two vectors and returns a scalar value.
The dot product is the inner product usually used in R™:

For two vectors u = (u1,...,un), v = (v1,...,vy), it is defined as the function

VxVoR (@0 —dd= (@5 =", v

Inner products satisfy a number of nice properties:

¢ bilineal: 4.(0+ W) =u.d+uw and (A\u).0 = A\(u.7)
¢ symmetric u.v = v.u
¢ positive definite u.u >

¢ non degenerate u.u =

¢ Cauchy-Schwarz inequality (4.7)? < (4.4)(¥.7)
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VECTORS

Measuring vectors
The inner product gives us a way to measure length and angle

Each inner product has an associated norm, a function from V to R:

v — ||| = VU.T

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC



VECTORS

Measuring vectors
The inner product gives us a way to measure length and angle

Each inner product has an associated norm, a function from V to R:

v — ||| = VU.T

[For example, what's the associated norm for R?? ]
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VECTORS

Measuring vectors
The inner product gives us a way to measure length and angle

Each inner product has an associated norm, a function from V to R:

v — ||| = VU.T

[For example, what's the associated norm for R?? ] If Z = (21, 22) € R?, then
) 1
|Z|| = VZ.Z = /r101 + Towe = /2% + 23

This is the well-known Euclidean norm!

|Z][* = 21 + 23

From Pythagorean theorem,

1525 ) D
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VECTORS

Measuring vectors
The inner product gives us a way to measure length and angle

Each inner product has an associated norm, a function from V to R:

v — ||| = VU.T

[For example, what's the associated norm for R?? ] If Z = (21, 22) € R?, then
) 1
|Z|| = VZ.Z = /r101 + Towe = /2% + 23

This is the well-known Euclidean norm!

Norms have several nice properties
i) [|7]] =0 < #=0and ||¥]| >0 YweV

i) [\ = |A|||F]] YoeV, VAeR
iii) Triangle inequality ||@ + ¢|| < ||u]| + ||¥]| Vu, v €V

From Pythagorean theorem, ||Z||* = 2% + 3

1525 ) D
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VECTORS

Measuring vectors
The inner product gives us a way to measure length and angle

Each inner product has an associated norm, a function from V to R:

v — ||| = VU.T

[For example, what's the associated norm for R?? ] If Z = (21, 22) € R?, then
) 1
|Z|| = VZ.Z = /r101 + Towe = /2% + 23

This is the well-known Euclidean norm!

Norms have several nice properties
i) [|7]] =0 < #=0and ||¥]| >0 YweV

i) [\ = |A|||F]] YoeV, VAeR
iii) Triangle inequality ||@ + ¢|| < ||u]| + ||¥]| Vu, v €V

From Pythagorean theorem, ||Z||* = 2% + 3

1525 ) D

[Note that many other norms exist! ]
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VECTORS

Measuring length

The norm of a vector gives a measure of its length or magnitude
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VECTORS

Measuring length

The norm of a vector gives a measure of its length or magnitude

A unit vector is a vector whose norm is one (i.e., ||v]| = 1)

In geometric modeling, we use vectors to describe directions (recall, each vector has a
direction). But the magnitude of the vector does not change its direction. Thus, to represent
directions, we will use unit vectors

A
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VECTORS

Measuring length

The norm of a vector gives a measure of its length or magnitude

A unit vector is a vector whose norm is one (i.e., ||v]| = 1)

In geometric modeling, we use vectors to describe directions (recall, each vector has a
direction). But the magnitude of the vector does not change its direction. Thus, to represent
directions, we will use unit vectors

A
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VECTORS

Measuring length

The norm of a vector gives a measure of its length or magnitude

A unit vector is a vector whose norm is one (i.e., ||v]| = 1)

In geometric modeling, we use vectors to describe directions (recall, each vector has a
direction). But the magnitude of the vector does not change its direction. Thus, to represent
directions, we will use unit vectors

A
3 vectors with the same direction
U3
V2
U1
>
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VECTORS

Measuring length

The norm of a vector gives a measure of its length or magnitude

A unit vector is a vector whose norm is one (i.e., ||v]| = 1)

In geometric modeling, we use vectors to describe directions (recall, each vector has a
direction). But the magnitude of the vector does not change its direction. Thus, to represent
directions, we will use unit vectors

A
3 vectors with the same direction
U3
V2
1 U_i
1 >

unit circle—circle of radius
1 centered at (0,0)
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VECTORS

Measuring length

The norm of a vector gives a measure of its length or magnitude

A unit vector is a vector whose norm is one (i.e., ||v]| = 1)

In geometric modeling, we use vectors to describe directions (recall, each vector has a
direction). But the magnitude of the vector does not change its direction. Thus, to represent
directions, we will use unit vectors

3 vectors with the same direction
U3
U,: unit vector with the same direction as v7, v, U2
— L ’U_i _ 'U_é _ 'U_é —
and v3. Thatis: v, = TAT] = Tl = el 1 7
Uy,
1 >

Making a vector unit-length by dividing it by its norm is

called normalizing the vector unit circle—circle of radius

1 centered at (0,0)
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VECTORS

Measuring angles
The inner product also gives a away to define the angle between two vectors
The angle between two vectors u, v # 0 is defined as the unique a € 0, 7] such that

u.v A
cosa =
IRIE]

]

<l
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VECTORS

Measuring angles
The inner product also gives a away to define the angle between two vectors
The angle between two vectors u, v # 0 is defined as the unique a € 0, 7] such that
u.v
cos o = A
(What is cos a, geometrically?] (1111l

]

<l
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VECTORS

Measuring angles
The inner product also gives a away to define the angle between two vectors
The angle between two vectors u, v # 0 is defined as the unique a € 0, 7] such that

u.v A
cosa =
IRIE]

]

Equivalently, 4.7 = ||u]|.||7]| cos a

<!
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VECTORS

Measuring angles
The inner product also gives a away to define the angle between two vectors

The angle between two vectors u, v # 0 is defined as the unique a € 0, 7] such that

u.v N
cos v =
[[al].[1 4]
Equivalently, 4.7 = ||u]|.||7]| cos a u
Vectors u, ¥ are orthogonal (or perpendicular) if and only if 4.7 = 0 7
1
1 .
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VECTORS

Measuring angles

The inner product also gives a away to define the angle between two vectors

The angle between two vectors u, v # 0 is defined as the unique a € 0, 7] such that

o uv
T e 4
Equivalently, 4.7 = ||u]|.||7]| cos a u
Vectors u, ¥ are orthogonal (or perpendicular) if and only if w.v =0 i
Note that, if «, ¥ are unit vectors, = cosa. This is easy to seel! 1
1 >
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VECTORS

Measuring angles

The inner product also gives a away to define the angle between two vectors

The angle between two vectors u, v # 0 is defined as the unique a € 0, 7] such that

u.v A
cos o =
[[all.1]2]]
Equivalently, 4.7 = ||u]|.||7]| cos a u
Vectors u, ¥ are orthogonal (or perpendicular) if and only if w.v =0 i
1

Note that, if «, ¥ are unit vectors, = cosa. This is easy to seel!

A 1 >
1qu
1 Q Y

| >
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VECTORS

Measuring angles

The inner product also gives a away to define the angle between two vectors

The angle between two vectors u, v # 0 is defined as the unique a € 0, 7] such that

u.v A
Ccos v =
[[all.1]2]]
Equivalently, 4.7 = ||u]|.||7]| cos a u
Vectors u, ¥ are orthogonal (or perpendicular) if and only if w.v =0 i
1
Note that, if «, ¥ are unit vectors, = cosa. This is easy to seel!
rotate so that ¢ is on >

A i Ao = v = (1,0) 1
R AN 1

—/

U = (T, Yu)

a\ \§ = (1,0
- (1.0)
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VECTORS

Measuring angles

The inner product also gives a away to define the angle between two vectors

The angle between two vectors u, v # 0 is defined as the unique a € 0, 7] such that

u.v A
cos o =
[[all.1]2]]
Equivalently, 4.7 = ||u]|.||7]| cos a u
Vectors u, ¥ are orthogonal (or perpendicular) if and only if w.v =0 i
1
Note that, if «, ¥ are unit vectors, = cosa. This is easy to seel!
rotate so that ¢ is on >
A i Ao = v = (1,0) % 1
U
1 [/« 1 . 1 .
U = (Tu, Yu) u’
. v = (170) @ i
I > > [ .
Ty = COS
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VECTORS

Measuring angles

The inner product also gives a away to define the angle between two vectors

The angle between two vectors u, v # 0 is defined as the unique a € 0, 7] such that

u.v A
Cos v =
[[all.1]2]]
Equivalently, 4.7 = ||u]|.||7]| cos a u
Vectors u, ¥ are orthogonal (or perpendicular) if and only if w.v =0 i
1
Note that, if «, ¥ are unit vectors, = cosa. This is easy to seel!
rotate so that ¢ is on >
A i A z-axis = v/ = (1,0) % 1
~ Therefore, we have:
1| /oY 1 L 1 AT = ((Tus Yu), (1,0)) =y
U = (u, Yu) \U = CoS «
. v = (170) @ i
I > > [ .
X, = COS
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POINTS

Points

An affine space over R is a set A (the set of points) together with a vector space V' over R
(the underlying vector space) and a map operation (addition):

a function A x V — A, denoted (P,v) > P+ ¥
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POINTS

Points

An affine space over R is a set A (the set of points) together with a vector space V' over R
(the underlying vector space) and a map operation (addition):

a function A x V — A, denoted (P,v) > P+ ¥
such that:

—

i) Parallelogram rule holds: (P + ¢) + @ = P + (¢ + W)

ii) If P is fixed, the map is a bijection. That is:
VQe A dveV st. P+iv=Q (written ¥ = PQ = @Q — P)
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POINTS

Points

An affine space over R is a set A (the set of points) together with a vector space V' over R
(the underlying vector space) and a map operation (addition):

a function A x V — A, denoted (P,v) > P+ ¥

such that: / addition in affine space

i) Parallelogram rule holds: (P + ¥) + @ = P + (U + W) addition in vector space

ii) If P is fixed, the map is a bijection. That is:
VQe A dveV st. P+iv=Q (written ¥ = PQ = @Q — P)
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POINTS

Points

An affine space over R is a set A (the set of points) together with a vector space V' over R
(the underlying vector space) and a map operation (addition):

a function A x V — A, denoted (P,v) > P+ ¥

such that: / addition in affine space

i) Parallelogram rule holds: (P + ¥) + @ = P + (U + W) addition in vector space

ii) If P is fixed, the map is a bijection. That is:
VQe A dveV st. P+iv=Q (written ¥ = PQ = @Q — P)

By fixing P, we are setting a reference point @
(i.e., an origin), so that each point becomes
equivalent to one (unique) vector

o 2
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POINTS

Points

An affine space over R is a set A (the set of points) together with a vector space V' over R
(the underlying vector space) and a map operation (addition):

a function A x V — A, denoted (P,v) > P+ ¥

such that: / addition in affine space

i) Parallelogram rule holds: (P + ¥) + @ = P + (U + W) addition in vector space

ii) If P is fixed, the map is a bijection. That is:
VQe A dveV st. P+iv=Q (written ¥ = PQ = @Q — P)

By fixing P, we are setting a reference point @
(i.e., an origin), so that each point becomes
equivalent to one (unique) vector

o 2

Pe
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POINTS

Points

An affine space over R is a set A (the set of points) together with a vector space V' over R
(the underlying vector space) and a map operation (addition):

a function A x V — A, denoted (P,v) > P+ ¥

such that: / addition in affine space

i) Parallelogram rule holds: (P + ¥) + @ = P + (U + W) addition in vector space

ii) If P is fixed, the map is a bijection. That is:
VQe A dveV st. P+iv=Q (written ¥ = PQ = @Q — P)

By fixing P, we are setting a reference point @
(i.e., an origin), so that each point becomes
equivalent to one (unique) vector PQ

P
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Coordinate systems
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POINTS

Coordinate systems

A coordinate system in A is composed of:

i) A point O € A, called origin
ii) A basis {¢7,...,e,} of V

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC



POINTS

Coordinate systems

A coordinate system in A is composed of:

i) A point O € A, called origin
ii) A basis {¢7,...,e,} of V
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POINTS

Coordinate systems

A coordinate system in A is composed of:

i) A point O € A, called origin
ii) A basis {¢7,...,e,} of V
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POINTS

Coordinate systems

A coordinate system in A is composed of:

i) A point O € A, called origin
ii) A basis {¢7,...,e,} of V
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POINTS

Coordinate systems

A coordinate system in A is composed of:

i) A point O € A, called origin
ii) A basis {¢7,...,e,} of V

The coordinates of R
(wrt O, €1, and €3) are (3,1)
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POINTS

Coordinate systems

A coordinate system in A is composed of:

i) A point O € A, called origin
ii) A basis {¢7,...,e,} of V

The coordinates of R
(wrt O, €1, and €3) are (3,1)

We have the following situation:

A V R"

(points) (vectors) (coordinates)
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POINTS

Coordinate systems

A coordinate system in A is composed of:

i) A point O € A, called origin
ii) A basis {¢7,...,e,} of V

The coordinates of R
(wrt O, €1, and €3) are (3,1)

We have the following situation:

(points) O fixed (vectors) (coordinates)
o
®
° O
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POINTS

Coordinate systems

A coordinate system in A is composed of:

i) A point O € A, called origin
ii) A basis {¢7,...,e,} of V

The coordinates of R
(wrt O, €1, and €3) are (3,1)
We have the following situation:

A < > V' » R”
(points) O fixed (vectors) {e1,...,e,} fixed  (coordinates)

° :(xlayl)

O
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POINTS

Coordinate systems

A coordinate system in A is composed of:

i) A point O € A, called origin
ii) A basis {¢7,...,e,} of V

With a coordinate system, we can write both
vectors and points as tuples of real numbers
(but the meaning remains different!)

The coordinates of R
(wrt O, €1, and €3) are (3,1)

We have the following situation:

A < > V' » R”
(points) O fixed (vectors) {e1,...,e,} fixed  (coordinates)
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POINTS

Examples of coordinate systems

Our “usual” system is the Cartesian coordinate system
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POINTS

Examples of coordinate systems

Our “usual” system is the Cartesian coordinate system

1 {0, (1,0), (0,1)}
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POINTS

Examples of coordinate systems

Our “usual” system is the Cartesian coordinate system (3,2, 4)
.’. ..................... .. ! !
N X 3D 4
e .. e -
o> A I
1 {0. (1,0), (0,1)} {0,(1,0,0),(0,1,0),(0,0,1)}
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POINTS

Examples of coordinate systems

Our “usual” system is the Cartesian coordinate system (3,2, 4)
.’. ..................... .. ! !
N X 3D 4
e .. e -
o> A I
1 {0. (1,0), (0,1)} {0,(1,0,0),(0,1,0),(0,0,1)}

Polar coordinates (2D)
A

O

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC




POINTS

Examples of coordinate systems

Our “usual” system is the Cartesian coordinate system (3,2,4)
D \ 2.4 D A ................. 5
e .. Vi
o> A R
1 {0, (1,0), (0,1)} {0, (1,0,0),(0,1,0),(0,0,1)}

Polar coordinates (2D)
I (r.0)
/

\ 0

O

>
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POINTS

Examples of coordinate systems

Our “usual” system is the Cartesian coordinate system (3,2,4)
D \ 2.4 D A ................. 5
e .‘ Vi
o> A R
1 {0, (1,0), (0,1)} {0, (1,0,0),(0,1,0),(0,0,1)}

Polar coordinates (2D)
A

H X (r,0)=(2.5,34°)
/q)'

‘(‘/

1 0 \=34°
O
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POINTS

Examples of coordinate systems

Our “usual” system is the Cartesian coordinate system (3,2, 4)
.’. ..................... .. ! !
N X 3D 4
e .‘ e -
o> A I
1 {0, (1,0), (0,1)} {0,(1,0,0),(0,1,0),(0,0,1)}

Polar coordinates (2D)

A 05 (r, )= (2.5, 34°) Conversion between Cartesian and polar coordinates
(7 T = 1rcosf r = \/W
¢ 6\=34° y:rsinﬁH 0 =atanZ  (if x > 0)
O > 6 =atan2(y,z) (in general)
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POINTS

Some other 3D coordinate systems

Two ways to generalize polar coordinates to 3D: spherical and cylindrical coordinates
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POINTS

Some other 3D coordinate systems

Two ways to generalize polar coordinates to 3D: spherical and cylindrical coordinates

Spherical coordinates

Y
A

> T
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POINTS

Some other 3D coordinate systems

Two ways to generalize polar coordinates to 3D: spherical and cylindrical coordinates

Spherical coordinates

Y
A
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POINTS

Some other 3D coordinate systems

Two ways to generalize polar coordinates to 3D: spherical and cylindrical coordinates

Spherical coordinates

Y
A
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POINTS

Some other 3D coordinate systems

Two ways to generalize polar coordinates to 3D: spherical and cylindrical coordinates

Spherical coordinates

Y
A

> T

1
!
1
!
4
1
4
15—
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POINTS

Some other 3D coordinate systems

Two ways to generalize polar coordinates to 3D: spherical and cylindrical coordinates

Spherical coordinates

y
A

/;

e L4 >
g i
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POINTS

Some other 3D coordinate systems

Two ways to generalize polar coordinates to 3D: spherical and cylindrical coordinates

Spherical coordinates

p <
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POINTS

Some other 3D coordinate systems

Two ways to generalize polar coordinates to 3D: spherical and cylindrical coordinates

Spherical coordinates Cylindrical coordinates
Y Y
A A
Ir7 97
/5 o) °
) S S0/ U .. >
Z Z
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POINTS

Some other 3D coordinate systems

Two ways to generalize polar coordinates to 3D: spherical and cylindrical coordinates

Spherical coordinates Cylindrical coordinates

Y
A

p <

. / U << >
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POINTS

Some other 3D coordinate systems

Two ways to generalize polar coordinates to 3D: spherical and cylindrical coordinates

Spherical coordinates Cylindrical coordinates

Y
A

p <
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POINTS

Some other 3D coordinate systems

Two ways to generalize polar coordinates to 3D: spherical and cylindrical coordinates

Spherical coordinates Cylindrical coordinates
Y Y
A A
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POINTS

Some other 3D coordinate systems

Two ways to generalize polar coordinates to 3D: spherical and cylindrical coordinates

Spherical coordinates Cylindrical coordinates
Y Y
A A
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POINTS

Some other 3D coordinate systems

Two ways to generalize polar coordinates to 3D: spherical and cylindrical coordinates

Spherical coordinates Cylindrical coordinates
Y Y
A A

Formulas to convert to and from Cartesian coordinates are well-known
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POINTS

Distance between points

The distance between two points P and () is a function d : R" x R" — R.
For two points P = (p1,...,pn) and Q = (q1,-..,¢qy), it can be defined as:

(P,Q) = d(P,Q) = ||PQ|| = |Q — P|| = /> (¢; — 1i)?
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POINTS

Distance between points

The distance between two points P and () is a function d : R" x R" — R.
For two points P = (p1,...,pn) and Q = (q1,-..,¢qy), it can be defined as:

(P,Q) = d(P,Q) = ||PQ|| = |Q — P|| = /> (¢; — 1i)? P
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POINTS

Distance between points

The distance between two points P and () is a function d : R" x R" — R.
For two points P = (p1,...,pn) and Q = (q1,-..,¢qy), it can be defined as:

(P,Q) = d(P,Q) = ||PQ|| = |Q — P|| = /> (¢; — 1i)? P
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POINTS

Distance between points

The distance between two points P and () is a function d : R" x R" — R.
For two points P = (p1,...,pn) and Q = (q1,-..,¢qy), it can be defined as:

(P,Q) = d(P,Q) = ||PQ|| = |Q — P|| = /> (¢; — 1i)? P

This distance inherits several nice properties

For all P,Q), R € R", we have:

i) Positivity d(P,Q) >0, and d(P,Q) =0 < P =Q

i) Symmetry d(P,Q) = d(Q, P) S PQ
iii) Triangle inequality d(P, Q) < d(P,R) + d(R, Q) @//
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POINTS

Distance between points

The distance between two points P and () is a function d : R" x R" — R.
For two points P = (p1,...,pn) and Q = (q1,-..,¢qy), it can be defined as:

(P,Q) = d(P,Q) = ||PQ|| = |Q — P|| = /> (¢; — 1i)? P

This distance inherits several nice properties

For all P,Q), R € R", we have:

i) Positivity d(P,Q) >0, and d(P,Q) =0 < P =Q

i) Symmetry d(P,Q) = d(Q, P) S PQ
iii) Triangle inequality d(P, Q) < d(P,R) + d(R, Q) @//

Any set of points with a distance function that satisfies these properties forms a metric
space. As you can guess, there are many different metric spaces!
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POINTS

Distance between points

The distance between two points P and () is a function d : R" x R" — R.
For two points P = (p1,...,pn) and Q = (q1,-..,¢qy), it can be defined as:

(P,Q) = d(P,Q) = ||PQ|| = |Q — P|| = /> (¢; — 1i)? P

This distance inherits several nice properties

For all P,Q), R € R", we have:

i) Positivity d(P,Q) >0, and d(P,Q) =0 < P =Q

i) Symmetry d(P,Q) = d(Q, P) S PQ
iii) Triangle inequality d(P, Q) < d(P,R) + d(R, Q) @//

Any set of points with a distance function that satisfies these properties forms a metric
space. As you can guess, there are many different metric spaces!

Do you know any other distance functions?
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MODELING BASIC GEOMETRY

Lines, halflines, line segments

We can start modeling some fundamental geometric objects!
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MODELING BASIC GEOMETRY

Lines, halflines, line segments

We can start modeling some fundamental geometric objects!

You know how to represent a line by with an explicit equation y = mx + b. In geometric
modeling, we will do it using parametric equations.
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MODELING BASIC GEOMETRY

Lines, halflines, line segments

We can start modeling some fundamental geometric objects!

You know how to represent a line by with an explicit equation y = mx + b. In geometric
modeling, we will do it using parametric equations.

We define a line £ € R% by a point P (supporting point) and a vector ¥ # 0 (direction):

(={X eRY: X = P+ A7, for A € R}
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MODELING BASIC GEOMETRY

Lines, halflines, line segments

We can start modeling some fundamental geometric objects!

You know how to represent a line by with an explicit equation y = mx + b. In geometric
modeling, we will do it using parametric equations.

We define a line £ € R% by a point P (supporting point) and a vector ¥ # 0 (direction):

(={X eRY: X = P+ A7, for A € R}
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MODELING BASIC GEOMETRY

Lines, halflines, line segments

We can start modeling some fundamental geometric objects!

You know how to represent a line by with an explicit equation y = mx + b. In geometric
modeling, we will do it using parametric equations.

We define a line £ € R% by a point P (supporting point) and a vector ¥ # 0 (direction):
{={X eR: X =P+ )\, for \€ R}

A

T P+4
1 P

<y
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MODELING BASIC GEOMETRY

Lines, halflines, line segments

We can start modeling some fundamental geometric objects!

You know how to represent a line by with an explicit equation y = mx + b. In geometric
modeling, we will do it using parametric equations.

We define a line £ € R% by a point P (supporting point) and a vector ¥ # 0 (direction):

(={X eRY: X = P+ A7, for A € R}
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MODELING BASIC GEOMETRY

Lines, halflines, line segments

We can start modeling some fundamental geometric objects!

You know how to represent a line by with an explicit equation y = mx + b. In geometric
modeling, we will do it using parametric equations.

We define a line £ € R% by a point P (supporting point) and a vector ¥ # 0 (direction):

(={X eRY: X = P+ A7, for A € R}

P+ 27
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MODELING BASIC GEOMETRY

Lines, halflines, line segments

We can start modeling some fundamental geometric objects!

You know how to represent a line by with an explicit equation y = mx + b. In geometric
modeling, we will do it using parametric equations.

We define a line £ € R% by a point P (supporting point) and a vector ¥ # 0 (direction):
{={X eR: X =P+ )\, for \€ R}

A

/
;.

P —3v
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MODELING BASIC GEOMETRY

Lines, halflines, line segments

We can start modeling some fundamental geometric objects!

You know how to represent a line by with an explicit equation y = mx + b. In geometric
modeling, we will do it using parametric equations.

We define a line £ € R% by a point P (supporting point) and a vector ¥ # 0 (direction):

(={X eRY: X = P+ A7, for A € R}
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MODELING BASIC GEOMETRY

Lines, halflines, line segments

We can start modeling some fundamental geometric objects!

You know how to represent a line by with an explicit equation y = mx + b. In geometric
modeling, we will do it using parametric equations.

We define a line £ € R% by a point P (supporting point) and a vector ¥ # 0 (direction):

(={X eRY: X = P+ A7, for A € R}

@ I N R
® T T
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MODELING BASIC GEOMETRY

Lines, halflines, line segments

We can start modeling some fundamental geometric objects!

You know how to represent a line by with an explicit equation y = mx + b. In geometric
modeling, we will do it using parametric equations.

We define a line £ € R% by a point P (supporting point) and a vector ¥ # 0 (direction):

(={X eRY: X = P+ A7, for A € R}
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MODELING BASIC GEOMETRY

Lines, halflines, line segments

We can start modeling some fundamental geometric objects!

You know how to represent a line by with an explicit equation y = mx + b. In geometric
modeling, we will do it using parametric equations.

We define a line £ € R% by a point P (supporting point) and a vector ¥ # 0 (direction):

(={X eRY: X = P+ A7, for A € R}

Notice that when A is any value in:
- R, we obtain a line
- R*, we obtain a halfline
- |a, b], (for some a < b) we obtain a line segment
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MODELING BASIC GEOMETRY

Lines, halflines, line segments

We can start modeling some fundamental geometric objects!

You know how to represent a line by with an explicit equation y = mx + b. In geometric
modeling, we will do it using parametric equations.

We define a line £ € R% by a point P (supporting point) and a vector ¥ # 0 (direction):

(={X eRY: X = P+ A7, for A € R}

Notice that when A is any value in:
- R, we obtain a line
- R*, we obtain a halfline
- |a, b], (for some a < b) we obtain a line segment

[Given two points P, (), how do we get the line segment P(Q)7? ]
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MODELING BASIC GEOMETRY

Lines, halflines, line segments

We can start modeling some fundamental geometric objects!

You know how to represent a line by with an explicit equation y = mx + b. In geometric
modeling, we will do it using parametric equations.

We define a line £ € R% by a point P (supporting point) and a vector ¥ # 0 (direction):

{={X cR%: X = P+ )\, for A\ € R}

Notice that when A is any value in:
- R, we obtain a line
- R™, we obtain a halfline
- |a, b], (for some a < b) we obtain a line segment

[Given two points P, (), how do we get the line segment P(Q)7? ]
P+APO Aelo,1]
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MODELING BASIC GEOMETRY

Lines, halflines, line segments

We can start modeling some fundamental geometric objects!

You know how to represent a line by with an explicit equation y = mx + b. In geometric
modeling, we will do it using parametric equations.

We define a line £ € R% by a point P (supporting point) and a vector ¥ # 0 (direction):

{={X cR%: X = P+ )\, for A\ € R}

Notice that when A is any value in:
- R, we obtain a line
- R™, we obtain a halfline
- |a, b], (for some a < b) we obtain a line segment

[Given two points P, (), how do we get the line segment P(Q)7? ]

P+APO Aelo,1]
(I-=XMNP+XQ Xe|0,1] (sincelﬁzé—ﬁ)
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MODELING BASIC GEOMETRY

Planes, angles, and triangles

We can do the same one dimension higher!
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MODELING BASIC GEOMETRY

Planes, angles, and triangles
We can do the same one dimension higher!

We define a plane m € R by a point P (supporting point) and two linearly independent
vectors 4, U (spanning vectors):

T={X€€RY: X =P+ i+ uv, for \, p € R}
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MODELING BASIC GEOMETRY

Planes, angles, and triangles
We can do the same one dimension higher!

We define a plane m € RY by a point P (supporting point) and two linearly independent
vectors 4, U (spanning vectors):

T={X€€RY: X =P+ i+ uv, for \, p € R}

Y
A

Sy

>

<l

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC



MODELING BASIC GEOMETRY

Planes, angles, and triangles
We can do the same one dimension higher!

We define a plane m € RY by a point P (supporting point) and two linearly independent
vectors 4, U (spanning vectors):

T={X€€RY: X =P+ i+ uv, for \, p € R}

Y
A

]

>

<L

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC



MODELING BASIC GEOMETRY

Planes, angles, and triangles
We can do the same one dimension higher!

We define a plane m € RY by a point P (supporting point) and two linearly independent
vectors 4, U (spanning vectors):

T={X€€RY: X =P+ i+ uv, for \, p € R}

y
A P
@

]

>

<L
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MODELING BASIC GEOMETRY

Planes, angles, and triangles
We can do the same one dimension higher!

We define a plane m € RY by a point P (supporting point) and two linearly independent
vectors 4, U (spanning vectors):

T={X€€RY: X =P+ i+ uv, for \, p € R}
P+ { i + pv, for A\, u € R}

Y
A p
o
U
>
v
z {\Z + pv, for A, p € R}
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MODELING BASIC GEOMETRY

Planes, angles, and triangles
We can do the same one dimension higher!

We define a plane m € RY by a point P (supporting point) and two linearly independent
vectors 4, U (spanning vectors):

T={X€€RY: X =P+ i+ uv, for \, p € R}
P+ { i + pv, for A\, u € R}

Notice that when u, A can take any value in: Y

- R, we obtain a plane A P
- RT, we obtain an angle (or quadrant) o
- |a, b], (for some a < b) we obtain a quadrilateral

U

>
ul
z {\Z + pv, for A, p € R}
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MODELING BASIC GEOMETRY

Planes, angles, and triangles
We can do the same one dimension higher!

We define a plane 7 € R by a point P (supporting point) and two linearly independent
vectors 4, U (spanning vectors):

T={X€€RY: X =P+ i+ uv, for \, p € R}
P+ { i + pv, for A\, u € R}

Notice that when u, A can take any value in: Y
- R, we obtain a plane A P
- RT, we obtain an angle (or quadrant) o

- |a, b], (for some a < b) we obtain a quadrilateral

S}

Given three points P, (), R, if they are not collinear, they
define a unique plane: >

7r:P+)\@+,uﬁ, for , peR

v
Or, equivalently: 2z (T + ut, for A\, u € R}
T=1-XA—pu)P+X\Q + uR, for \,p € R
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MODELING BASIC GEOMETRY

Combining vectors and points

Consider n vectors v1, ... 0, and n real scalars values A1,...,A,. Then
— — — mn — .
U= MU+ AUy = D0 ity s a

linear combination of v1,...4,
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MODELING BASIC GEOMETRY

Combining vectors and points

Consider n vectors v1, ... 0, and n real scalars values A1,...,A,. Then
— — — mn — .
U= MU+ AUy = D0 ity s a

linear combination of v1,...4,

affine combination of @,...T,, if A1,..., A, satisfy that >0 | \; =1
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MODELING BASIC GEOMETRY

Combining vectors and points

Consider n vectors v1, ... 0, and n real scalars values A1,...,A,. Then

— — — mn — .
U= MU+ AUy = D0 ity s a

—

linear combination of v1,... 9,
affine combination of @,...T,, if A1,..., A, satisfy that >0 | \; =1

convex combinationof @y,...0,, if A1,...,\,, satisfy that 3" A\; =1 and 0<\;<1 Vi

(What does it mean geometrically? |
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TRANSFORMATIONS

Linear and affine transformations

Let U and V' be vector spaces over R. A linear transformation is a function from U to V s.t.:
For all x,y € U and A\ € R,

) T(x+y)=T(x)+T(y)
i) T(O\z) = \T()
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TRANSFORMATIONS

Linear and affine transformations

Let U and V' be vector spaces over R. A linear transformation is a function from U to V s.t.:
For all x,y € U and A\ € R,

) T(x+y)=T(x)+T(y)

. [Can you think of some examples? |
i) T(A\x) = \T'(x)
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TRANSFORMATIONS

Linear and affine transformations

Let U and V' be vector spaces over R. A linear transformation is a function from U to V s.t.:
For all x,y € U and A\ € R,

) T(x+y)=T(x)+T(y)

. [Can you think of some examples? |
i) T(A\x) = \T'(x)

Any linear transformation f : R™ — R™ can be written as a function f(¥) = AZ for some
matrix A € R™*"
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TRANSFORMATIONS

Linear and affine transformations

Let U and V' be vector spaces over R. A linear transformation is a function from U to V s.t.:
For all x,y € U and A\ € R,

i) T(z+y)=T(z)+T(y)
i) T(\x) = \T(x)

Any linear transformation f : R™ — R™ can be written as a function f(¥) = AZ for some
matrix A € R™*"

Affine transformations

An affine transformation is a function f : R™ — R™ such that, once a reference system is

fixed, we have .
f(X)=AX+W

for A a matrix in R™*", W € R™ a fixed vector, and X € R" a vector or point
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TRANSFORMATIONS

Some useful linear transformations
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TRANSFORMATIONS

Some useful linear transformations
Scaling (by factors A1, ..., \,, # 0, with respect to the origin)

P (@15 xn) = (M1, -0, AnTn)

If Ay =--- = \,, the scaling preserves proportions (i.e., it is uniform)
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TRANSFORMATIONS

Some useful linear transformations
Scaling (by factors A1, ..., \,, # 0, with respect to the origin)

f)\l,...,)\n (xla SR 73371) — ()\1:517 S )\nxn>

If Ay =--- = \,, the scaling preserves proportions (i.e., it is uniform)

Rotation in 2D (by a fixed angle 0 < a < 27, with respect to the origin, counterclockwise)

R.7 = R. (az) _ ((:f)soz — sin a) <:U)
Y sina  COs Y
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TRANSFORMATIONS

Some useful linear transformations
Scaling (by factors A1, ..., \,, # 0, with respect to the origin)

f)\l,...,)\n (xla SR 7337?,) — ()\1:517 S Anxn)

If Ay =--- = \,, the scaling preserves proportions (i.e., it is uniform)

Rotation in 2D (by a fixed angle 0 < a < 27, with respect to the origin, counterclockwise)

R.7 = R. (az) _ ((:f)soz — sin a) (x)
Y sina  COs Y

[What is R-1? What does it mean geometrically?]
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TRANSFORMATIONS

CCW rotation

around z-axis

Some useful linear transformations )

Scaling (by factors A1, ..., \,, # 0, with respect to the origin) A Y
f)\l,...,)\n(xlaﬂwxn) — (Alxlw"a)\nxn) \\—>
If Ay =--- = \,, the scaling preserves proportions (i.e., it is uniform) >

Rotation in 2D (by a fixed angle 0 < a < 27, with respect to the origin, counterclockwise)

R.T =R, (az) _ ((:f)soz — sin a) (az)
Y sin  COS« Y

Rotation in 3D (by a fixed angle 0 < a < 27, w.r.t. one of the axes, counterclockwise)

Around x-axis Around y-axis Around z-axis
1 0 0 COS (v 0 sino cosex —sina 0
x — _ . N z — . .
R.v=\|0 cosa —sina RYV = 0 1 0 R:v=[sina cosa O
0 sinao COS v —sina 0 cosao 0 0 1
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TRANSFORMATIONS

CCW rotation

around z-axis

Some useful linear transformations )

Scaling (by factors A1, ..., \,, # 0, with respect to the origin) A y
f)\l,...,)\n(xlaﬂwxn) — (Alxlw"))\nxn) \\—>
If Ay =--- = \,, the scaling preserves proportions (i.e., it is uniform) >

Rotation in 2D (by a fixed angle 0 < a < 27, with respect to the origin, counterclockwise)

R.7 = R. (az) _ ((:f)soz — sin a) (az)
Y sina  COs Y

Rotation in 3D (by a fixed angle 0 < a < 27, w.r.t. one of the axes, counterclockwise)

Around x-axis Around y-axis Around z-axis
1 0 0 COS (v 0 sino cosex —sina 0
x — _ . N z — . .
R.v=\|0 cosa —sina RYV = 0 1 0 R:v=[sina cosa O
0 sinao COS v —sina 0 cosao 0 0 1

General rotation: (RgRgR2)v
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TRANSFORMATIONS

More useful linear transformations

2D central inversion (or reflection w.r.t. origin)

<y
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TRANSFORMATIONS

More useful linear transformations

2D central inversion (or reflection w.r.t. origin)

Can be seen as a rotation by 7, or as uniform scaling by —1

ro=n ()= (7 ) () -0 0 -(3)

<y
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TRANSFORMATIONS

More useful linear transformations

2D central inversion (or reflection w.r.t. origin)

Y
Can be seen as a rotation by 7, or as uniform scaling by —1 A
v
S x\ [(cosm —sinw) (z\ (-1 O x\ (- 7
ro=m(0)= G ) G200 2)6)=(5) (F—
Tv

2D reflection across a line
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TRANSFORMATIONS

More useful linear transformations

2D central inversion (or reflection w.r.t. origin)

Can be seen as a rotation by 7, or as uniform scaling by —1

ro=n ()= (7 ) () -0 0 -(3)

<y

Tv
2D reflection across a line
Easy if the line £ is the horizontal axis: just negate the y-coordinate: y
A
x 1 0 x x
R,V =R, = = v
()=6 5)6)-()
4 >
x
Tv

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC



TRANSFORMATIONS

More useful linear transformations

2D central inversion (or reflection w.r.t. origin)

Can be seen as a rotation by 7, or as uniform scaling by —1

ro=n ()= (7 ) () -0 0 -(3)

<y

Tv
2D reflection across a line
Easy if the line £ is the horizontal axis: just negate the y-coordinate: y

A
x 1 0 x x
R,U = R, = = U
()6 5)6) =)

[What if £ is some other line (through the origin)? ] L >

‘ ~
<
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TRANSFORMATIONS

More useful linear transformations

2D central inversion (or reflection w.r.t. origin)

Can be seen as a rotation by 7, or as uniform scaling by —1

ro=n ()= (7 ) () -0 0 -(3)

<y

Tv
2D reflection across a line
Easy if the line £ is the horizontal axis: just negate the y-coordinate: y

A
x 1 0 x x
R,V =R, = = U
()=6 5)6)-()

[What if £ is some other line (through the origin)? ] L >
1) Rotate everything so that ¢ becomes the x-axis. Tv

2) Reflect as above.
3) Rotate back with the opposite of the angle used in 1)
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TRANSFORMATIONS

One more useful linear transformation

Parallel projection-3D—2D

Projection onto plane z = 0 w.r.t. a direction & = (u1, usg, u3)
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TRANSFORMATIONS

One more useful linear transformation

Parallel projection-3D—2D

Projection onto plane z = 0 w.r.t. a direction 4 = (uq, ug, us3) z
A of = (2,9, 2)
Yy
> T
z=0 .
U

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC



TRANSFORMATIONS

One more useful linear transformation

Parallel projection-3D—2D

Projection onto plane z = 0 w.r.t. a direction 4 = (uq, ug, us3) z
A p- (2,9, 2)
Yy
>
z=0

s~}
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TRANSFORMATIONS

One more useful linear transformation

Parallel projection-3D—2D

Projection onto plane z = 0 w.r.t. a direction 4 = (uq, ug, us3) z
A p- (2,9, 2)
Yy
P/ - (ml,y/,O:
>
z=0

s~}
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TRANSFORMATIONS

One more useful linear transformation

Parallel projection-3D—2D

Projection onto plane z = 0 w.r.t. a direction 4 = (uq, ug, us3) z
A p- (2,9, 2)

P/ - (ml,y/,O:
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TRANSFORMATIONS

One more useful linear transformation

Parallel projection-3D—2D

Projection onto plane z = 0 w.r.t. a direction & = (u1, usg, u3) z
A p_ (z,y, 2)
Function (x,y,z) — (2/,4/, 2’) such that: Y
‘ ¥ =z + )\’UJ1 / 1 N
‘y/:y+)\u2 Pz(a:,y,()
¢ 2 =2z4+ dug
|
But z + Aug = 0, so we have A = —z/us 0
o =

‘ |
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TRANSFORMATIONS

One more useful linear transformation

Parallel projection-3D—2D

Projection onto plane z = 0 w.r.t. a direction & = (u1, usg, u3) z
A p_ (z,y, 2)
Function (x,y,z) — (2/,4/, 2’) such that: Y
‘ ¥ =z + )\’UJl / 1 N
‘y/:y+)\u2 P:(Qﬁ,y,o
¢ 2 =2z4+ dug
.
But z + Aug = 0, so we have A = —z/us 0
o =

Therefore we have / = x — Z—;z and ¢y =y — Z—gz ie., u

x’ 1 0 —ui/us

P;i=Pz |y | =10 1 —us/us
2! 0 O 0

Note that % must be fixed, otherwise this is not a linear transformation
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TRANSFORMATIONS

One more useful linear transformation

Parallel projection-3D—2D

Projection onto plane z = 0 w.r.t. a direction & = (u1, usg, u3) z
A p_ (z,y, 2)
Function (x,y,z) — (2/,4/, 2’) such that: Y
‘ ¥ =z + )\’UJ1 / 1 N
‘y/:y+)\u2 PZ(az,y,O
¢ 2 =2z4+ dug
.
But z + Aug = 0, so we have A = —z/us 0
o =

Therefore we have / = x — Z—;z and ¢y =y — Z—gz ie., u

x’ 1 0 —uy/us

P;i=Pz |y | =10 1 —us/us
2! 0 O 0

Note that % must be fixed, otherwise this is not a linear transformation

How can you project onto an arbitrary given plane?
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TRANSFORMATIONS

The most useful affine transformation

Translation
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TRANSFORMATIONS

The most useful affine transformation

Translation
“A
Translation of a point X by a fixed vector W X

Tw(X)=1X + W W

For example, in R2 with W = (w,, wy), Tw (,y) = (& + we,y + wy).
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TRANSFORMATIONS

The most useful affine transformation

Translation
“A
Translation of a point X by a fixed vector W X

Ty (X) = IX + W W

For example, in R2 with W = (w,, wy), Tw (,y) = (& + we,y + wy).

Note that this transformation is not linear
(i.e., it cannot be written as AX for a fixed matrix A € R?*%?)

Any affine transformation can be seen as a linear transformation followed by a translation

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC



TRANSFORMATIONS

Affine invariance

An important concept is that of an affine invariant transformation
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TRANSFORMATIONS

Affine invariance

An important concept is that of an affine invariant transformation

A transformation is affine invariant if and only if it preserves affine combinations
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TRANSFORMATIONS

Affine invariance
An important concept is that of an affine invariant transformation

A transformation is affine invariant if and only if it preserves affine combinations

Consider n vectors 1, ...v,. Recall:

U= MU1+ -+ A0, = Z?:l A;U; 1S an
affine combination of U1,... 0, if A,..., Ay, satisfy that >0 | A\, =1
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TRANSFORMATIONS

Affine invariance
An important concept is that of an affine invariant transformation

A transformation is affine invariant if and only if it preserves affine combinations

Consider n vectors 1, ...v,. Recall:

U= MU1+ -+ A0, = Z?:l A;U; 1S an
affine combination of U1,... 0, if A,..., Ay, satisfy that >0 | A\, =1

Then we have:

f is affine invariant if and only if
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TRANSFORMATIONS

Affine transformations are affine invariant
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TRANSFORMATIONS

Affine transformations are affine invariant

Let's see that any affine transformation f is affine invariant.

Let ¥ be any vector that is an affine combination of vectors {1, ..., ¥,}, that is,

Let f(X) = AX + W. Let's see what f(%) looks like.
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TRANSFORMATIONS

Affine transformations are affine invariant

Let's see that any affine transformation f is affine invariant.

Let ¥ be any vector that is an affine combination of vectors {1, ..., ¥,}, that is,

Let f(X) = AX + W. Let's see what f(%) looks like.

F@) = fOat+ - 4 dnln) = A Nti) + W =D NAT + W
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TRANSFORMATIONS

Affine transformations are affine invariant

Let's see that any affine transformation f is affine invariant.

Let ¥ be any vector that is an affine combination of vectors {1, ..., ¥,}, that is,

Let f(X) = AX + W. Let's see what f(%) looks like.

F@) = fOat+ - 4 dnln) = A Nti) + W =D NAT + W

i=1 i=1
n n/ n Note that here we
= Z A AU; + 1.W = Z N AU; + (Z )\@)W are using that
i=1 i=1 i—1 Yo i=1
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TRANSFORMATIONS

Affine transformations are affine invariant

Let's see that any affine transformation f is affine invariant.

Let ¥ be any vector that is an affine combination of vectors {1, ..., ¥,}, that is,

Let f(X) = AX + W. Let's see what f(%) looks like.

F(0) = FOMBL+ -+ + Anln) = Zm )+ W = ZA AT + W
1=1 =1
n n/ " Note that here we
= Z N AU; + 1.W = Z N AU; + (Z )\@)W are using that
' = i=1 2?21 Ai =1

:zn:)\ AT + W) = Z)\f
1=1
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TRANSFORMATIONS

Affine transformations are affine invariant

Let's see that any affine transformation f is affine invariant.

Let ¥ be any vector that is an affine combination of vectors {1, ..., ¥,}, that is,

Let f(X) = AX + W. Let's see what f(%) looks like.

F(0) = FOMBL+ -+ + Anln) = Zm )+ W = ZA AT + W
1=1 =1
n n/ " Note that here we
= Z N AU; + 1.W = Z N AU; + (Z )\@)W are using that
' = i=1 2?21 Ai =1

:zn:)\ AT + W) = Z)\f
1=1

Therefore, f is affine invariant!
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TRANSFORMATIONS

Another important transformation: central projection (3D—2D)

. Picture plane
Object
Image
Vanishing ) of object
"ot

»

pa'rallel

N

| Vanishing
point

Pyramid of vision nght

Figure by Konrad Conrad - Own work, CC BY-SA 3.0, https://commons.wikimedia.org/w/index.php?curid=23509654
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TRANSFORMATIONS

Another important transformation: central projection (3D—2D)

center of projection (eye)
e C =(0,0,1)

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC




TRANSFORMATIONS

Another important transformation: central projection (3D—2D)

center of projection (eye)
e C =(0,0,1)

P =
L= (00,2)
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TRANSFORMATIONS

Another important transformation: central projection (3D—2D)

center of projection (eye)

C = (0,0,1)

P = (x,y,2)

\ z=0
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TRANSFORMATIONS

Another important transformation: central projection (3D—2D)

center of projection (eye)

C = (0,0,1)

P = (x,y,2)

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC




TRANSFORMATIONS

Another important transformation: central projection (3D—2D)

Let C' = (0,0,1). If P’ is the central projection of P center of projection (eye)
from C' onto the plane z = 0, then: C =(0,0,1)

i) P’ belongs to the line through (0,0,1) and P.

i) P’ belongs to the plane z = 0. P = (z,y,2)
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TRANSFORMATIONS

Another important transformation: central projection (3D—2D)

Let C' = (0,0,1). If P’ is the central projection of P center of projection (eye)
from C' onto the plane z = 0, then: C =(0,0,1)

i) P’ belongs to the line through (0,0,1) and P.

i) P’ belongs to the plane z = 0. P = (z,y,2)

From i), we have that
(2’ y',2") =1(0,0,1) + (1 — t)(z,y, z), for some t € R.
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TRANSFORMATIONS

Another important transformation: central projection (3D—2D)

Let C' = (0,0,1). If P’ is the central projection of P center of projection (eye)
from C' onto the plane z = 0, then: C =(0,0,1)

i) P’ belongs to the line through (0,0,1) and P.

i) P’ belongs to the plane z = 0. P = (z,y,2)

From i), we have that
(2’ y',2") =1(0,0,1) + (1 — t)(z,y, z), for some t € R.

Thus (2',y",2") = (1 —t)x, (1 —t)y,t + (1 — t)z),
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TRANSFORMATIONS

Another important transformation: central projection (3D—2D)

Let C' = (0,0,1). If P’ is the central projection of P center of projection (eye)
from C' onto the plane z = 0, then: C =(0,0,1)

i) P’ belongs to the line through (0,0,1) and P.

i) P’ belongs to the plane z = 0. P = (z,y,2)

From i), we have that
(2’ y',2") =1(0,0,1) + (1 — t)(z,y, z), for some t € R.
Thus (xlvyla Z,) - ((1 o t):lj‘, (1 - t)yat + (1 o t)Z),

since, from ii), 2/ =0, we have t + (1 — t)z = 0, thus
t =

z—1"
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TRANSFORMATIONS

Another important transformation: central projection (3D—2D)

Let C' = (0,0,1). If P’ is the central projection of P center of projection (eye)
from C' onto the plane z = 0, then: C =(0,0,1)

i) P’ belongs to the line through (0,0,1) and P.

i) P’ belongs to the plane z = 0. P = (z,y,2)

From i), we have that
(2’ y',2") =1(0,0,1) + (1 — t)(z,y, z), for some t € R.
Thus (xlvyla Z,) - ((1 o t):lj‘, (1 - t)yat + (1 o t)Z),

since, from ii), 2/ =0, we have t + (1 — t)z = 0, thus
t =

z—1"

Hence 2’ = % and ' =

Yy
1—z°
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TRANSFORMATIONS

Another important transformation: central projection (3D—2D)

Let C' = (0,0,1). If P’ is the central projection of P center of projection (eye)
from C' onto the plane z = 0, then: C =(0,0,1)

i) P’ belongs to the line through (0,0,1) and P.

i) P’ belongs to the plane z = 0. P = (z,y,2)

From i), we have that
(2’ y',2") =1(0,0,1) + (1 — t)(z,y, z), for some t € R.
Thus (Cl?,,y/, Z,) - ((1 o t)il?, (1 - t)yat + (1 o t)Z),

since, from ii), 2/ =0, we have t + (1 — t)z = 0, thus
t —

z—1"

Hence 2’ = % and ' =

Yy
1—z°

[Is (z,9,2) = (7%, 725,0) an affine transformation? ]

Curve and Surface Design, Facultat d’Informatica de Barcelona, UPC




TRANSFORMATIONS

Another important transformation: central projection (3D—2D)

Let C' = (0,0,1). If P’ is the central projection of P center of projection (eye)
from C' onto the plane z = 0, then: C =(0,0,1)

i) P’ belongs to the line through (0,0,1) and P.
ii) P’ belongs to the plane z = 0.

(z,y, 2
From i), we have that
(2’ y',2") =1(0,0,1) + (1 — t)(z,y, z), for some t € R.
Thus (2',y",2) = (1 —t)x, (1 —t)y,t + (1 — t)z (z',y', 2
since, from i), 2/ =0, we have t + (1 —t)z =0, thus
t =

z—l

Hence 2’ = % and ' =

Yy
1—z°

[Is (z,9,2) = (7%, 725,0) an affine transformation? ]

You will play with this in Lab 1 (from 2D to 1D)
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