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Abstract. We aim to evaluate to which extent the shape of a given convex polygon is close to be regular,
focusing on diverse characteristics of regularity: optimal ratio area-perimeter, equality of angles and edge
lengths, regular fitting, angular and areal symmetry. We have designed and implemented algorithms to
compute the resulting measures and we provide and discuss experimental results on a large set of polygons
to illustrate their behavior as detection and as quality control tools.

Introduction

Regular polygons are interesting for pure mathematical purposes, but also because they
appear in nature, as well as in a wide spectrum of human made objects such as traffic
signals, furniture, coins, tools and architecture. As a consequence, some methods to
detect regular polygons in given images have been developed in recent years [2, 7]. Some
other works have focused on detecting regular polygons within sets of points [1].

Our approach is related to the aforementioned works, although in our case the goal
is to evaluate to which extent a given convex polygon resembles a regular polygon.
Our work, hence, is particularly related to applications in metrology, automatic shape
recognition, and discretization of planar domains into suitable meshes. In the three cases,
the measurements we present can be seen as quality control tests to check regularity.

In [8, 6] we proved the correctness of our algorithms and analyzed their asymptotic
behavior, and in [6, 3] we associated to each algorithm a measure guaranteed to be
correctly normalized. We now show and evaluate our experimental results [3, 4, 5],
which is the goal of this paper.

1 Preliminaries

Our measures are based on a range of different aspects of regularity, such as optimal
ratio area-perimeter, equality of angles and edge lengths, regular fitting, angular and
areal symmetry. For the sake of readability, in this section we summarize the definitions
and theoretical results that can be found in detail in [5].

Following the rational from [9], we require several conditions on the measures, to
ensure that they are well defined: i) the regularity measure is a number in (0,1]; i)
the regularity measure of a given polygon P equals 1 if and only if P is regular; iii)
there exist polygons whose regularity measure is arbitrary close to 0; iv) the regularity
measure of a polygon is invariant under similarity transformations.
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Let P be any convex n-gon.
Definition 1.1 Let R be the regular n-gon with the same perimeter as P. We define

i (P) = Zii%

Definition 1.2 Consider the polygon P’ having the same ordered sequence of edge
lengths as P, and all its vertices on a circle, and let R be the regular n-gon whose
vertices lie on the same circle, and such that each vertex of P’ is matched to one of R
as to minimize either the maximum angular distance or the sum of angular distances
between matched vertices. We define us(P) = ud(P) u3(P), and uz(P) = ui(P) u3(P),

where p3(P) = pi(P) =1- oLP) - and a(P, P") is the absolute value of the maximum

e b
difference between each interior angle of P and its corresponding interior angle in P’;
pua(P) =1-— 7?3‘:/‘2; and p3(P) =1-— 22z di Z;'”:rl % if n is even, and p3(P)=1- 72?7%_1:1;:1 if
n is odd, where d; are the above mentioned optimal angular distances.

Definition 1.3 Let [; and ¢; respectively denote the lengths of the edges of P and its

interior angles. We associate to P the point Xp = ( 4 Tseees ZTZL” = Py - ,g0n> in
i=1" i=1"7
R?". Then, p4(P) =1 — 7‘10@’8@ ,ifn >4, and py(P)=1-— ng’Z;f), if n = 3, where d
14(4=3)m 3t3

is the L; distance, and £ is the half-line of all regular n-gons in R?".

Definition 1.4 We define 115(P) = 28 g(P) = Sl and p7(P) = Zealin

where Rp and Ry respectively are the minimum enclosing and the maximum enclosed
regular m-gon for P.

Definition 1.5 Let a;(¢) be the area of P intercepted by the i-th wedge of an angularly
equally distributed pencil of n half-lines which can rotate around the barycenter of P.

We define pg(P) = 2 0 (py — SareaP)9maxia; ,pq ) 0(P) = Rkt where

area (P) (5n—9) max; a; max; a; ’
the angle values respectively minimize min; a;, maximize max; a;, and maximize the
difference max; a; — min; a;.

Definition 1.6 Consider the point ¢ € P minimizing the maximal triangular area
qpipi+1; maximizing the minimal one, or minimizing the maximal difference. Let dpin =
min; d(q, p;), and apin = min; Zpigpi+1 (analogously for dpax and amax). Then pyy, w12,

and p13 are defined as \/dmim for the three cases.

dmax Cmax

Theorem 1.7 Measures s, pe, and pr satisfy conditions i), i), and iv). If n = m,
they also satisfy i1). All remaining measures satisfy conditions i)-iv).

Theorem 1.8 The value of pi(P) can be computed in O(n) time. The values of ua(P)

and pu3(P) can be computed in O(nlogn) time. The value of ps(P) can be computed

in O(n) time. The values of us(P), pe(P), and u7(P) can be respectively computed in

O (min {nm?logm, (n + m)?}), O(n®*+m) and O (min {nm?logm, (n + m)?} + n* + m),
time. The values of ug(P), po(P), and pio(P) can be computed in O(Xg(n)logn) time,

where \s(k) denotes the mazimal complexity of the upper or lower envelope of a set of
k curves which pairwise intersect at most s times. The values of pi1(P), pi2(P), and

p13(P) can be computed in O(n) time.

It is worth mentioning that the complexity results hold in an extended Real RAM
model of computation, since in some cases the optimization algorithm or the computation
of the measure requires numerically solving a transcendent equation or computing an
angle or a square root.
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2 Experimental results

We have generated 553 different polygons to apply the measures to, of which 73 triangles,
70 quadrilaterals, 67 pentagons, 73 hexagons, 73 heptagons, 73 octagons, and 31 of each
12-, 25-, 50- and 100-gons. As for their shapes, the experiments included 222 pseudo-
random polygons; 117 regular polygons with small errors, as well as with aligned vertices
and/or with chopped vertices; 136 deformed regular polygons of all sorts (by scaling the
y-coordinates of their vertices, by translating one vertex, by slanting all the vertices,...),
as well as 36 almost degenerate polygons; the remaining being special cases for polygons
with a small number of vertices.

The experiments, described in detail in [3, 5], confirm that all proposed measures
reflect human intuition on regularity of polygons. The top row in Figure 1 illustrates
this behavior on pseudo-randomly generated triangles (left) and on deformed equilateral
octagons (right).

Measures based on the same regularity characteristic tend to give very similar results,
as could be expected. This is the case for us and us, for us, pe and pry, and so on.
Measures based on different regularity characteristics give somehow different absolute
values, although their relative behavior is consistent and they only substantially differ
for highly degenerate polygons.

Specific characteristics of the different measures can be exploited in choosing the
most appropriated measure for each goal and the characteristics of the polygons it will
be applied to. In this sense, we find particularly interesting to mention their behavior
as quality control tools. In order to offer experimental results on this respect, we have
adapted the ISO norms for manufacturing cylinders to the case of regular polygons and we
have run our measures on different levels of perturbed regular polygons. For high preci-
sion experiments, we have randomly perturbed one or all the vertices of regular polygons
with an error within [0.00083%, 0.0050%)]. Precision examples had errors bounded within
[0.00500%, 0.0188%)]; fine manufacturing within [0.01833%,0.0438%)]; general manufac-
turing within [0.04500%,0.1088%)]; and, finally, forgery errors were bounded within
[0.11667%,2.7500%)]. The results indicate that all but one of our measures detect even
high precision errors (the definition of 11 is too loose for such a task), and that measures
111, p12, and p13 are particularly good at detecting them, as illustrates the second row
of Figure 1.

Another relevant application of our proposed measures is related to shape recognition.
Our experiments show that measures us, pug and py are very efficient at detecting the
cases where a convex n-gon resembles a regular m-gon, no matter the values of n and m.
The third row of Figure 1 illustrates the result for a danger and a stop traffic signs. In
the examples shown, the vertices of the input polygon are imprecise, in the sense that
they do not form an exact regular polygon (triangle), or the polygon has more than the
apparent number of vertices (octagon).

From the experiments we conclude that measure p; is too loose for some purposes,
although it reflects human perception of regularity as closely related to roundness. Mea-
sure p4 is probably at its best for n-gons with large n. Measures us, ug and 7 have
a good general performance and, in addition, they are particularly interesting for au-
tomatic regularity recognition when the number of vertices of the polygon is unknown.
Quality control, especially when high precision is required, is particularly well served by
measures 11, g12 and pi3. The remaining measures, p; and ps, as well as ug, ug and
W10 are, from our viewpoint, good multipurpose measures.
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FIGURE 1. Row 1: Measuring regularity of pseudo-random triangles (left) and
deformed equilateral octagons (right). Row 2: Quality control, from high preci-
sion (leftmost) to forgery (rightmost). Row 3: Detecting the shape of an equi-
lateral triangle (left) and a regular octagon (right) from imprecise coordinates
and number of vertices.

References

[1] G. Aloupis, J. Cardinal, S. Collette, J. Iacono and S. Langerman, Where to build a temple, and where
to dig to find one, Proc. European Workshop on Computational Geometry (2006), 1-4.

[2] N. Barnes, G. Loy, D. Shaw and A. Robles-Kelly, Regular polygon detection, Proc. International
Conference on Computer Vision ICCV’05 1 (2005), 778-785.

[3] R. Chalmeta, Mesures de regularitat per a poligons convezos (in Catalan), Master Thesis in Computer
Science, Universitat Politecnica de Catalunya, 2010.

[4] R. Chalmeta, F. Hurtado, V. Sacristdn and M. Saumell, Regularity measures for convex polygons,
http://www-ma2.upc.es/~vera/RegMeas/.

[5] R. Chalmeta, F. Hurtado, V. Sacristdn and M. Saumell, Measuring regularity of convex polygons,
submitted to Computer Aided Design, 2011.

[6] F. Hurtado, V. Sacristdn and M. Saumell, Some regularity measures for convex polygons, Proc. 25th
European Workshop in Computational Geometry (2009), 125-129.

[7] G. Piccioli, E. D. Micheli, P. Parodi and M. Campani, Robust method for road sign detection and
recognition, Image and Vision Computing 14(3) (1996), 209-223.

[8] M. Saumell, Mesures de regularitat per a poligons convezros (in Catalan), Master Thesis in Mathe-
matics, Universitat Politecnica de Catalunya, 2008.

[9] J. Zuni¢ and P. L. Rosin, A new convexity measure for polygons, IEEE Transactions on Pattern
Analysis and Machine Intelligence 26(7) (2004), 923-934.



