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Abstract

We propose new measures to evaluate to which ex-
tent the shape of a given convex polygon is close
to the shape of some regular polygon. We prove
that our parameters satisfy several reasonable require-
ments and provide algorithms for their efficient com-
putation. The properties we mostly focus on are the
facts that regular polygons are equilateral, equiangu-
lar and have radial symmetry.

1 Introduction

Regular polygons have fascinated mathematicians of
all times. As an example, let us mention that, de-
spite the numerous mathematical contributions Gauss
made throughout his life, he was so proud of his
compass and straight-edge construction of the regular
heptadecagon that he asked for one to be inscribed on
his tombstone.

In addition to the mathematical interest, a consid-
erable amount of manufactured objects are regular-
shaped, for which reason some methods to detect reg-
ular polygons in given images have been developed in
recent years (see [2] or [5]). Our approach is related
to the one in these works because we want to propose
parameters that give us some information about how
regular a convex polygon is. An antecedent of this
problem that has received substantial attention lately
is the study of convexity coefficients for polygons (see,
for example, [3, 11]).

Although one could come up with many criteria
to measure whether a convex polygon is close to be-
ing regular, we have focused on measures which, be-
sides fulfilling some natural conditions, correspond to
a computational geometry perspective. Following the
rational from [11], we require several conditions on
the parameters: i) the regularity measure is a number
from (0, 1] ; ii) the regularity measure of a given poly-
gon equals 1 if and only if it is regular; iii) there are
polygons whose regularity measure is arbitrary close
to 0; iv) the regularity measure of a polygon is invari-
ant under similarity transformations.

While our research is theoretically oriented, let us
mention that it is to some extent related to appli-
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cations in metrology, robotics and discretizations of
planar domains into suitable meshes. In the three
cases, the measurements we present can be seen as
quality control tests to check the regularity of an ob-
ject whenever that is the desired shape.

Additional problems, details, and full proofs, can
be found in [9].

2 Polygons with the same number of edges

A natural constraint for evaluating whether a given
convex n-gon P (we also assume that P has no
straight angles) is close to being regular is to com-
pare it to a regular polygon with the same number of
edges. A simple way could be to compare P to a reg-
ular n-gon with the same area or the same perimeter.
More sophisticated methods can nevertheless be put
forward as we will see.

The main parameter proposed in this section is
computed in two steps, through which P is trans-
formed into a regular polygon R. The regularity mea-
sure captures the differences between P and R.

2.1 Inscription in a circle

In the first step, we transform P into a polygon in-
scribed in a circle and we scale the two objects so that
the radius of the circle is one. In order to do that, we
give a method to compute a positive real number r(P )
and a polygon P ′ such that P ′ has the same ordered
sequence of edge lengths as P and all its vertices lie
on a circle C(P ) of radius r(P ). Let us denote the
ordered sequence of edge lengths of P by l1, l2, . . . , ln
and assume that l1 corresponds to the longest edge.
Theorem 1 shows that there always exists such a poly-
gon P ′ and that r(P ) is the solution of an equation
depending only on P.

Theorem 1 [6] For any given convex n-gon P, the
following three statements are equivalent:

(i) the center of C(P ) is contained in P ′;

(ii)
∑n

i=1 2 arcsin (li/l1) ≥ 2π;

(iii) r(P ) is the unique solution of∑n
i=1 2 arcsin (li/2r) = 2π.

These three statements are also equivalent:

(i) the center of C(P ) is exterior to P ′;
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(ii)
∑n

i=1 2 arcsin (li/l1) < 2π;

(iii) r(P ) is the unique solution of∑n
i=2 arcsin (li/2r) = arcsin (l1/2r) .

An approximated value of r(P ) can be obtained by
numerically solving the corresponding equation. The
following bounds might also be taken into account:

Proposition 2 Given P, it holds that:

(i) The radius r(P ) is so that

r(P ) ≥ max
{

l1
2

,

∑n
i=1 li/2n

sin (π/n)

}

and there exist examples where these values are
achieved.

(ii) If the inscription of P ′ in C(P ) is such that the
center of C(P ) is contained in P ′, then

r(P ) ≤
∑n

i=1 li
4

and we can construct a family of inscribed poly-
gons such that the radius of the circumscribed
circles get arbitrarily close to this bound.

The first lower bound is trivial and the second one
results from the fact that, among all n-gons inscribed
in a given circle, the maximum perimeter is achieved
by the regular one. The upper bound is a consequence
of the relation between the lengths of a chord of a
circle and its corresponding arc.

Now let α(P, P ′) be the absolute value of the max-
imum difference between one interior angle of P and
its corresponding interior angle in P ′. We define the
parameter µ1

1(P ) = (π − α(P, P ′))/π, which will be
used later.

2.2 Search of regular position

Next we present the second step of the transforma-
tion of P. We will make the vertices p1, p2, . . . , pn of
P ′ slide along the circle until they get to the position
of the vertices r1, r2, . . . , rn of a regular polygon R
(see Fig. 1a for an example), minimizing the distance
covered by the vertex that travels the most. We will
assume that the vertices of all polygons are always
given in counterclockwise order. We say that pi and
rj are matched if pi travels to rj to reach the regular
position. The next lemma offers a nice characteriza-
tion of one of the solutions:

Lemma 3 There exists a solution in which pi and ri

are matched for all i.

The key idea of the proof is that two vertices of
P ′ cannot meet during their movement towards the
regular position if the movement is to be minimized.

Let us now suppose that r1, r2, . . . , rn slide coun-
terclockwise along the circle with constant speed of 1
rad/s from the position in which p1 and r1 are coinci-
dent until one complete turn has been done. If d1(t)
denotes the function that gives the distance on the
circle between p1 and r1 at time t, we have d1(t) = t,
for t ∈ [0, π] , and d1(t) = 2π − t, for t ∈ (π, 2π) .

Moreover, all the analogously defined functions
di(t), i 6= 1, are translations of d1(t) and can be
computed in θ(n) time. The optimal position that
we search is then given by the point of minimum y-
coordinate in the upper envelope of the arrangement
of the functions di(t). See Fig. 1b for an example. We
then have:

Theorem 4 Given P ′, the problem of computing the
movement from P ′ into a regular position that min-
imizes the maximum distance d(P ′, R) covered by a
vertex can be solved in O(n log n) time.

π

2π
t

a)

π

b)

Figure 1: a) A movement from P ′, into a regular po-
sition. b) Graphical representation of the functions
di(t).

Notice that d(P ′, R) < π − π/n. We define µ2
1(P ) =

(π − π/n − d(P ′, R))/(π − π/n) and µ1(P ) =
µ1

1(P ) µ2
1(P ) (other measure combinations are possi-

ble). Then µ1(P ) fulfills conditions i)-iv).

Observation 1 In this context, an alternative pa-
rameter to be minimized is the sum of the distances
covered by all the vertices of P ′. It can also be com-
puted in O(n log n) time and lead to another regular-
ity measure satisfying the requirements i)-iv).

3 Inscription and circumscription

There exist convex polygons which are very similar to
regular polygons with a different number of edges. In
this section we propose suitable regularity measures
to cope with these situations.

Let R stand for a regular m-gon. We compute
the smallest similar copy RE of R enclosing P (in-
scription problem) and the largest similar copy RI of
R enclosed in P (circumscription problem), allowing
translations, rotations and scaling (see the examples
in Fig. 2). In this case, the regularity coefficients (per-
haps m-regularity coefficients would be a more ap-
propriate expression) are µ2(P ) = area (P )/area (RE)
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and µ3(P ) = area (RI)/area (P ), and they both sat-
isfy i)-iv).

40 º

a) b)

Figure 2: a) Inscription of a rectangle in a regular
octagon. b) Circumscription of a rhombus to a square.

We will sketch how to solve these containment prob-
lems. For the sake of brevity, only the inscription
problem will be discussed.

It is obvious that there must be some incidences be-
tween P and RE , and that these incidences can be of
different types. Our first attempt to solve the inscrip-
tion problem has been to separately obtain the three
types of solution candidates: those having an edge in
contact with an edge of P, those having a vertex in
contact with a vertex of P and those not having any
of the previous special contacts. However, we have
obtained better results with another technique that is
related to a more general version of the problem.

If the exterior polygon Q is only required to be
convex, it has been shown in [1] that the small-
est enclosing similar copy of Q can be computed in
O(mn2 log n) time. The main idea behind it is that,
if we fix Q and look for the largest copy of P inside
it, the space of all similar placements of P enclosed
in Q is a convex polytope in R4 given by the intersec-
tion of mn halfspaces Li,j . Then, the maximum size
is achieved by a vertex of the polytope (see [1] for
details).

We have been able to prove that the complexity of
the polytope is much lower in our case when Q = RE

because it suffices to consider rotations of angles in
[0, 2π/m]. The argument is as follows: each halfspace
Li,j forces the vertex i of P to lie in the same halfplane
defined by the prolongation of the edge j of RE as RE

does. Because of the regularity of RE , P only needs to
rotate 2π/m and the number of restrictions Li,j that
must be taken into account can be proven to reduce
to n+m. Since the intersection of O(n+m) halfspaces
in R4 has O((n+m)2) vertices that can be computed
in O((n+m)2) time (see [8]), we obtain the following
result:

Theorem 5 The inscription problem can be solved
in O((n + m)2) time.

4 Radial symmetry

Radial symmetry is yet another main characteristic of
regular polygons that, in fact, has attracted attention

even very recently [7]. In this section we deal with
properties of regular polygons that are a consequence
of their symmetry and propose measures of the regu-
larity of a polygon based on them.

4.1 Equiangular distribution

Our aim is to solve the following problem: given
the convex n-gon P, the pencil of n half-lines {ti}i

with the origin at the barycenter of P and slopes
{tan 2πi/n}i splits the area of P into n pieces (see
Fig. 3a). We seek to find the rotation angle ϕ0 around
the barycenter that minimizes the area of the smallest
portion.

Let us denote the barycenter of P by G; we can
assume that G = (0, 0). We define ai(ϕ), ϕ ∈ [0, 2π) ,
as the area of the portion of P delimited by ti and ti+1

when t1 and the x-axis form angle ϕ. The following
lemma describes the functions ai(ϕ); it can be proved
by splitting each portion of P into suitable triangles.

Lemma 6 The functions ai(ϕ) are the continuous
concatenation of O(n) pieces of branches of rational
functions that are quotients of two second degree poly-
nomials whose variable is tanϕ. Each can be com-
puted in O(n) time.

The symmetry of the pencil allows us to restrict
our search to ϕ ∈ [0, 2π/n] . We are interested in the
arrangement of the functions ai(ϕ) in this interval,
which can be seen as a set of O(n) functions defined
on possibly smaller intervals, each pair of which in-
tersects in at most 4 points. Consequently, the com-
plexity of the lower envelope is at most λ6(n) =
O(n·2O(α2(n))) [10], where λs(k) denotes the maximal
complexity of the upper or lower envelope of a set of
k curves which pairwise intersect at most s times and
α(n) is the functional inverse of Ackermann’s func-
tion. We have proved:

Theorem 7 The angle ϕ0 can be computed in
O(λ6(n) log n) time.

If aj(ϕ0) is this smallest portion, µ4(P ) =
naj(ϕ0)/area (P ) is a regularity measure satisfying
conditions i), iii) and iv). The next result, which can
be checked by studying da1(ϕ)/dϕ ensures that it also
fulfills ii).

Proposition 8 The function a1(ϕ) is constant if,
and only if, P is regular.

Observation 2 Other angles that give rise to related
coefficients are the angle that maximizes the area of
the largest portion and the angle that maximizes the
difference between the areas of the largest and the
smallest part. Notice that they can similarly be ob-
tained from the arrangement of the functions ai(ϕ).
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4.2 Area center

In this subsection we continue investigating whether
the area of P can easily be divided into similar
size pieces (see Fig. 3b). More precisely, we want
to find a point q in P minimizing the parameter
maxi{ area (4 qpipi+1)}.

This problem can be solved by means of Voronoi
diagrams. Given a point (x, y) and a segment e, we
define the distance d̃((x, y), e) as the area of the tri-
angle which base is e and which third vertex is (x, y).
If we define the further Voronoi diagram (FVD(P)) of
the edges of P for the distance d̃, then is not difficult
to prove that
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Figure 3: Divisions of convex polygons into pieces.

Theorem 9 The center q is either a vertex of
FVD(P) or the intersection point of an edge of
FVD(P) and the boundary of P.

Therefore we can solve our problem if we are able
to compute FVD(P). This construction can be done
by a divide-and-conquer algorithm in which the main
difficulty lies in proving the merge step to be linear.
Then it holds:

Theorem 10 Given P, its FVD(P) can be computed
in O(n log n) time.

This problem can be solved more efficiently by im-
mersion in R3. Place the polygon P in z = 0 and, for
each edge ei of P, consider a plane Πi through ei and
such that the distance d̃ between a point p of P and
ei equals the vertical distance between p and Πi. The
center q is the orthogonal projection onto z = 0 of the
point of minimum z-coordinate in the intersection of
the upper half-spaces defined by the planes Πi. As this
is a linear programming problem, we have (see [4]):

Theorem 11 The problem of finding the center q can
be solved in O(n) time.

Now let d(·, ·) denote the Euclidean distance
in R2 and let i1, i2 and i3 be such that
Ti1 = area (4 qpi1pi1+1) = maxi{ area (4 qpipi+1)},
di2 = d(q, pi2) = maxi{d(q, pi)} and di3 =
d(q, pi3) = mini{d(q, pi)}. Then µ5(P ) = di3/di2 ·
area (P )/(nTi1) is a regularity measure that satisfies
i)-iv).

Observation 3 The point that maximizes the area
of the smallest triangle and the point that minimizes
the difference between the areas of the largest triangle
and the smallest one are useful alternatives for this
type of measures. Optimal algorithms to compute
them are given in [9].

5 Conclusions and further work

We have presented several measures of regularity for
convex polygons that satisfy the requirements de-
scribed in the introduction, that are efficiently com-
putable, and that cover a wide range of approaches
to evaluate how far a convex polygon is from being
regular.

While we have focused on a theoretical perspective,
it would be interesting in the future to have some
experimental results at our disposal to check which
(combinations of) measures give regularity descrip-
tions that are the closer to our intuition about the
topic.
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