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Analysis of algorithms
e Time requirements (An O(n?logn)-time algorithm)
e Space requirements (An algorithm that uses O(n?) space)
e Simplicity
e Robustness

e Correctness!
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sum < 0
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Actual running time (seconds) vs theoretical running time

Depends on... Defines a “standard computer”:
e Computer e Units of space (variables)
e Programming language e Units of time (primitive operations)
e A concrete implementation e We study time and spatial complexity

(thus on the programmer's skills!) _ S
Theoretical simplification that allows us to

compare algorithms
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Space units
e Each memory unit (variable) can hold a real number (2,1/3,7,...)

e Thus to store a number you need 1 unit, for an array with n numbers you need n
units, and so on.

e Accessing a variable takes constant time
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The Real RAM

Primitive operations with real numbers take constant time

Space units
e Each memory unit (variable) can hold a real number (2,1/3,7,...)

e Thus to store a number you need 1 unit, for an array with n numbers you need n
units, and so on.

e Accessing a variable takes constant time

Primitive operations (take constant time)

e Comparing two real numbers (<, <, =, #, >, >)
standard real-RAM
e Arithmetic operations (+, —, %, /)

e Usual analytic functions (log z, v/x, cos(x))

] . _ possible extensions
e Taking the integer part of a real number (|x]) (tricky!)
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Asymptotic Analysis

How we measure time and space

In principle, we count units of time and space, as functions of the size of the input.

{Sums numbers from 1 to n}
sum < 0
for . =1 ton do
SUM $<— sum + 1
end for
return sum

How many units of time does this algorithm take?
We neglect constants

We are interested in the “order of magnitude” of the running time or space.

If it is n, 17n + 24 or 0.3n, we will simply say it is “in the order of n"
e We study the asymptotic behavior...

e ...and use asymptotic notation



Asymptotic notation

Our way to express running time and space usage of algorithms

Let f and g be two positive, real-valued functions of the (integer) variable n

o If f(n) € O(g(n)), then there is an integer ng and some constant ¢ > 0 such that
vn = no, f(n) <c-g(n)
Informally: f is bounded above by g, asymptotically
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Our way to express running time and space usage of algorithms

Let f and g be two positive, real-valued functions of the (integer) variable n

o If f(n) € O(g(n)), then there is an integer ng and some constant ¢ > 0 such that
vn = no, f(n) <c-g(n)
Informally: f is bounded above by g, asymptotically

o If f(n) € Q2(g(n)), then there is an integer ny and some constant ¢ > 0 such that
vn > no, f(n) =2 c-g(n)
Informally: f is bounded below by g, asymptotically

o If f(n) € ©(g(n)), then f(n) € O(g(n)) and f(n) € Q(g(n))
Informally: f is bounded above and below by g, asymptotically

o If f(n) € o(g(n)), then lim, o 2 =0

Informally: f is dominated by g, asymptotically

Examples: (2n? + 5n) € O(n?), and (2n? + 5n) € Q(n?), thus (2n? + 5n) € O(n?)

Linear functions are in ©(n), quadratic functions are all in ©(n?).
Constant functions are all in ©(1).
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e O(logn) o
. O(y)
e O(n) -
e O(nlogn) >
e O(n?) o
o O(n?) 000
200 - xlogx
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Common functions used for running times

Comparison of execution times

Assuming a speed of 1 millon operations per second

Cost n =10 n = 20 n = 100 n = 18000
logn 0.004 ms 0.005 ms 0.007 ms 0.018 ms
n 0.01 ms 0.02 ms 0.1 ms 18 ms

nlogn | 0.033 ms 0.09 ms 0.66 ms 254 ms
n? 0.1 ms 0.4 ms 10 ms 5 min 24 sec
n* 10 ms 160 ms 1 min 40 sec | 3 328 years
oll 1 ms 1.05 sec | 2.7 x 10° UA
n! 3.6 sec | 76 000 years | 2 x 10134 UA
n™ | 2 h 48 min 220 UA 2 x 10176 UA

UA: age of the universe (15 thousand millions years)



Running time analysis

Running time of an algorithm

Often the exact running time of an algorithm
depends on the contents on the input (and not
only on its size)

[(2,3);(-4.3):(-1,2);- - - ;(-4,7)]
[(-4,7):(-4.3):(-1,2);- - -3(2,3)]

Worst-case running time

{Find first point with positive z-
coordinate, in array with n points}
1< 0
while points[i].x< 0 do

1< 1+1
end while
return points|i]

(Assuming there is at least one such point)

In general, we will analyze the worst-case running time. We will say that an algorithm has
running time O(f(n)) if the running time is O(f(n)) for any possible input.
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Informally, a complexity class is a set of problems of similar computational time complexity.
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P is the class of problems that can be solved in polynomial time

For example, deciding if the shortest path between two vertices in a graph is shorter than some
given distance (i.e., we can answer this with Dijkstra’s algorithm, which runs in polynomial time)

NP problems

NP is the class of problems whose solution can be checked in polynomial time.

For example, a solution to 3-SAT can be easily checked (i.e., the value of a logic formula can
be easily computed if the value of each varible is given).




Complexity classes

NP-hard and NP-complete problems

NP-hard problems are at least as hard as every other NP problem. NP-complete problems are
both in NP and NP-hard.

For example, the Traveling Salesperson Problem (TSP), an optimization problem, is NP-hard.

The decision version of the Traveling Salesperson Problem is NP-complete.




Complexity classes
NP-hard and NP-complete problems

NP-hard problems are at least as hard as every other NP problem. NP-complete problems are
both in NP and NP-hard.

For example, the Traveling Salesperson Problem (TSP), an optimization problem, is NP-hard.

The decision version of the Traveling Salesperson Problem is NP-complete.

all problems
NP-hard

-
- =~

NP-complete

‘‘‘‘‘

-------- unknown boundary (P = NP?)
$ 1,000,000 if you figure it out!




For some problems, we know we cannot solve them too fast

Some known lower bounds. The following problems are 2(nlogn) in the Real RAM compu-
tation model:

e Sorting n real (integer) numbers.
e Element uniqueness: deciding whether n given real (integer) numbers are all distinct.

e Max-gap: computing the maximum distance between two consecutive numbers from a
set of n real (integer) numbers.

e Set disjointness: deciding whether two given sets of n real (integer) numbers are disjoint.

e Set equality: deciding whether two given sets of n real (integer) numbers are equal.




For some problems, we know we cannot solve them too fast

Some known lower bounds. The following problems are 2(nlogn) in the Real RAM compu-
tation model:

e Sorting n real (integer) numbers.
e Element uniqueness: deciding whether n given real (integer) numbers are all distinct.

e Max-gap: computing the maximum distance between two consecutive numbers from a
set of n real (integer) numbers.

e Set disjointness: deciding whether two given sets of n real (integer) numbers are disjoint.

e Set equality: deciding whether two given sets of n real (integer) numbers are equal.

Sometimes we can prove that a problem is 2(nlogn) by
reducing to a problem like the ones above



Some useful data structures

Basic data structures used for geometric algorithms include:

e List, queues

head1 heau2

—=

35.9 926 168 57.2

e Priority queues

Null Nuli
e Data structures for representing graphs (adja-
cency matrix/list)
e Search trees (usually balanced binary search e (&) /110010
trees, like AVLs or red-black trees) ’0 010100
o 001011
o _ .o 110100
e Dictionaries an YO D 101

-

i




Basic geometric elements

Where they live

e Plane (two-dimensional), R?
e Space (three-dimensional), R? ® °

e Space (higher-dimensional), R? °

Who they are

e A point in the plane, 3-dimensional space, higher-dimensional space.
p = (Pz:Py), P = (Pa: Dy, P2), P = (P1,P2,- .., Pd)

e A line in the plane: y = m - x + c¢; representation by m and ¢
: L
What about vertical lines? y = % x+3

e A half-plane in the plane: y<m-z+4+cory>m-z+c

y><-xr+3

i 4 1 (0,0) I_.

Yy <

-+ 3

ol L




Line segments

e A line segment pq is defined by its two endpoints p and gq.

e Line segments are assumed to be closed = with endpoints, not open

e Two line segments intersect if they have some point in common. It is a proper
intersection if it is exactly one interior point of each line segment
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q

e AT




Polygons

e A polygon is a connected region of the plane bounded by a sequence of line
segments.

e The line segments of a polygon are called its edges, the endpoints of those edges
are the vertices.

e Many flavors: simple, convex, with holes, non-simple, etc.

exterior

simple with holes non-simple

convex

polygonal line / polyline




Other popular shapes

e Circle (only the boundary), and disk (boundary plus the interior).
e Rectangle, square, quadrant.

e Slabs, half-lines, wedges.




Distances

e The distance between two points is usually the Euclidean distance:

\/(px — Q£B)2 + (py o qig)2

e There are other popular options, for example, the Manhattan distance (L; metric).

_ s
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e The distance between two geometric objects other than points usually refers to the
minimum distance between two points that are part of these objects
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e The distance between two points is usually the Euclidean distance:

\/(pac — QLU)Q + (py o qig)2

e There are other popular options, for example, the Manhattan distance (L; metric).

_ s

b -
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e The distance between two geometric objects other than points usually refers to the
minimum distance between two points that are part of these objects

<

e Question: How can the distance between two line segments be realized?




Description size

A point in the plane can be represented using two reals

A line in the plane can be represented using two reals and a Boolean (for example)

A line segment can be represented by two points, so four reals

A circle (or disk) requires three reals to store it (center, radius)

A rectangle requires four reals to store it

Py

Yy=m-x+c __

false, m, c




Description size

A point in the plane can be represented using two reals

A line in the plane can be represented using two reals and a Boolean (for example)

A line segment can be represented by two points, so four reals

Yy=m-x+c __

pran

A circle (or disk) requires three reals to store it (center, radius)

A rectangle requires four reals to store it

A simple polygon in the plane can be represented using 2n reals if it has
n vertices (and necessarily, n edges)

A set of n points requires 2n reals
A set of n line segments requires 4n reals

A point, line, circle, ... requires O(1), or constant, storage.
A simple polygon with n vertices requires O(n), or linear, storage

false, m, c
xr=c
true, .., c
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