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Preface

The XVI Spanish Meeting on Computational Geometry (XVI EGC, “Encuentros de Ge-
ometrfa Computacional”) was held on July 1-3, 2015, in Barcelona, Spain. The EGC meet-
ings were held annually from 1990 to 1995, and biennially since then. The meeting combines
a strong scientific tradition with a friendly atmosphere. The original aim of our meeting
was to provide a forum where Spanish-speaking researchers and students could present their
research activities but it gradually developed a more international character, and in 2011
the main language of the XIV EGC was English. In parallel, abstracts contained in 2011
and subsequent meetings were peer reviewed.

This volume contains the extended abstracts describing the works accepted at the XVI
EGC. A selection of the papers presented at EGC will be invited to a special issue that
the International Journal of Computational Geometry and Applications will devote to this
meeting. These papers will undergo the standard review process of this journal.

We would like to thank all the authors and attendees for their participation in the
XVI ECG. We are specially grateful to the members of the Scientific Committee for their
careful review of the papers and their insightful comments. Lastly, we are grateful for the
generous support of our sponsors: the European Science Foundation (through EuroGIGA),
the Societat Catalana de Matematiques and the Real Sociedad Matematica Espanola.
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Non-crossing monotone paths and binary trees in edge-labeled complete
geometric graphs

Frank Duque* !, Ruy Fabila-Monroy * ¥ 1, Carlos Hidalgo-Toscano * $1, and Pablo Pérez-Lantero Y2

!Departamento de Matematicas, Cinvestav, D.F. México, México.
2Escuela de Ingenieria Civil en Informética, Universidad de Valparaiso, Valparaiso, Chile.

Abstract

Let G be a geometric graph on n vertices whose edges
are labeled with distinct positive integers. A path in
G is called monotone if its edge labels form a mono-
tone sequence. A rooted tree in G is called monotone
if every path from the root to a leaf is monotone in-
creasing or every path from the root to a leaf is mono-
tone decreasing. Let @(G) be the maximum length of
a monotone non-crossing path in G. Let 7(G) be the
maximum size of the monotone a non-crossing com-
plete binary tree in GG. In this paper, we give lower
and upper bounds on @(G) and T(G), respectively.

Introduction

Let G = (V, E) be a graph. An edge labeling of G is
an injective function N : E — Z. A monotone path
in G is a simple path P = vg, vy, ..., v in G such that
N(viviy1) < N(vip1v;42) for alli =0,1,...,k — 2 or
N(’UiviJrl) > N(’Ui+1’l)7;+2) for all i = 0,1,.. .,k — 2.
The minimum over all edge labelings of the maxi-
mum length of a monotone path is denoted by a(G).
Chvétal and Komlds [3] raised the problem of esti-
mating a(K,). Currently, the best known bounds are
1 (ViIn=3-1) < a(K,) < (2 +0(1)) n. The lower
bound is due to Graham and Kleitman [4] and the
upper bound to Calderbank and Chung [2]. The lat-
ter authors conjectured that this is the right order of
magnitude of a(K,).

The parameter a(G) has been studied for specific
families of graphs. Bialostocki and Roditty showed
that (@) > 3 if and only if G contains as a sub-
graph an odd cycle of length at least five or one of six
fixed graphs. Yuster [6] studied the parameter aa,
defined as the maximmum of «(G) over all graphs
with maximum degree at most A, and proved that
A(1 —0o(1)) < ap < A+ 1. Roditty, Shoham, and

*Partially supported by Conacyt of Mexico, grant 153984.

tEmail: frduque@math.cinvestav.mx

fEmail: rfabila@math.cinvestav.edu.mx

$Email: cmhidalgo@math.cinvestayv.mx

9Partially supported by project Millennium Nucleus Infor-
mation and Coordination in Networks ICM/FIC RC130003
(Chile). Email: pablo.perez@uv.cl

Yuster [5] gave bounds for a(G) when G is a tree,
a planar graph, or has bounded arboricity. Burger,
Cockayne, and Mynhardt [1] gave upper bounds for
a(G) when G is a complete or complete bipartite
graph, and gave exact values for some small graphs.

In this paper, we study a(G) and other parameters
in the context of geometric graphs.

A geometric graph Gisa graph whose vertices are
points in the plane in general position and whose
edges are straight line segments joining these points.
We say that G is a straight-line_drawing of G if G
and G are isomorphic. Let «(G) be the minimum
over all edge labelings of the maximum length of a
non-crossing monotone path in G. Let @(G) be the

minimum of a(G) over all straight-line drawings G of

G.

A rooted binary tree in G is monotone increasing
(decreasing) if all paths from the root to a leaf are
monotone increasing (decreasing). Let 7, (G) (_(G))
be the minimum over all edge labelings of the maxi-
mum size of a non-crossing monotone increasing (de-
creasing) rooted complete binary tree in G. Let 74 (G)

(7-(G)) be the minimum of 74 (G) (7—(G)) over all
straight-line drawings G of G. Let T(é) be the min-
imum over all edge labelings of the maximum size of
a non-crossing monotone rooted complete binary tree

in G and 7(G) the minimum of 7(G) over all straight-
line drawings G of G.

A conver geometric graph is a geometric graph
whose vertices are in convex position. A conver
straight-line drawing of a graph G is a convex geo-
metric graph G that is isomorphic to G.

In this paper we prove that @(K,) = ©(n). For the
case of monotone trees, there is a gap between the
lower and upper bounds. We prove that 7(K,) =
Qloglogn) and 7(K,) = O(v/nlogn). As an in-
termediate result, if we are interested in bounding
the size of monotone increasing or monotone decreas-
ing binary trees but not both, we prove the bounds
T4+ (Kn) = O(logn) and 7_ (K,,) = O(logn).
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1 Monotone non-crossing paths

Lemma 1 Let S be a set of points in convex po-
sition and ¢ a straight line that splits S into two
nonempty parts U and V. The maximum length of a
non-crossing polygonal chain whose vertices alternate
between U and V and whose edges increase in slope
is two.

Proof. Assume that a polygonal P of length three
with the conditions of the statement exists. Let p, q,r
denote the first, second and third vertices of P, re-
spectively, and assume that ¢ € U (the reasoning is
analogous if ¢ € V). There exist three ways in which
the first two edges of P can look like, as shown in
Figure 1. In any case, the fourth vertex of P must
be either in the convex wedge with apex ¢ and ver-
tices p and r in its boundary or across the supporting
line of pq from r. In the first case, the convexity of S
is contradicted, in the second case a crossing in P is
introduced. 0

y e q
NS

Figure 1: The fourth vertex of a polygonal with in-
creasing slope must be in the shaded region.

Theorem 2 @(K,,) = ©(logn).

Proof. Let K, be a straight-line drawing of K,, and
assume without loss of generality that no two vertices
of K, have the same z-coordinate. Let vy,...,v,
denote the vertices of K, in increasing order of -
coordinate, N an edge labeling of K, and H the
complete 3-hypergraph with same vertex set as K.
For 0 < i < j < k < n, color the edge (vi,vj,vx)
of H blue if N(v;v;) < N(vjvi), otherwise color it
red. From Ramsey’s Theorem, there exists a com-
plete monochromatic sub-hypergraph K of size m =
Qlogn) in H with vertices v;,, vy, ...,v;, . Then,
P = v;,v,,...,v;, is a monotone path of length
Q(logn) in K,, which has no crossings, as it is also
r-monotone. _

Now, for the upper bound, let K, be a convex
straight-line drawing of K,. We define the follow-
ing labeling NV of K. Let ¢ be a vertical line that
partitions the vertices of K, into two sets U, W of
size at most n/2 + 1. Label the edges between U and

W so that N(e) < N(¢') if and only if the slope of e
is smaller than the slope of e’. Recursively label the
edges of the subgraph K, [U] of K, induced by U and
the edges of the subgraph K,[W] of K,, induced by
W in such way that the edges between vertices in U
and V have larger labels than the ones in both K, [U]
and K,[W]. Now, let P be a monotone path of maxi-
mum length in I?n with respect to this edge labeling.
By Lemma 1, there are at most two edges that go be-
tween sets of the same level of recursion. Moreover,
P cannot have edges both in K,[U] and K,[W], since
there would be a subpath with an edge in K,[U], an
edge between U and W and an edge in K, [W]; this
path cannot be monotone. Thus, the length T'(n) of
P satisfies the recursion T(n) < 2 + T'(n/2), which
implies T'(n) = O(logn). O

2 Monotone non-crossing complete binary trees

We can obtain a lower bound on 7(K,) with the same
argument used to bound @(K,,).

Theorem 3 Let I?n be a convex straight-line draw-

ing of K. Then, 7(K,) = Q(logn).

Proof. As before, let vy,vs,...,v, denote the ver-
tices of K, in increasing order of x-coordinate, IN
an edge labeling of K,, and H the complete 3-
hypergraph with same vertex set as K,. For 0 <
i < j <k < n, color the edge (v;,v;,vx) of H blue
if N(v;vj) < N(vjvg), otherwise color it red. From
Ramsey’s theorem, there exists a complete monochro-
matic sub-hypergraph K of size Q(logn) in H. As-
sume without loss of generality that at least half of
the vertices of K lie on the lower convex hull of the
vertices of K,,. Let v;,,...,v;,, denote those vertices
in counterclockwise order. Let m' be the largest in-
teger of the form 2"*! — 1, for some integer h, such
that m’ < m. We embed a rooted complete binary
tree T of size m’ and vertices v;,,...,v; ,. Place the
root of T' at v;,, and inductively place its left and
right subtrees at the vertices vj,,... and
., v, with roots at v;,

1 Vigms 1) 2
Vit 41y /2417 " and Vi)
respectively (see Figure 2). Note that T is monotone
and has no crossings by construction. O

Vit i1y2 Vigmr i1y 241

Figure 2: A complete binary tree in H.
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Theorem 4 7(K,) = Q(loglogn).

Proof. Let K, be a straight-line drawing of K,,. By
the Erdds-Szekeres Theorem, there exists a set of
Q(logn) vertices of K, in convex position; the bound
follows from Theorem 3. ([

When we search for monotone paths, there is no
need to distinguish between monotone increasing and
monotone decreasing—traversing a monotone increas-
ing path in opposite direction gives us a monotone de-
creasing path of the same length and vice versa. This
is not the case with complete binary trees. Theorem 3
guarantees that we can find a monotone complete bi-
nary tree of size Q(logn), but it can be increasing or
decreasing. B

An upper bound on 7(K,,) must take into account
both monotone increasing and monotone decreasing
complete binary trees. We start by bounding both
T+ (K,) and 7—(K,).

Theorem 5 7, (K,) = O(logn) and 7_(K,) =
O(logn).

Proof. Let K, be a convex straight-line drawing
of K,,. We give an edge labeling of K, such that
7+ (K,) = O(logn). The proof for 7_(K,,) = O(logn)
is analogous. The supporting line of every edge e = uv
of K, partitions the vertices of K, \ {u,v} into two
sets, let S, be the smaller one. Construct a labeling
N such that if N(e) < N(¢') then |S.| < |Se/|. Let T
be a largest non-crossing increasing complete binary
tree in K, with root r with respect to V.

Let L and R be the convex hulls of the left and
right subtrees of T, respectively. We claim that L
and R are disjoint. Suppose this is not the case. Let
l,v1,...,vs,7" be the the vertices of LU R sorted radi-
ally around r starting with the root of the left subtree
and ending with the root of the right subtree. There
must be a vertex of R followed by a vertex of L in
this order, otherwise L and R are disjoint; let v; be
the first such vertex of R in this order and I’ = v;11.
In the path that joins v; with r’ in T, there exists at
least one edge v;v;, with j <14 < k. The vertices [ and
I' lie on different sides of the supporting line of v;vy,
so the path that joins them in 7" must cross v;v;. This
is a contradiction, since T is non-crossing.

Let ¢ be a line through r that separates L and R.
The line ¢ partitions the vertices of K, \ r into two
parts, one with less than n/2 vertices. Let T” be the
subtree of T' contained in this part.

Let A’ be the height of T7. For 0 < h < A/, let
Th,s be the set of subtrees of T” of height h such that
the edge that joins them with their parent has label
larger than s. Let T'(h,s) be the minimum of the
largest label of each tree in T .

Note that for every vertex v of 77 with children u
and w either the subtree T, rooted at u is contained

in Sy, or the subtree T,, rooted at w is contained in
Suu- Assume without loss of generality that the first
case happens. This implies that every edge of T, is
contained in S,,,. Thus, the label of every edge of T},
is smaller than the label of vw. Therefore, T'(h,s) >
T(h—1,T(h,s)). It can be shown by induction that
T(h,s) = 9(822h). Thus, there is a label in T” of size
at least Q(?Qh). This implies that A’ = O(loglogn).
Therefore, T has at most O(logn) vertices. O

The edge labeling used in the proof of Theorem 5
forbids large monotone increasing binary trees, but it
is possible to find a monotone decreasing binary tree
of linear size. Theorem 6 gives an edge labeling that
forbids both increasing and decreasing large binary
trees.

Theorem 6 7(K,,) = O(v/nlogn).

Proof. Let IN(,L be a convex straight-line drawing of
K,. Let vq,...,v, denote the vertices of K, in coun-

terclockwise order. Let m = L/n/ log n—‘ and par-

tition the vertices into groups Si,Ss,...,S;, of con-
secutive vertices such that each one has size at most
[\/nlog n—‘ Label the edges with endpoints within
S; with the same edge labeling as in Theorem 5 such
that the largest non-crossing decreasing complete bi-
nary tree contained in S; has size at most O(logn).
We refer to these edges as red edges. We refer to
the edges with endpoints in different groups as blue
edges. Label the blue edges by increasing slope. Fur-
thermore, choose the labels in such a way that every
blue edge has larger label than every red edge.

Let T be a monotone decreasing complete binary
tree with respect to this labeling. Note that T con-
sists of a possibly empty blue binary tree T}, and a for-
est of red complete binary trees such that the roots
of the red trees are leaves of T, (Figure 3). Note
that since Ty is non-crossing, the subgraph of T} in-
duced by blue edges between two different groups 5;
and S; has at most two connected components. By
Lemma 1, these components are trees of height at
most three. Therefore the number of edges between
two different groups S; and S; is at most a constant.
Let uq,...,u, be vertices on a circle ordered coun-
terclockwise. Add an edge between u; and w; if and
only if there is an edge in T} between S; and S;.
Since T} is non-crossing, the resulting graph is also
non-crossing; it has O(y/n/logn) edges. Therefore,
T, has at most O(y/n/logn) edges. Since there are
O(y/n/logn) leaves in Ty, there are O(y/n/logn) red
trees, each with size at most O(logn). Thus, T has
size O(v/nlogn).

Now consider a monotone increasing complete bi-
nary tree 1" with respect to this labeling. Note that T’
consists of a possibly empty red binary tree T, and a
forest of blue complete binary trees such that the roots
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Figure 3: A monotone deccreasing complete binary
tree with respect to the ordering of Theorem 6

of the red trees are leaves of T, (Figure 4). The tree
' s . .

T, is contained in some S,., so it has size O(y/nlogn).
Identify all the roots of the blue trees with a vertex

of S, this produces a non crossing blue tree. There
are at most O(y/nlogn) blue edges with an endpoint
.

in S,.. We can bound the number of remaining blue
edges as before by O(y/n/logn). Therefore, T has
size O(v/nlogn).
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Figure 4: A monotone inscreasing complete binary
tree with respect to the ordering of Theorem 6
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Abstract

A natural relaxation for problems that have no solu-
tion for plane geometric graphs is to allow the geomet-
ric graphs to be 1-plane, that is, there can be at most
one crossing per edge. In this work, we study this re-
laxation for Hamiltonian alternating cycles and paths.
Thus, it is well-known that one cannot always draw
a plane Hamiltonian alternating cycle, even on a bi-
colored point set in convex position, whilst we prove
that allowing the cycle to be 1-plane, it can always
be found, on a point set in general position, in O(n?)
time and space. We also restrict ourselves to bicolored
point sets in convex position obtaining a remarkable
variety of results. Among them, we show that every
Hamiltonian alternating cycle with minimum number
of crossings is 1-plane, and we compute Hamiltonian
alternating cycles and paths with minimum number
of crossings in, respectively, O(n) and O(n?) time and
space.

Introduction

Let R and B be two disjoint sets of red and blue
points in the plane, respectively, such that S = RUB
is in general position (i.e, no three points lie on the
same line). A Hamiltonian alternating path on S is
a path passing through every point of S such that
its edges are straight-line segments, and any two con-
secutive vertices have distinct colors. A Hamiltonian
alternating cycle is analogously defined. Thus, unless
otherwise stated, |B| =n and n < |R| <n+ 1.
When there are no crossings, such paths and cycles
are said to be plane, and they are I-plane if every
edge is allowed to have at most one crossing. Observe
that the terms plane graph and 1-plane graph refer
to a geometric object, while to be planar or 1-planar

*Emails: merce@mad.upc.edu, carlos.seara@upc.edu. Re-
search supported by proyects Gen. Cat. DGR 2014SGR46 and
MINECO MTM2012-30951.

TEmails: olaverri@Qunizar.es, jtejel@unizar.es. Research sup-
ported by Gobierno de Aragén under grant E58 (ESF) and
project MINECO MTM2012-30951.

{Email: dgarijo@us.es. Research supported by proyect
2011/FQM-164.

Figure 1: Left: A 1-PHAC. Right: A configuration
that does not admit a 1-PHAP with endpoints r, b.

are properties of the underlying abstract graph. For
short, we shall write 1-PHAC and 1-PHAP to refer to
a 1-plane Hamiltonian alternating cycle and a 1-plane
Hamiltonian alternating path, respectively. Figure 1
(left) illustrates a 1-PHAC!.

From the fact that one cannot always find a Hamil-
tonian alternating path, even if S is in convex po-
sition, arose the interest to study such geometric
graphs. According to Pach [8], the first study is due
to Erdés [5] who proposed in 1989 to determine or
estimate the largest number ¢(n) such that, for every
set of n red and n blue points on a circle (i.e., in con-
vex position), there exists a non-crossing alternating
path consisting of ¢(n) vertices. Erdés conjectured
that {(n) = 2n + 2 + o(n), but one can find point
configurations for which £(n) < $n + o(n) [1, 8]. The
best bounds up to date for £(n) are due to Kyndél,
Pach and Téth [8], and valid for bicolored point sets
in general position. However, the conjecture that
[{(n) — 3n| = o(n) remains open, even for points in
convex position.

On the other hand, Akiyama and Urrutia [2] gave
an O(n?) time algorithm for computing a plane alter-
nating path visiting the maximum possible number of
points, provided that the point set is in convex po-
sition and the endpoints of the path are previously
fixed. Moreover, Kaneko, Kano and Yoshimoto [7]
proved that there always exists a Hamiltonian alter-
nating cycle on a bicolored point set in general posi-
tion with at most n — 1 crossings. See [6] for more
references on bicolored point sets.

Due to the impossibility of achieving the plane char-

1n the figures in this work, red points are illustrated as solid
red points, and blue points are depicted as hollow blue points.
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acter, and as a natural relaxation on the constraint,
Hurtado et al. [3] proposed to study 1-plane geometric
graphs in general, emphasizing on 1-plane Hamilto-
nian alternating cycles and paths. They proved that
one can always draw a 1-PHAC on a point set in con-
vex position, and also on a double chain. They also
conjectured the existence of a 1-PHAP for point sets
in general position. Our main result in Section 1 (The-
orem 3) settles in the affirmative this conjecture, and
is even stronger, since we prove that not only a path
but a 1-PHAC can always be obtained on a point set
in general position, also upper-bounding the number
of crossings. Our approach lets us also show that such
a cycle can be computed in O(n?) time and space.

Section 2 concerns Hamiltonian alternating cycles
and paths on bicolored point sets in convex position.
Theorem 5 provides a lower bound for the number
of crossings, and states that only some cycles that
are l-plane attain the bound. We also character-
ize the point configurations that do not admit a 1-
PHAP with given endpoints, and for the remaining
we show every optimum Hamiltonian alternating path
(i.e., with minimum number of crossings) is 1-plane.
We conclude in Theorem 9 analyzing the complexi-
ties of computing optimum Hamiltonian alternating
paths and cycles. These complexities are O(n) (for
cycles and paths with consecutive endpoints of S) and
O(n?) (for all paths).

We want to point out that most proofs in this work
involve a number of technical results and long case
analysis. Thus, due to the space limitation, they are
omitted, although we give some brief explanations.

1 General position

We first consider the problem of drawing a 1-PHAC on
aset S = RUB in general position with n = |R| = | B|.
Our approach follows the technique of Kaneko, Kano
and Yoshimoto [7] to construct a Hamiltonian alter-
nating cycle with at most n — 1 crossings, but with
important differences. Indeed, the main tool of their
technique is the fact that there always exists a Hamil-
tonian alternating path with at most n — 1 crossings
connecting any red point to any blue point, both lo-
cated on the boundary of CH(S)?. Then, they use
an effective way of splitting S into adequate subsets
in which, by induction, one can draw such paths so
that they can be connected giving rise to the desired
cycle. Our main obstacle is that when the path is al-
lowed to be 1-plane, red and blue arbitrary points on
the boundary of CH(S) cannot always be connected;
see Figure 1 (right). This fact is captured in Lemma
2, which says that one can fix the endpoints of a 1-
PHAP in all cases except for the special configurations
of Definition 1.

2As usual, the convex hull of a point set X C S is denoted
by CH(X).

Figure 2: A counterclockwise partition (left) and a
clockwise partition (right) of S around r.

On the other hand, our approach makes possible
bounding the number of crossings, not only by n — 1
but using the number of runs of S. A run of S is a
maximal set of consecutive points of the same color
on the boundary of CH(S), which can be red or blue
depending on the color of the points. We write r(X)
and b(X) to denote the number of red and blue runs
of S, respectively; observe that r(S) = b(S) whenever
the boundary of C H(S) contains points of both colors.

The following lemma, which is an adaptation of
Lemma 1 of [7], gives the method to split S into the
above-mentioned adequate subsets; see also Figure 2.
For the sake of brevity, we only state the result for
|[R| = |B] = n > 1 but a similar result holds for
|IR|=|B|+1=n+12>2.

Lemma 1 Let S = RUB be in general position, and
let r be an arbitrary red point of S. Suppose that
|R| = |B| =n > 1, {p1,...,pan—1} is the counter-
clockwise radial order of the points of S\ {r} around
r, and p;41 is the first point in that sequence such that
Hr,p1,..,piv1} N R| = |{r,p1,...,pix1} N B|. Then,
(a) pix1 = p1 if p1 is blue, (b) p; and p;+1 both exist
and are blue whenever p, is red. In this last case, we
say that S1 = {p1,...,pi} and S = {pit1,...,Don-1}
form a counterclockwise partition of S\ {r} around r.

If we explore the points of S\ {r} in clockwise order,
we obtain the clockwise partition of S\ {r} around r,
where there are points pj,, pj, ., playing the role of p;,
pit1; see Figure 2 (right).

Definition 1 Let S = R U B such that r € R and
b € B are on the boundary of CH(S). The triple
(S,r,b) is a special configuration if:

(i) The two neighbors of r on the boundary of
CH(S) are red, and those of b are blue.

(ii) In the clockwise and counterclockwise partitions
of S around r, pi11 = py ., = b.

(iii) In the clockwise and counterclockwise partitions
of S around b, piy1 = pj =1

Otherwise, the configuration (S,r,b) is non-special.
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Figure 1 (right) illustrates a special configuration
(S,7,b). In the counterclockwise partition of S around
r, S1 = {p1,p2,p3,pa} and so pii1 = b; for the
clockwise partition we have S; = {ps,ps}, and again
Piy1 = b. The same happens for the clockwise and
counterclockwise partitions of S around b: points p; 1
and pj,_, coincide with 7.

As it was explained before, the following lemma is
the main tool to reach Theorem 3 below. Its proof
shows simultaneously both statements by induction
on |S|, using the partitions of Lemma 1 and perform-
ing a case analysis.

Lemma 2 Let S = RU B, and let r be an arbitrary
red point on the boundary of CH(S). Then, the fol-
lowing statements hold.

(i) If |R| = |B| = n > 1 and there is a blue point b
on the boundary of CH(S) such that the config-
uration (S,r,b) is non-special, then there exists
a 1-PHAP on S with endpoints r,b and at most
n — r(S) crossings.

(ii) If |[R| = |B]+1 =n+1 > 2 and there is a
red point v' on the boundary of CH(S) different
from r, then there exists a 1-PHAP on S with
endpoints r,7’ and at most n — b(S) crossings.

By using the Ham-sandwich theorem and Lemma 2,
we can prove our main result in this section.

Theorem 3 For given S = RU B with |B| = |R| =
n > 2, there exists a 1-plane Hamiltonian alternating
cycle on S with at most n—max{r(S), b(S)} crossings.

The bound of n — max{r(S),b(S)} for the number
of crossings is tight: a point set S consisting of 2n
points in convex position, n consecutive red points
and n consecutive blue points attains the bound [7].
However, there are configurations of points for which
this bound is far to be tight: if the n red points are
on the boundary of CH(S) and the n blue points are
inside CH (S), then there is a Hamiltonian alternating
cycle on S with no crossings [4], and the bound of
Theorem 3 would be n — 1.

Lemma 2 and Theorem 3 let us compute a 1-PHAC,
not necessarily minimizing the number of crossings, in
O(n?) time and space.

Corollary 4 For given S = RU B with |B| = |R| =
n > 2, a 1-plane Hamiltonian alternating cycle on S
can be computed in O(n?) time and space.

2 Convex position

We now turn to a natural restriction of our study that
is to consider point sets S in convex position. We first
obtain that, in this case, the bound of Theorem 3 is
a lower bound for the number of crossings of every

Hamiltonian alternating cycle on S, and moreover,
only cycles that are 1-plane attain the bound.

Theorem 5 Let S = R U B be in convex position
with |R| = |B| =n > 2. Then,

(i) Every Hamiltonian alternating cycle on S has at
least n — r(S) crossings.

(ii) A Hamiltonian alternating cycle on S with n —
r(S) crossings is 1-plane.

The converse of statement (ii) in the preceding the-
orem is not true, i.e., it is possible to construct a
1-PHAC on a set S with more than n — r(S) cross-
ings. For instance, if S consists of points alternating
in color then r(S) = n, and obviously one can draw a
1-PHAC without crossings, but also a 1-PHAC with
[5] or [§]+ 1 crossings (depending on the parity of
n). Moreover, using the same point configuration, it
is not difficult to check that the number of different
1-plane Hamiltonian alternating cycles on a point set
can be exponential.

Regarding paths, recall that by Lemma 2, one can
always draw a 1-PHAP with given endpoints, pro-
vided that the point configuration is non-special (in
case that those endpoints are of distinct colors). The
following theorem states that for point sets in convex
position, special configurations are the unique config-
urations of points that do not admit such a path.

Theorem 6 Let S = R U B be in convex position
with |R| = |[B| =n > 1. Givenr € R and b € B,
there exists a 1-plane Hamiltonian alternating path on
S with endpoints r,b if and only if the configuration
(S,7,b) is non-special.

On the other hand, when the configuration is non-
special, one may wonder whether being optimum im-
plies being 1-plane. This is the analogous problem
as that considered in Theorem 5(ii) for cycles, but
there is a fundamental difference: the path has fixed
endpoints, which have the same color or not.

Theorem 7 Let S = R U B be in convex position
with |R| = |B| > 1 or |R| = |B|+1 > 2, and let
ps,pt € S such that the configuration (S,ps,p:) Is
non-special if ps, p; have distinct colors. Then, ev-
ery optimum Hamiltonian alternating path on S with
endpoints pg, p; is 1-plane.

The preceding theorem is proved by assuming that
there exists such an optimum path, say Opt, and that
an edge is crossed by two other edges. Depending on
the positions of the endpoints of those edges and their
colors, we distinguish a number of cases. A contra-
diction (with Opt being optimum) is reached in each
case, by using a technical lemma that gives informa-
tion about the order in which Opt must visit some
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subsets of points, and a property based on the quad-
rangular property. All the arguments of this proof,
except for those in one case, can be used for special
configurations to show that no edge of Opt can be
crossed twice. In that specific case, we obtain that
Opt has only one edge that is crossed twice. This is
contained in the following corollary.

Corollary 8 Let (S,r,b) be a special configuration
for a point set S = R U B in convex position with
|[R| = |B| = n > 1. Then, every Hamiltonian al-
ternating path on S with endpoints r,b has at least
n — r(S) crossings. Moreover, an optimum Hamilto-
nian alternating path on S with endpoints r,b can be
computed in O(n) time, has n — r(S) crossings, and
all its edges are crossed at most once, except for one
of them that is crossed twice.

Finally, we analyze the complexities of computing
optimum Hamiltonian alternating paths and cycles on
S in convex position. Recall that, by Corollary 4,
when S is in general position, a 1-PHAC (not neces-
sarily optimum) can be computed in O(n?) time and
space.

Theorem 9 For given S = RU B in convex position,
the following statements hold.

(i) If |R| = |B| = n > 2, then an optimum Hamilto-
nian alternating cycle on S can be computed in
O(n) time and space.

(ii) Let ps,p¢ € S with either distinct colors if |R| =
|B| > 1 or the same color if |R| = |B| +1 > 2.
Then, an optimum Hamiltonian alternating path
on S with endpoints ps, p; can be computed in
O(n?) time and space. Further, such a path can
be computed in O(n) time and space when ps, p;
are consecutive points of S.

Moreover, in all cases, the optimum is 1-plane.

The proof of statement (i) in the preceding theo-
rem is based on a linear procedure that computes,
for every point p; of one color, the first clockwise
point p ;) of the other color such that, between them,
there are the same number of red and blue points.
This lets us show that the process developed in the
proof of Lemma 2 (here omitted) can be done in lin-
ear time. A similar argument applies to prove state-
ment (ii) for consecutive endpoints of the path. For
non-consecutive endpoints ps, p; (also statement (ii)),
we design an O(n?) time and space dynamic program-
ming algorithm which uses as a main tool that it is al-
ways possible to find an optimum 1-PHAP with those
endpoints that contains either an optimum sub-path
from ps to pj(s), or an optimum sub-path from p; to
Py (s) (where this point is obtained as p;;) but per-
forming the same procedure counterclockwise).

3 Conclusion

We conclude by formulating some problems, related
to those here considered, that remain open.

e For point sets S in general position:

Problem 1. Characterize the special configurations
(S,7,b) that do admit a 1-PHAP.

Problem 2. Among all optimum Hamiltonian alter-
nating cycles on S, determine whether there is at least
one that is 1-plane.

Problem 3. Decide whether it is possible to compute
in polynomial time an optimum 1-PHAC on S.

e For point sets S in convex position:

Problem 4. Prove that the number of 1-plane Hamil-
tonian alternating cycles on S is exponential in r(S).
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Abstract

Given a bicolored convex point set S = R U B, with
|R| = |B| = n, we provide an O(n%) algorithm to
find the shortest Hamiltonian cycle C, visiting alter-
natively the points of R and B. The algorithm is
based on characterizing the possible order in which
the points of S can appear in C. This algorithm can
also be used to construct the shortest Hamiltonian
cycle C such that C visits alternatively the bicolored
vertices of a simple polygon P and is inside P.

Introduction

In the bipartite traveling salesman problem (BTSP),
one is given a partition of a prescribed set of cities
into two classes R and B, with |R| = |B|, and one
wishes to find the shortest route such that the cities
in R and B alternate along the route. At first glance,
dividing the cities into two classes seems to be a bit
artificial, but the BTSP appears in a natural way as a
particular case for different types of problems, mainly
in typical industrial settings where pick and place or
grasp and delivery robots are employed with some ma-
terial handling tasks. See for example [10].

It is well-known that the BTSP and the Euclidean
BTSP (the cities are assumed to be points on the
plane) are NP-hard, so there is no polynomial algo-
rithm to solve them unless P = NP. Researchers
have been focused on designing good approximation
algorithms or solving particular cases. We refer the
reader to [2, 4, 7, 9, 10] and the references therein
for different approximation algorithms along with ex-
perimental results. When the cities are on a line or
a tree, the BTSP can be solved in O(n) and O(n?)
time, respectively [12]. In [6], the authors solve an-
other particular case. They give an O(n*) algorithm
to decide whether there is a renumbering of the n
cities such that the elements of the resulting distance
matrix satisfy a set of inequalities. If this is the case,
the shortest tour can be obtained directly from this
renumbering. This set of inequalities is in fact a re-
laxation of the Monge property: c¢;j + cim < Cim + Cijs
for i <l and j < m.

*Emails: olaverriQunizar.es, jtejel@Qunizar.es. Research sup-
ported by Gobierno de Aragén under grant E58 (ESF) and
project MINECO MTM2012-30951.

In this paper, we assume that the cities are bicol-
ored points on the plane and we focus on studying the
particular case in which the points are in convex posi-
tion. Under this assumption, Section 2 is devoted to
characterizing the order of the points in any optimum
tour for the BTSP, using a technical lemma proved in
Section 1. This characterization allows us to design
an O(n®) algorithm, described in Section 3, to solve
the BTSP for the convex case. Finally, in Section 4,
we extend the characterization and the algorithm to
find the optimum tour inside a simple polygon, which
visits alternatively the bicolored vertices of the poly-
gon.

1 A technical lemma

Given a point set S on the plane, a polygonal
path P is a curve specified by a sequence of points
P1,D2,---,Pr+1 called its vertices, where k > 1 and
pi # p; for all 4,j. The curve itself consists of the
line segments e; = pip2, €2 = paps, ...,k = PkPr+1
connecting the consecutive vertices. We consider P as
an oriented path, so P begins at point pi, finishes at
point pr4+1 and all the edges e; = p;p;4+1 are oriented
from p; to p;+1. A polygonal path is called simple if
only consecutive segments intersect and only at their
endpoints.

The following lemma allows us to associate a simple
polygonal path with every non-simple polygonal path.

Lemma 1 Let P be a polygonal path connecting
p1 to pr+1, consisting of consecutive segments e; =
DP1D2,€2 = paps3,...,€k = PrPk+1. JLhen, there ex-
ists a simple polygonal path P’ connecting p; to
pPr41 consisting of a sequence of consecutive segments
€}y, €iys-- -+ €, such that every segment ej is con-
tained in segment e;; and 1 =iy <iy <...<ip = k.

Figure 1 shows an example of the lemma. The thicker
segments correspond to P’. Observe that if segment
e; appears before segment e’ in P’, then segment e;
appears before segment e; in path P = py,...,p17.

Proof. The proof is by induction on k. If k = 1,
P consists of segment e; = pip2, so P is simple
and coincides with P’. Suppose the lemma holds
for any polygonal path consisting of < k — 1 seg-
ments. Hence, by induction, the polygonal path
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P4

Figure 1: The simple polygonal path P’ obtained from
the non-simple polygonal path P.

Py, = {e1,...,ex_1} connecting p; to py contains
a simple polygonal path P/ _, consisting of segments

€ sen ey, Withdp =1 <idp < ... <ip=k—1, and

IR ]

e’ij C ey for j=1,...,h. Let p’ be the first point
of P/_, that is also a point of segment e, = prprt1.
That point exists because at least p; is a common
point for both P, ; and e,. Then, by construction,
the subpath P” of P/ _, consisting of the points from
p1 to p’ has p’ as the only common point with seg-
ment e}, = p'pri1. Therefore, the path P’ obtained
by gluing segment e}, = p'pry1 to P” satisfies all the

sought properties. (Il

2 Points in convex position

Let S be a point set in convex position and let CH (S)
be the convex hull of S. We suppose that the points of
S appear clockwise in the cyclic order py,po, ..., pon
on the boundary of CH(.S). A Hamiltonian cycle C on
S is given by a cyclic permutation (p;,, Piy, - - - s Dis,, )
of the points of S, where C is assumed to be a directed
cycle, consisting of the directed segments (or edges)
Diy Pin s PigDis - -« » Pigy 1 Pign s Pign Piy - Lhe length of C'is
the amount (C) = 2311 d(pi;» pi,., ), where d(p;,p;)
is the Euclidean distance from p; to p;, identifying
Pignia with Piy - Given five points Piys Pigs Dig) Pigs Pis
in clockwise order on the boundary of CH(S) and a
Hamiltonian cycle C on S, we say the five points form
a five points star if they appear in C' in the order
DiysevsDigs--Digs-+1Digy--+sDig,- .- O in the order
Piys-- s Pigs s Pigs ooy Pigs ooy Pigs e - o

We assume that the points of S are partitioned into
two classes, R and B, such that |R| = |B| =n. R is
the set of red points and B is the set of blue points.
A cycle (path) is alternating if any two consecutive
vertices have distinct colors. The following theorem
shows that any optimum Hamiltonian alternating cy-
cle cannot contain a five points star. Figure 2 shows
the shortest Hamiltonian alternating cycle C for that

10

P1

P12
pu

P1o

P9

Figure 2: The shortest Hamiltonian alternating cycle
for this convex point set.

convex point set, where red points are illustrated as
solid red points and blue points as hollow blue points.
Observe that C' does not contain a five points star.
The proof of the theorem is mainly based on Lemma
1 and the well-known quadrangular property: Given
a geometric graph G, if edge e = pq crosses edge
e’ = p'q’, then the length of the geometric graph
G’ obtained by replacing edges e, e’ by edges pp’, qq’
(or replacing them by edges pq’, qp’ ) is less than the
length of graph G. Of course, if graph G” is obtained
from G by applying this transformation several times,
G" is shorter than G. Using the quadrangular prop-
erty, it is not difficult to check the next two properties
for the shortest Hamiltonian alternating cycle, C', on
S (see [3] for details).

P1 If the directed edge e; = p;q; crosses the directed
edge e; = p;q;, then points p;, p; must have the
same color (and therefore g¢;,q; have the other
color)

P2 C cannot contain three edges e; = p;qi,e; =
D;jdj,er = Prqr crossing each other.

Theorem 2 Let S = RU B be a point set in convex
position, where |R| = |B| = n. If C is the shortest
Hamiltonian alternating cycle on S, then C' cannot
contain a five points star.

Proof. Assuming that five points p;,,Di,,DisDis
Dis, clockwise on the boundary of CH(S), ap-
pear in C' in the cyclic order p;,,...,Pig, -, Dig,-- >
Digs -+ Piys - -+, & contradiction is reached. The same
reasoning can be applied to the symmetric order
PivsersPigy + -3 Pigseve3Pigy--yPigyee-s

Let Py, Ps, Ps, P>, P, be the polygonal paths con-
sisting of the edges of C' connecting p;, to p;,, pi, to
Pis» Dis t0 Piy, Di, to ps, and p;, to p;, respectively. Let
P{, P}, P, P}, P; be the corresponding simple polyg-
onal paths obtained by applying Lemma 1 to those
paths. By construction, the polygonal path P must
be crossed by P| and P;. Among all the intersection
points between P; and P, let ¢4 be the first one on
P;, and among all the intersection points between Py
and Pi, let ¢; be the last one on P/. Note that g4
must be a crossing point between an edge e} = pLqs
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Figure 3: Point g4 appears before point ¢; in Ps.

of P5; and an edge € = p)q; of Py, and ¢; must be a
crossing point between an edge e = plqy of Ps and
an edge €] = piq| of P;. We distinguish two cases

depending on the order of ¢; and g4 on Ps.

Case 1: g4 appears before ¢; in P;

In this case, el must appear after ef in Ps or both
edges coincide. Suppose first that both edges coincide,
0 g4 is placed before g1 on ef = ef. See top part of
Figure 3. As triple crossings are forbidden by property
P2, then necessarily edges €} and e do not cross each
other. Moreover, since g4 is the first crossing point
between P; and P on P; and ¢ is the last crossing
point between P| and P on Pj , p) must be to the
right of e} and p} must be to the left of ef. Observe
that, by property P1, pi # q4,py # q1, 1, P}, P have
the same color and ¢, ¢4, ¢5 the other color. By ap-
plying the quadrangular property twice, first replac-
ing edges ef, e} by edges s5 = piq) and sq4 = pjqt
and then replacing edges e}, ss by edges s1 = pi¢}
and s}, = pjq}, we obtain a shorter cycle. Specifi-
cally, if we denote by Pi,, Pip, Pia, P and Psg, Psp
the three couples of paths obtained from P, P3, Ps
when edges e,e},ef are removed, then cycle C
is P14, €}, Py, P3, Psq, €5, Psp, Pa, Pyq, €}y, Py, and the
cycle C' = P14, 81, Psy, Pa, Pya, 8}, Py, P3, Psq, S5, Py,
would be shorter than C.

Suppose now that e} is different from ef. Again,
by applying the quadrangular property twice, replac-
ing edges ef, e} by edges s5 = piqy, sa = p,qb, and
edges €', el by edges s1 = plql, st = plq| we obtain
a shorter cycle (bottom part of Figure 3).

Case 2: ¢; appears before ¢4 in P;

11

Due to space limitations, we do not explain this case
in detail. The reasoning is based again on applying
the quadrangular property twice. The main difference
in relation to Case 1 is that now paths P and P/ must
cross at a point ¢/, placed in the region bounded by
path P! and the part of the boundary of CH(S) from
Di, t0 pi,, and the edges producing this crossing point
must be used to apply the quadrangular property.

O

3 Algorithm

Cyclic permutations of the set {1,2,...,n} where a
five points star is forbidden have been studied pre-
viously in [8], where recurrence formulas, asymptotic
values, ... are given for their number. These per-
mutations are also called g-pyramidal permutations
[8, 11] and it is not difficult to see that the family
of g-pyramidal permutations is the same as the fam-
ily of twisted sequences defined by Aurenhammer in
[1]. Given a distance matrix, in [5], Deineko et al. de-
veloped an O(n7) algorithm to compute the shortest
twisted sequence. In [11], a similar algorithm with
complexity O(n®) is given to compute the shortest g-
pyramidal permutation. Next, we describe this last
algorithm and how to apply it to solve the original
problem.

The algorithm to compute the shortest g-pyramidal
permutation is based on the fact that a permutation
is g-pyramidal if and only if it satisfies the subdivi-
sion property [8]: A cyclic permutation (1,142, 3, .. .9n)
satisfies the subdivision property if and only if
(i2y...,1y,) is formed by, first, a permutation o; of
consecutive indices and later a permutation oy of the
remaining indices and, besides, this division process
can be repeated again for o; and os.

The input of the algorithm is the complete graph,
K,, with {1,2,...,n} as the set of vertices, and a
n x n distance (or cost) symmetric matrix D, where
d(i,j) is the distance or cost between vertex ¢ and
vertex j. The output is the shortest g-pyramidal
permutation, that is, a permutation 7, such that
St d(i,ma (i) < Yor, d(i,m, (i) for any other g-
pyramidal permutation 7/,. Let us denote by [i, j]
the interval of consecutive vertices 4,7 + 1,...,j (as-
suming n + 1 = 1). For each interval [i, j], a vertex
s € [4,7] and a vertex t & [i, 7], let C(i, ], s,t) be the
cost (length) of an optimal path beginning at s, vis-
iting all the vertices of [i,j] and finishing at ¢, with
the additional condition that the path satisfies the
subdivision property.

Clearly, if [i,j] only contains one vertex, then
Cli,i,i,t] = d(i,t). In any other case, by the opti-
mality principle of dynamic programming, C(i, j, s, t)
is the minimum of:

C(i,kys,t')+ Ck+1,5,t',t),k € [s,5 — 1],t' € [k + 1, 7]
Clk+1,4,8t)+C(i,k,t' t),k € [i,s —1],t' € [i,k]
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because, after vertex s, either an interval [¢, k] is visited
first, then a vertex ¢’ of [k + 1,j], next the remaining
vertices of this last interval and finally vertex ¢, or the
opposite, first an interval [k + 1,7], then a vertex t’ in
[i, k], next the rest of vertices in that interval and finally
vertex t.

The algorithm computes the O(n*) values C(i, 4, s,t) in
increasing order of the size of the intervals [¢, j]. Since ev-
ery C(i, 4, s, t) requires O(n?) time, the overall complexity
is O(n%) time and O(n*) space. The length of the shortest
g-pyramidal permutation is

mkin(C’(2,n, k, 1) +d(1,k)), k € [2,n]

and the optimal permutation is obtained in the standard
backward way of dynamic programming.

As, by Theorem 2, the shortest Hamiltonian alternating
cycle must be g-pyramidal, the following theorem holds.

Theorem 3 Let S = RU B be a point set in convex
position, where |R| = |B| = n. The shortest Hamiltonian
alternating cycle on S can be computed in O(n®) time and
O(n*) space.

4 Points being the vertices of a simple polygon

Let S = RUB be a bicolored point set, with |R| = |B|, and
let P be a simple polygon whose vertices are the points of
S. We would like to find the shortest Hamiltonian alter-
nating cycle C inside P. See Figure 4. Recall that, in a
simple polygon, the distance between any two vertices of
P is the geodesic distance and the shortest path between
them is the geodesic path. The geodesic distance also sat-
isfies the quadrangular property, so, when two geodesic
paths cross, they can be replaced by another two, without
increasing the length of the resulting graph. This also im-
plies that properties P1 and P2 hold for geodesic paths:
C' cannot contain three geodesic paths crossing each other
and if the geodesic path p;q; crosses the geodesic path
D;q;, then p;, p; have the same color.

On the other hand, it is not difficult to see that Lemma
1 is also true when the polygonal path consists of a set
of geodesic paths instead of a set of segments. Hence, as
Theorem 2 is based on the quadrangular property, prop-
erties P1 and P2, and Lemma 1, then this theorem also
holds for optimum Hamiltonian alternating cycles inside
simple polygons. Therefore, there is a shortest Hamilto-
nian alternating cycle inside P not containing a five points
star and the algorithm of Section 3 can be applied again
to find it.

Theorem 4 Let S = RU B be a bicolored point set such
that |R| = |B| = n and the points of S are the vertices
of a simple polygon P. Then, the shortest Hamiltonian
alternating cycle inside P can be computed in O(n6).
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Abstract

Let S be a set of n points in the plane in general po-
sition. Two line segments connecting pairs of points
of S cross if they have an interior point in common
which is called a crossing. Two edge disjoint graphs
with vertices in S cross if there is an edge in the first
and an edge in the second that cross. A set of edge
disjoint graphs with vertices in S is called mutually
crossing if any two graphs of the set cross. In this pa-
per we show that for any point set S there always exist
a set of mutually crossing 3-paths with at least |7 ]
elements. We prove that for any point set S there al-
ways exists a set of | & | vertex disjoint 3-cycles (from
now on called triangles) of S that are mutually cross-
ing. We also show that there always exists a Hamil-
tonian cycle on S such that its edges cross at least
’f—; — O(n) times.
Introduction

Let S be a set of points in general position. A k-
path (respectively a k-cycle) of S is a path with k
edges all of whose vertices are elements of S. Two
vertex disjoint edges with vertices in S cross if they
intersect at a point which is in the relative interior of
both of them. Two paths or two cycles of S are vertex
disjoint if no point in S belongs to both of them, and
they cross if at least an edge from the first crosses an
edge from the second. A Hamiltonian cycle is a cycle
that contains all points of S.

In the study of geometric graphs, we have been
mainly interested in finding crossing free graphs on
point sets, that is graphs containing no two crossing
edges, e.g. triangulations, non-crossing matchings in
bicolored point sets, alternating paths, etc.. In this
paper we will be interested in finding geometric graphs
on point sets with many crossings, e.g. Hamiltonian
cycles whose edges cross as many times as possible.

*Email: chepomich1306@gmail.com. Partially supported by
grant 80268 of CONACyT, México.

TEmail: jeraviotolagos@gmail.com. Partially supported by
grant 80268 of CONACyT, México.
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Perhaps the first paper in this direction, was [1] in
which the authors proved that any set of n points in
general position has a matching with y/n/12 elements
all of which cross each other, they call such match-
ings crossing matchings. Their result was proved us-
ing what they called mutually avoiding sets of points.
Two subsets A and B of a point set S are mutually
avoiding if any line passing through two elements of
A (respectively B) does not intersect the convex hull
of B (respectively A). Valtr [5] proved that there are
point sets S that do not contain mutually avoiding
sets with more than 11y/n elements.

Pach and Solymoshi [4] then proved that if a point
set with n = 2m points has exactly m halving lines,
then it has a crossing perfect matching. We believe
that in general, any point set with n points always has
a crossing matching of linear size, or almost linear size.
The problem of finding a crossing family with more
than O(y/n) segments for any set of n points is still
open.

Observe that using the result by Aronov et al. on
the existence of crossing matchings, it is relatively
easy to show that S always admits a Hamiltonian cy-
cle with O(n+/n) crossings. To see this take a cross-
ing matching with \/n/12 edges, remove from S the
endpoints of this matching, and find again a crossing
matching in the remaining set of points. Clearly we
can iterate this process until we get a set with O(y/n)
crossing matchings of size O(y/n). By concatenating
the edges of these matchings appropriately, we can
get a Hamiltonian cycle of S with O(n\/n) crossings
among its edges. The question now arises in a nat-
ural way to find out if S always has a Hamiltonian
matching with a quadratic number of crossings. We
answer this question in the affirmative in Section 2 of
this paper. We show that any point set always has a
Hamiltonian cycle such that its edges cross ’f—; —O0(n)
times. If, as we believe, it is true that any point set al-
ways has a crossing matching of linear size this would
give a different proof of our main result.

We generalize the definition of crossing matchings
in the following way: a crossing family of k-paths on S
is a set of vertex disjoint paths in S of length k, such
that any two of them cross. In Section 1 we show
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Figure 1: Constructing a family of crossing 3-paths.

that if instead of a matching, we take 3-paths, then
any point set S has a crossing set of vertex disjoint
paths of S with [ %] elements, which is tight as this
is the maximum number of vertex disjoint 3-paths of
S. We then show that we can always find a set of | ¢ |
vertex disjoint triangles of S that cross.

An interesting open problem is the following;:

Conjecture 1 Any point set S in general position
always has a family of crossing 2-paths of linear size.

1 Crossing families of 3-paths and triangles

The first theorem shows a tight bound on the size of
the 3-path crossing families that can be obtained for
any point set. The second theorem in this section,
shows a lower bound on the size of a crossing fami-
lies of triangles that can always be obtained. Other
crossing families were obtained during this research
but are not shown here due to space and relevance.

Crossing family of 3-paths

Theorem 1 For any point set of n points in the plane
there always exists a crossing family of vertex disjoint
3-paths of size |[n/4].

Proof. Let S be a set of n points in the plane in gen-
eral position, assume that S has 4m elements. First
we draw two vertical auxiliary lines, £; and Lo, such
that S is divided in three sections, A, B and C from
left to right such that A and C contain m points each,
and the middle section, B, contains 2m elements of
S. Next consider an arbitrary perfect matching of S
in which every element of A and C is joined with an
element of B. This generates m vertex disjoint edges
that cross £1 and m different edges that cross Lo, as
it is shown in Figure 1.

Label the edges that cross £q by s1,..., sy, accord-
ing to the order in which they intersect £; from top
to bottom. In a similar way label the edges that
cross Lo by 3/1, e s;n according to the order in which
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Figure 2: Constructing a family of crossing triangles.

they cross Lo, but from bottom to top. Now join
the right endpoint of s; with the left endpoint of s;,
i =1,...,%. It is now easy to see that we obtain a
set of crossing 3-paths.
Since any 3-path has four elements of S as vertices,
any family of vertex disjoint 3-paths of S has at most
n

| 7] elements, which shows that our bound is opti-

mal. O

Crossing family of triangles

We now prove the following result:

Theorem 2 For every point set of n points in the
plane in general position, there is a set of |n/6] vertex
disjoint crossing triangles.

We recall first the next result of Buck and Buck [2]:

Theorem 3 Let S be a set of n points in the plane
in general position. Then there are three concur-
rent lines L1, Lo and L3 that split the plane into six
wedges, each containing at least | ¢ | elements of S.

We proceed now with the proof of Theorem 2.

Proof. Consider three lines £1, L5 and L3 as in Buck
and Buck’s result, and let p be the point at which £,
Lo and L3 intersect. Label the wedges induced by
these lines as Wy, ..., Ws in the clockwise direction
around p starting at any of them, see Figure 2.
Consider a perfect non-crossing matching between
the elements of S in W; and those in W5, and label
the edges of this matching si,...,5|,/6] in the op-
posite order in which they are intersected by a ray
starting at p and is contained in Wgs. Now label the
elements of S in W5 with the integers 1,...,|n/6]
according to their distance to £1. Let T; be the trian-
gle whose vertices are the vertices of s; and the point
labelled i, i = 1,...,|[n/6]. It is now easy to ver-
ify that T1,...,T|, 6 cross each other. Our result
follows. O
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2 Crossings in Hamiltonian cycles

We prove now that any point set S has a Hamiltonian
cycle with a quadratic number of crossings. The next
result establishes a general upper bound on the num-
ber of crossings that a Hamiltonian cycle on S can
have:

Theorem 4 The maximum number of crossings a
Hamiltonian cycle, on a set of n points, can have is
@. This bound is tight.

Proof. Observe that any edge in a cycle C on S can-
not cross the two edges in C' incident to it, thus it can
cross at most n — 3 edges of C'. This upper bound
can be reached for point sets in convex position with
n = 2m + 1 elements. To see this, take a set S of
2m + 1 points on a circle labelled in the clockwise or-
der with the integers 0, ..., 2m, and join each point k
to the points k + m and k — m, addition taken mod-
ulo 2m + 1. It is easy to see that this construction
generates a cycle of S in which every edge intersects
exactly n — 3 edges. (]

It is known that the cycle obtained in the previous
theorem, is also the longest cycle through S, see Ito
et al,’s paper [3].

Observe that using the set of | 2] crossing 3-paths
obtained in Section 2, we can obtain a Hamiltonian
cycle for S with g—; crossings. To achieve this, simply
concatenate appropriately these paths into a cycle.
We will now show that any point set S has a Hamil-
tonian cycle with 7{—; — O(n) crossings.

Theorem 5 For every point set of n points in the

plane in general position, there exists a Hamiltonian
2

cycle with at least 75 — O(n) crossings.

Proof. Suppose as before that S has n = 6m ele-
ments, and consider again three concurrent lines £y,
Lo and L3 that intersect at a point p, and split the
plane in six regions each containing m elements of S
in their interior. Label the regions generated by L,
Lo and L3 as Wi, ..., Ws as in Figure 2.

Our cycle is obtained by joining two paths, each
with at least 721721 — O(n) crossings. The first path P
will be constructed with the points from Wy, Wjs, and
Ws. The other path will be constructed in a similar
way with the points of S in Wa, Wy, and W.

We will now label the points in the interior of W,
with labels A1, ..., A,, according to their distance to
Lo such that if ¢ < j, then the distance of point A; to
L5 is smaller than the distance of A; to L. In a simi-
lar way we label the points in W4 (respectively in Ws)
as By, ..., By, (respectively C1,...,Cy,) according to
their distance to £y (respectively L3).

The edges of P are:
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Figure 3: Construction of the first half Hamiltonian
cycle.

1. B;is adjacent to A(yq1)—, and to Cppppqy—i; 1 <
< m.

2. A; is adjacent to C(m+1)—i§ 1<i< L%J
3. Aj; is adjacent to Cp,—y; [ ] <i < m.

We will now prove that P has ’;—z — O(n) crossings.
To do so, we will assign two crossings to every pair
of points that belong to W;. Let A; and A; be two
points in Wy, ¢ < j < m, and consider the 2-path
Py formed by the two edges of P incident to A;, and
the 4-path P4 contained in P whose mid-vertex is A;,
see Figure 4. Both P, and P, have an end vertex in
Ws and Ws. Let B; and C;» be the vertices adjacent
to A; in Py, and By and Cj» the vertices adjacent
to A; in Py. It is easy to see that the edges of Py
divide the plane into two regions, one of which is a
polygon @ which can be a triangle or a quadrilateral
that contains p in its interior.

It is now easy to see that ¢/ > j', and ¢ > 5, and
thus B;; and C;» belong to the exterior of Q. Since
P2 begins and ends outside of Q, and i < j, it follows
that it must intersect Q at least two times. These
crossings are assigned to the pair of points (A4;, 4;).

In a similar way we can assign two crossings to every
pair of points B;, B; in Ws (respectively C; and C;
in Ws) such that B; and B; are the mid vertices of a
2- and a 4-path contained in P, i < j.

We now prove that every crossing assigned to
(Ai, Aj) can be assigned to at most one more pair
of points in W5 or in W5. The two crossings assign to
(Ai, Aj) may be between the following pairs of edges:

e The edge A;B; joining A; to B;; may cross the
following edges: A;B;:, A;C;n, or BjCy, where
Cy is an end vertex of Py.

e The edge A;C;» joining A; to C;» may cross the
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Figure 4: Crossings assigned to (4;, 4;).

following edges: A;Bj:, A;Cjn, or Cjn By, where
By, is the other end vertex of Py.

The only pairs of points to which we can assign
these crossings are (By,Bj/), (Bi,Bg), (Cir,Cjr),
and (Ci//, Cz)

We will now prove that any crossing can be assigned
to at most two pairs of elements of S. We show only
one of the several cases that may arise. The others
can be proved in a similar way.

Suppose that A;B; crosses A; B at a point g as in
Figure 4, and that it is assigned to the pair (A4;, 4;).
Then the crossing at ¢ can also be assigned to the
pair (Bj/, B;/), but not to any of (By, By), (Cir, Cjr),
and (Cyr,Cp). To see this, observe that since A;B;/
does not belong to the 4-path with central vertex By,
then the crossing at ¢ cannot be assigned to the pair
(B, By). The crossing at ¢ cannot be assigned to the
pairs (Cy»,Cjr), and (Cyv,Cy) because A;Bj; does
not belong to the 2-paths with central vertices Cj»
and CZ‘H.

Since each of Wi, W5 and W5 has m elements, the
number of valid pairs that we can take in each of them
is (m; 1) (we leave out one element of S in each of W,
Ws and W, A, B(m+1)-[m1, and Cm respectively,
as they do not always generate valid pairs).

Thus the total number of crossings is at least:
3(m2_1), which since n = 6m equals

n2

— —O(n).
24 (n)
In the same way we can obtain a path with the
elements of Wy, W, and Wy which we can concatenate
with the first path to obtain a cycle with

2
n
12 O(n)
crossings. Our result follows. O
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2.0.1 An upper bound

We finish our paper presenting an example of a point
set S with n = 3m points such that any Hamiltonian
cycle on S has at most % — O(n) crossings.

Consider three convex curves as shown in Figure 5,
each containing m equidistant points. We can prove
that any Hamiltonian cycle on S has at most 51"82
O(n) crossings. An example of a cycle achieving this
bound is shown in Figure 5.

Figure 5:

3 Conclusion

In this paper we started the problem of studying
Hamiltonian cycles on point sets with many crossings
among its edges. Similar results were obtained for tri-
angles and k-paths. We proved that any point set S
in general position always has sets of crossing k-paths
of linear size, for k > 3. It is an open problem if this
is also true for 1 < k < 2.
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Abstract

A FEuclidean graph G is the locus of a rectilinear em-
bedding of a planar graph in the Euclidean plane. A
shortcut set S is a collection of segments with end-
points on G such that the Euclidean graph obtained
from G by adding the segments in S has smaller diam-
eter than G. The minimum cardinality of a shortcut
set is the shortcut number scn(G). In this work, we
first provide a tight upper bound on scn(G). We then
show that it is possible, in polynomial time, to deter-
mine if scn(G) = 1 and, in that case, to construct a
shortcut set that minimizes the diameter among all
possible shortcut sets. Finally, we compute the short-
cut number in some families of Euclidean graphs.

Introduction

The set of points G in the Euclidean plane lying on
a rectilinear embedding of a certain planar graph is
called a Fuclidean graph. We write p € G for a point
p on GG, and distinguish the vertices of the underly-
ing planar graph saying that v € V(G). The edge
set E(G) of G is the collection of straight-line seg-
ments uv such that u,v € V(G) are adjacent in the
underlying planar graph. The length of an edge is
the Euclidean distance between its two endpoints. A
path between p,q € G is a sequence puj ... uxq such
that ujus,...,up—1ur € E(G), p is a point on an
edge (# uiuz) incident with uy, and ¢ is a point on
an edge (# up—_1ug) incident with ug. The distance
d(p, q) between points p and ¢ is the length of a short-
est p-¢ path in G. The diameter of G is diam(G) =
max, e d(p, q), and the pair p,q € G is called an-
tipodal whenever they are at distance diam(G). As
usual §(u) denotes the degree of vertex u.

We define a shortcut segment for a Euclidean graph
G as a segment pg with p,q € G satisfying that
diam(G U pq) < diam(G), and it is called simple if
G Npg = {p,q}. We want to point out that this def-
inition comes from that given by Yang in [1], which
includes as a possibility the equality of the diameters
of those two Euclidean graphs, but we believe that our
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definition captures better the intuitive idea of short-
cut, and it allows us to enrich the problem with new
elements.

Since one can easily find Euclidean graphs that
have no shortcut segment (a triangle, for example),
an interesting question arises: is it possible to reduce
the diameter of any Euclidean graph by adding a fi-
nite number of segments? With this idea in mind,
we define a shortcut set for G as a finite set S of
straight line segments with endpoints on G such that
diam(G U (Usess)) < diam(G). The shortcut number
scn(G) is the cardinality of a minimum shortcut set
for G, and S is optimal if |S| = scn(G) and it min-
imizes diam(G U (Usess)) among all shortcut sets of
size sen(G). The Euclidean graphs G here considered
are those that have no two antipodal vertices with di-
lation 1 (otherwise G does not admit a shortcut set).
From now on, we assume this condition to be satisfied.

In [1], the author deals with shortcut segments
for Euclidean chains (i.e., Euclidean graphs obtained
from paths). He designs three different approximation
algorithms to compute optimal shortcut segments for
that family of Euclidean graphs. Further, he obtains
necessary and sufficient conditions on the uniqueness
of those shortcut segments in certain subfamilies, and
studies the ratio diam(C U pq)/diam(C') for any Eu-
clidean chain C. In particular, we extend here some of
his results to general graphs. To the best of our knowl-
edge, there are no other studies on shortcut sets and
so our work initiates the study of these sets in general
Euclidean graphs. We want to stress that our problem
can be viewed as a variant of the Diameter-Optimal
k-Augmentation Problem for edge-weighted geomet-
ric graphs, where one has to insert k additional edges
to a plane geometric graph in order to minimize the
diameter of the resulting graph. Even for this case in
which the endpoints of the added segments are ver-
tices of the graph, there are very few results as it is
pointed out in [2] (where other references are given).

1 An upper bound on the shortcut number

In this section, we provide an upper bound on scn(G)
by constructing, in polynomial time, an adequate
shortcut set. This leads us to show that one can al-
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ways find an optimal shortcut set.

Theorem 1 Let G be a Euclidean graph with n,
pendant vertices. Then, there exists a shortcut set for
G of cardinality at most 2| E(G)|—ny that can be com-
puted in polynomial time. Consequently, sen(G) <
2|E(G)| — n1, and moreover, this bound is tight.

Proof. (Sketch) Let u € V(G) be a vertex of degree
o0(w) = r > 2 and let ug,...,u,—1 be the set of its
neighbors sorted clockwise. Let ¢; be the line con-
taining the edge e; = wu; with ¢ € {0,...,r — 1}, and
let H ;r be the right half-space considering the positive
direction from u to u;. For each ¢, let ¢(u;) = u; (if it
exists) such that u; € H;" and u;1 ¢ H;" (where in-
dices are taken modulo r). Clearly, the angle formed
by edges e; and e; is smaller than 7, and so we can
take a segment s; intersecting all edges ey for every
k so that ¢ < k < j; Figure 1 illustrates this fact.
Further, s; shortens all paths formed by any two of
those edges, and it can be placed sufficiently close to
u in order not to increase diam(G).

u;

Figure 1: Segment s; (depicted as a thick segment)
cuts all edges e with ¢ < k < j.

In this way, we can construct a shortcut set for G of
cardinality at most Y-, ey () 5(u)>2 0(0) = 2|E(G)| —
ni. Thus, we obtain the desired bound whose equal-
ity is attained by the star S, with odd n, given by
V(Sn) = {w,ug,...;un—1}, E(G) = {uu; : 0 < i <
n—1}, and every u; placed at (cos(2%4),sin(2%4)). O

Corollary 2 Every Euclidean graph admits an opti-
mal shortcut set.

2 Euclidean graphs G with scn(G) =1

The aim of this section is to show that it is possible
to identify in polynomial time whether sen(G) = 1
and, in that case, to find an optimal shortcut set (see
Theorem 5). To do this, we first need to prove that
the diameter of a Euclidean graph G can be computed
in polynomial time. We begin with a technical lemma.

Lemma 3 Let p,q € G be an antipodal pair placed
in two different non-pendant edges, say e = uv and
e/ = u'v'. Then, there exist two different shortest p-q
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paths, say P, and P,, such that either u,u’ € P, and
v,v" € Py, or u,v' € Py and v,u’ € Py (see Figure 2).

P

Py
P

q

Figure 2: Paths P; and P, (depicted with thick edges)
containing respectively vertices u,u’ and v,v’.

Note that, in general the diameter of the Euclidean
graph is given by points that may not belong to
V(G), which entails a substantial difficulty for finding
diam(G). However, the proof of the following lemma
shows that this parameter can be computed in poly-
nomial time by only considering the distances between
elements of V(G).

Lemma 4 The diameter of a Euclidean graph with
n vertices can be computed in polynomial time.

Proof. (Sketch) For a graph G on n vertices, our aim
is to find an antipodal pair p,q € G. In a first step,
we compute the distance between any pair of vertices
of V(G). After this, we consider the case when p
(similar for g) lies on some pendant edge, say e = uv,
with §(u) =1 . We have,

d(u, vy +d(u,v") + d(v',v)
2

d(p,q) = max d(u,r) =
reu’v’
since d(u/,v') = |u'v'| (note that €' cannot be a
pendant edge since this would lead us to the case
p,q € V(G)). So, as a second step, we find all fur-
thest points to the pendant vertices of V(G) using
only the information obtained in the first step.
Finally, we assume that p and ¢ lie on two non-
pendant edges e = uwv and e’ = u'v’, respectively. To
compute d(p, q), we only need to consider the short-
est p-q paths P, and P, provided by Lemma 3, and
again the distances computed in the first step. More
precisely,

d(u,v) + d(v,v") + d(v',u) + d(u', u)
2 )

dlp.q) = min {

d(u,v) + d(v,v') + d(w',v") + d(v', u) }
’ 2

Thus, diam(G) corresponds with the maximum over
all values obtained in each step. O
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Theorem 5 For every Euclidean graph G, it is possi-
ble to determine in polynomial time whether scn(G) =
1 and, in that case, to construct an optimal shortcut
set for G.

Proof. Let us first construct two vertical lines a and
B such that G lies inside the strip that they define.
To each vertex u € V(G), we assign two horizontal
segments with an extreme in w and the other in, re-
spectively, a and 8. The set of all those horizontal
segments is denoted by H.

For a pair of edges e,€¢’ € E(G) and a line ¢ cross-
ing both of them, we define the class P(¢) as the set
of lines intersecting exactly the same segments of H
that are intersected by ¢. Thus, we have classified the
lines that cross edges e and ¢’ by this relation. Note
that a line m € P(¢) crosses e and €’ in two points,
say em,el., and these points define a segment that we
denote by s,,. Throughout this proof, we shall con-
sider P(¢) as a set of lines as well as a set of points in
segments defined by those lines. An example of the
region of the plane formed by points on segments s,
with m € P({) is depicted in Figure 3.

Figure 3: The region in grey corresponds to the points
on segments defined by P(¢) and edges e, e’.

We now show that the number of families P(¢) per
pair of edges e, ¢’ is of order O(n?). For each pair of
vertices u,v € V(G), we construct a line £,+,+ paral-
lel to segment wv leaving v and v to its left, and sat-
isfying that any other such a line closer to uv crosses
the same segments of H. In the same way, we con-
struct the lines £,+,- (leaving u to its left and v to its
right), ,,—,+ (u to its right and v to its left) and £,,— -
(both to its right). Observe that if a line ¢ intersects
a subset of segments of H then there exist vertices
u,v € V(G) such that one among the above defined
lines, say /,+,-, crosses exactly the same segments
of H, and so P(¢) = P(Ly+,-). Thus, there are four
different families of lines P(¢) associated with every
pair u,v € V(G), and so the total number of families
is of order O(n?).

On the other hand, let ¢ = wv and e = u/'v/
be two edges of G, and let P(¢) be a family of
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lines intersecting both e and e’. We define the map
fe(e’e,) :P(l) — R as fz(e’e/)(m) = diam(G U s,,). To
compute the minimum of this map, we shall see that
it is only necessary to consider segments intersecting
the border of P(¢). Indeed, let m € P(¢) be a line so
that s,, does not intersect the border of P(¢). It is
clear that at least one of the four segments depicted
in Figure 4 has image lower than s,,.

Figure 4: (a) Segments s,, and $,,, and (b) seg-
ments s, , and s, .

Finally, observe that if s,, with m € P(¥) is a short-
est segment between e and e’ going through a fixed
point p on the border of the region induced by P (),
then s, must be orthogonal to the bisector of the an-
gle formed by e and ¢/, whenever these edges are not
parallel (see Figure 5). Otherwise s, is orthogonal to
both e and ¢'.

v

7
Em

Figure 5: A shortest segment joining e and e’ inter-
secting the border of P(¢).

Therefore, in order to find the minimum of fz(e’e/)
it suffices to compute the images of the lines contain-
ing the following segments: s, and s, the two
segments orthogonal to the bisector of the angle be-
tween e and e’ (or orthogonal to both e and €’ if
they are parallel) that intersects the border of P(¢)
and are inside P(¢), and the segments inside P(¢)
containing a segment of the border of P(¢). Thus,
the line with the smallest image is the minimum of

fe(e’e/) and, by Lemma 4, this can be computed in
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polynomial time. Consequently, we can also obtain in
polynomial time the minimum value of fe(e’e/) over all
pairs e, ¢’ and classes P(¢), which is attained by a cer-
tain segment say s,,. If this minimum is smaller than
diam(G) then segment s,, forms an optimal shortcut
set for G (thereby showing that scn(G) = 1); other-
wise sen(G) > 1. O

3 Special families of graphs

Due to the hardness of computing the shortcut num-
ber, it is natural to restrict the problem to certain
graph classes. Indeed, as well as Yang studies short-
cuts of Euclidean chains in [1], we compute this pa-
rameter in Euclidean graphs generated from polygons
and embeddings of Kj.

First, we consider polygons P as Euclidean graphs
that come from planar embeddings of cycles, and pro-
vide their shortcut number.

Proposition 6 For every polygon P, the following
statements hold.

1. P does not admit a simple shortcut segment.
2. If P is convex then scn(P) = 2.

3. If P is non-convex then scn(P) = 1.

Proof. (Sketch) First, observe that if P is a convex
polygon then any segment pg with p,q € P and PN
pq = {p,q} splits P into two paths, say P; and Ps.
Thus, let p; and py be the midpoints of P; and P,
respectively (see Figure 6(a)). It is trivial to check
that p; and py remain at distance diam(P).

On the other hand, if P is non-convex then there is
some pocket given by two vertices, say u,v € P. We
consider a segment going through u and very close to v
that produces three intersection points with P: vertex
u, a point r outside the pocket, and a point r’ inside
the pocket; Figure 6(b) illustrates this situation. We
can prove that ur is a shortcut segment just checking
that for any antipodal pair p,q € P U ur there is a
shortest p-g path shortened by ur. Finally, Figure 7
shows that scn(P) < 2. O

The only non-trivial Euclidean graphs G obtained
from a planar embedding of a complete graph K,, ap-
pear for n = 3 and n = 4. Since the case n = 3 has
been already studied in Proposition 6, it only remains
to consider the case n = 4; with an analysis of the an-
tipodal points we can prove the following proposition.

Proposition 7 For any Euclidean graph G obtained
from a planar embedding of Ky, it holds that
sen(G) = 1.
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Pl

D2

(a)

Figure 6: (a) Polygons do not admit simple shortcut
segments, and (b) non-convex polygons always admit
shortcut segments.

N

Figure 7: A convex polygon and one of its shortcut
sets (depicted with thick edges).

4 Concluding remarks and open questions

We have studied shortcut sets of Euclidean graphs,
designing first a method to construct, in polynomial
time, shortcut sets of bounded size for Euclidean
graphs G that have no two antipodal vertices with
dilation 1 (which is a necessary condition to guar-
antee the existence of a shortcut set). This method
yields a tight upper bound on scn(G) that is used to
prove that G has an optimal shortcut set. We then
show that Euclidean graphs G with scn(G) = 1 can
be identified in polynomial time and, in that case, we
construct an optimal shortcut set for GG. Finally, we
have computed the shortcut number of polygons, and
all possible rectilinear embeddings of K.

It would be interesting to reduce the complexity
of the algorithm provided in the proof of Theorem 5.
Also, it is unknown if the problem of deciding whether
sen(G) =k, for fixed k > 2, is polynomial. Finally, it
would be interesting to explore the shortcut number
of Euclidean graphs generated from other classes of
graphs; for instance: trees, 2-connected outerplanar
graphs, and planar graphs with high symmetry.
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Abstract

We study the problem of connecting two points on a
polyhedral terrain with a minimum-link chain, whose
vertices lie on the terrain and whose links go above the
terrain. This kind of problem arises, e.g., in free-space
optical communication technology, when a transmis-
sion channel has to be set up between two points that
do not directly see each other. We give hardness results
for several versions of the problem.

As a by-product, we resolve the open problem men-
tioned in the handbook [1] (see Chapter 27.5, Open
problem 3) and The Open Problems Project [2] (see
Problem 22): “What is the complexity of the minimum-
link path problem in 3-space?” Our results imply that
the problem is NP-hard.

Last, but not least, we give similar results for diffuse
reflection paths (paths that are allowed to bend only
on the boundary of the domain) for two-dimensional
polygonal domains with holes. Hardness of the prob-
lem has remained an open problem, despite a large
body of work on the paths, motivated by ray tracing
in graphics applications.

Introduction

Staged illumination. Link distance is intimately re-
lated to guarding and visibility: the set of points
reachable with 1 link from a point s is exactly the
set seen by s, and more generally, the region that can
be seen from the set reachable from s with k links,
is exactly the set reachable from s with k£ + 1 links
(for any k). This simple observation forms the basis
of “staged illumination” paradigm—the predominant
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technique for finding minlink paths; see Chapters 26.4
and 27.3 in the handbook [1]. Visibility in terrains
and general 3D scenes has been studied extensively
both in theory and in practice [3-7], and it is well
understood how to compute the area (volume) visible
by one or even multiple viewpoints [8].

An intriguing open question has been to see whether

the staged illumination works in higher dimensions:
finding minlink path in 3D has been mentioned as an
open problem in the handbook [1] (Chapter 27.5, Open
problem 3) and in The Open Problems Project [2] (see
Problem 22); the earliest reference to the problem
is, perhaps, the 1993 thesis [9] (Chapter 6). In this
paper we answer the question in the negative, showing
NP-hardness of computing minimum-link paths in 3D
(even when the obstacles are just a terrain).
Diffuse reflection. In a vanilla minlink path problem
the location of vertices (bends) of the path are un-
constrained, i.e., they can occur anywhere in the free
space. In the diffuse reflection model [10-14] the bends
are restricted to occur on the boundary of the domain.
Studying this kind of paths is motivated by ray tracing
in realistic rendering of 3D scenes in graphics, as light
sources that can reach a pixel with fewer reflections
make higher contributions to intensity of the pixel [15,
16]. Despite the 3D graphics motivation, all work on
diffuse reflection has been confined to 2D polygonal
domains, where the path bends are restricted to edges
of the domain. While there is evidence that in simple
polygons the problem can be solved in polynomial
time [12, 14], the complexity of the problem in polyg-
onal domains with holes has been open [10]. In this
paper we resolve the open question: we show that the
problem is NP-hard.

1 Settings

The input to the minimum-link path problem consists
of the environment and two points, s and ¢ in it; the
goal is to connect s to ¢ by a path with minimum
number of links. We use terms links and bends for
edges and vertices of the path, saving the terms edges
and wvertices for those of the environment.

We consider various settings, which can be cate-
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FreeFlight | Crawler DiffRefl
Polygon | O(n)[17] O(n) O(n%)[14]
Full 2D | O*(n?)[18] O(n) NP-hard
Terrain o(1) NP-hard | NP-hard
Full 3D NP-hard | NP-hard | NP-hard

Table 1: Complexity of minimum-link path in the different
environments and path types. Polynomial results are known or
trivial; hardness results are from this work.

gorized by two aspects. Firstly, the environment in
which we work can be, in order of increasing complex-
ity, a simple polygon in 2D, a general 2D polygonal
domain, a 3D terrain (zy-monotone surface), or a full
3D scene. Secondly, our minimum-link-path may be
allowed to go anywhere in the domain (free flight), to
stay on the boundary of the domain (crawler), or have
its bends on the boundary while allowing the links to
go anywhere in the domain (diffuse reflection). We
now survey these settings in more detail.

Environments One classical distinction between
working setups in 2D is simple polygons vs. polygonal
domains (polygons with holes). For many geometric
problems, more efficient algorithms are possible in
simple polygons. Similarly, terrains are an important
special case of full 3D scenes.

A common assumption in work on 3D scenes is that
faces of the environment are triangles. For shortest
paths planning and some other applications such an
assumption can be made w.l.o.g., since all faces can
be triangulated in linear time and adjacent coplanar
triangles can be perturbed to break the coplanarity—
this will not change the answer to the problem. On
the contrary, for link distance computation (as well as,
e.g., for visibility) coplanarity breaking may be fatal:
we allow (and in some versions actually require) the
links to stay on the surface of a face and span multiple
coplanar triangles with a single link. Therefore in
our problem formulation we will assume that faces
are triangles, but allow degenerate inputs in which
adjacent triangles may be coplanar. Similarly, for the
diffuse reflection path problem in a 2D domain, we will
assume that the domain is triangulated. Note that in
the 2D setting, the restriction to bend on the domain
boundary is equivalent to the restriction to bend on
the domain edges (in diffuse reflection studies it is
assumed that no reflection happens from the vertices

[10]).

Path types We consider three different versions of
minimum-link paths, depending on where the links
and bends of the paths are allowed to be.

FreeFlight: The path may go anywhere through the
free space in the environment. This model is standard
for 2D path planning, as well as some applications in
3D.
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Crawler: The path must stay on the boundary of
the environment. This model is the standard for path
planning on polyhedral surfaces or terrains. For full
3D scenes this model makes sense only if there is a
single 3D obstacle, in which case it reduces to the case
of a single polyhedral surface. In 2D scenes, the path
is fully determined.

DiffuseReflection: The path’s vertices (bends) must
belong to the environment boundary, but the path’s
edges (links) may go anywhere through the free space.
This model is motivated from diffuse reflection.

The different environments and path types can be
combined into many different problems, some of which
are trivial. Table 1 shows an overview of the possible
combinations.

For minimum-link paths, O(n)-time algorithms are
known for simple polygons in the realRAM model
(standard in computational geometry) [17, 19], the bit
complexity of the path’s vertices may be quadratic [20].
For polygonal domains with holes the fastest known
algorithm for minlink path runs in nearly quadratic
time [18], which may be close to optimal due to 3SUM-
hardness of the problem [21]. The Crawler model
in 2D comes down to following the boundary of the
domain, which is silly and can be done in linear time.

The state-of-the-art of link distance problems in
3D is much duller: complexity of no version has been
known before. For FreeFlight paths on terrains, the
problem is not interesting: any two points can be
connected via a path with just a single bend. In this
paper, we show that all other versions are NP-hard.

2 Hardness

We prove that all versions, defined above, of minlink
problems in 3D are NP-hard. We worked out a single
reduction idea that works for all the problems, and we
believe the idea can work to give hardness results for
other problems as well: as a demonstration, we apply
it to prove the NP-hardness of the diffuse reflection
path problem in 2D polygonal domains with holes.
We reduce from the 2-Partition problem: Given a set
of integers A = {ay,...,an}, is there a subset A’ C A
whose sum is equal to half the sum of all numbers. One
feature of our hardness proof is that essentially the
same reduction works for all our problems, including
the 2D diffuse reflection path. For concreteness we
present the reduction for Terrain-Crawler-e (path must
stay on the terrain and bend only on edges); the
modifications for the other problems are given next.
The terrain in the reduction consists of a creased
rectangle, on which fences, with two slits in each fence,
are installed between consecutive creases; the rectan-
gle does not depend on the instance of 2-Partition,
while the fences do (more precisely, the location of
one of the slits in each fence is instance-dependent)—
see Figure 1 for the overall construction. All creases
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Figure 1: The first 6 creases; the important creases are dashed.
The locations on ¢; that are reachable with 2i—1 links correspond
to sums formed by all possible subsets of {a1,...,a;}. The
flipped-over numbers on intermediate creases are just labels
(not coordinates of the points) showing the positions from which
the corresponding locations on the following important creases
are obtained by mirroring in the slits (the labels are flipped to
emphasize that they are mirror images). Bottom left corner
shows the view of our construction from the top when the
creased rectangle is unfolded (i.e., creases are straightened).
The important and intermediate creases are dashed and dotted
resp. For the fences, only their top ridges are shown (blue).

are parallel to two sides, ¢y and ¢,,, of the creased
rectangle; abusing the notation, ¢; and /¢, are also
called creases (they can be turned into real creases by
attaching an extra rectangular piece to each of £y, 4,,).
Overall there are 2m creases, and the even creases
are named ¢1,03,...,0y; we call them (and the first
crease, {o) the important creases. The other creases,

1, o 0, are called intermediate. We envision
that each of the important creases is a real line, and
that the Os on all important creases are aligned; in par-
ticular, by location of point p on an important crease
we will understand the (signed) distance from 0 to p
(i.e., the coordinate of p on the crease). The points s
and t are put on the creases ¢y and ¢, at locations 0
and > a;/2 resp.

Fences run parallel to the creases, exactly in the
middle of the face between the consecutive creases.
Any fence is just a wall of small height (the reason for
making the height small is to make sure that the path
would not benefit from jumping onto fences—this is
important in other versions). The two slits on the fence
between creases £;_1 and ¢;_, correspond to values 0
and a;. And the two slits on the fence between creases
£}, and ¢; restores the order of locations between £;_,
and ¢; (see Figure 1).

Starting from a point at any location a on an im-
portant crease ¢;_1, one can reach the same location
a on the important crease ¢; in 2 links (straddling
through the 0-slits in the two fences that separate the
creases), or the location a + a; (going through the
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a;-slits). Reaching any other point b # a or a + a;
on {; requires more than 2 links since any path must
bend on every crease.

To avoid leakage from 0-slits to a;-slits (or back) be-
tween consecutive important creases, additional fences,
serving as curtains, are installed perpendicularly to
the fences, between the slits, in faces between creases
¢,_, and ¢;. This way, in order to reach ¢; from ¢;_1,
any path must either use the two 0-slits in the fences
between the creases (which brings the path to the
same location and corresponds to not taking a; into
the subset) or use the two a;-slits (which shifts the
location by a; and corresponds to picking a; to the
subset). Overall our construction possesses the fol-
lowing crucial property: the locations on the crease
¢; that can be reached from s with 27 — 1 links are
exactly the sums of all possible subsets of the first 4
numbers in A. In particular, ¢, the point at location
> a;/2 on ¢, can be reached with 2m — 1 links iff the
instance of 2-Partition is feasible.

Theorem 1 Terrain-Crawler-e is NP-hard.

Our reduction directly works to show hardness also
of Terrain-Crawler (path must stay on the terrain but
can bend anywhere), Terrain-DiffRefl (path can go
anywhere through the free space but can bend only on
the surface of the terrain) and Terrain-DiffRefl-e (path
can go anywhere through the free space but can bend
only on the edges of the terrain) because bending in
the interior of faces and/or lifting the links from the
terrain surface does not reduce link distance between s
and t (to make jumping onto the fences useless, make
the fences low in height, so that fences situated on
different faces of the creased rectangle do not see each
other). The 3D versions are more general than the
terrain ones; to see this put a copy of the terrain,
without the fences, slightly above the original terrain
(so that the only free space is the thin layer between
the terrains): if the layer is thin enough, the ability
to take off from the terrain does not help decreasing
the link distance from s to t.

Corollary 2 All versions of the minlink problem in
3D settings defined in Section 1 are NP-hard.

Diffuse reflection in 2D. We can “flatten” our con-
struction and turn the faces of the creased rectangle
into “corridors”, while turning the creases into edges
of a “zigzag” polygon; the fences are turned into ob-
stacles within the corresponding corridors, and slits
remain slits—the only free space through which it is
possible to go with one link between the edges that
correspond to consecutive creases of the terrain (Fig-
ure 2). This retains the crucial property of our terrain
construction: locations reachable with fewest links
on the edges correspond to sums of numbers in the
subsets of A.
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Figure 2: There exists an s-t diffuse reflection path with 2m—1
links iff 2-Partition instance is feasible.

Theorem 3 The Diffuse reflection path problem in a
2D polygonal domain with holes is NP-hard.

Overall our reduction bears resemblance to the clas-
sical path encoding scheme [22] used to prove hardness
of 3D shortest path and other path planning problems,
as we also repeatedly double the number of path homo-
topy types; however, since we reduce from 2-Partition
(and not from 3SAT, as is common with path encod-
ing), our proof(s) are much less involved than a typical
path-encoding one.
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Abstract

We study the Og-hull of a planar point set, a gene-
ralization of the Orthogonal Convex Hull where the
coordinate axes form an angle 8. Given a set P of
n points in the plane, we describe algorithms to:
(4) maintain the Og-hull of P while 8 runs from 0
to m, (i1) maximize the area/ perimeter of the Og-hull
of P, (4ii) achieve the best fitting to P of a two-joint
polygonal chain with alternate interior angle 3, and
(7v) compute a monochromatic Og-hull in a bi-colored
point set. All our algorithms run in O(nlogn) time
and O(n) space.

Introduction

Let O be a set of two lines with slopes 0 and tan(g),
where 0 < < 7. A region in the plane is said to
be Og-convez, if its intersections with all translations
of any line in Op are either empty or connected. An
Og-quadrant is a translation of one of the (Og-convex)
open regions that result from subtracting the elements
of Og from the plane. We refer to this quadrants as
top-right, top-left, bottom-right, and bottom-left, ac-
cording to their position around the common point of
the lines in Og.

Let P be a set of n points in the plane. We assume
P to have no three collinear points, and no pair of
points over an horizontal line. Let O be the set of
all Og-quadrants that are P-free, i.e., that contain no
points from P. The Og-hull of P is the set

OgH(P)=R*— | Jq

qeQ
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Figure 1: (a) The set Og. (b) The Og-hull of P.

of points in the plane contained in all connected Og-
convex supersets of P [5, 1]. See Figure 1.

In this paper, we show how to maintain OgH (P)
while 8 changes in (0,7), and apply this result to
solve three related computational problems. All our
algorithms run in O(nlogn) time and O(n) space. We
will omit some details because of the lack of space. For
a comprehensive background on Og-convexity please
refer to Fink et at. [4]. A recent related computational
problem can be found in Alegria et al. [1].

1 Computing and maintaining OgH(P)

Let R be the region obtained by removing from the
plane all P-free top-right Og-quadrants. The top-
right Og-staircase of P is the directed polygonal chain
formed by the segment of the boundary of R that
starts at the rightmost and ends at the topmost vertez
(element of P that lies over the boundary) of OgH(P),
with respect to the coordinate system defined by the
lines in Og. We further define the top-left, bottom-left,
and bottom-right Og-staircases in a similar way. The
Op-hull of P is disconnected when the intersection of
two opposite (top-right and bottom-left, or top-left
and bottom-right) Og-staircases is not empty. We re-
fer to each region bounded by their intersection as
an overlapping region. See the regions bounded by
dashed lines in Figure 1(b).
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Pi-1

Figure 2: Segment of the top-right Og-staircase before
(81), at (B2 = a1), and after (83) a deletion event.

We specify OgH(P) in terms of its sets of vertices
and overlapping regions. While 3 goes from 0 to 7, we
recognize four types of events that modify those sets.
An insertion (resp. deletion) event occurs when a
vertex joins (resp. leaves) an Og-staircase. At overlap
(resp. release) events, an overlapping region is created
(resp. destroyed). For a fixed value of 8, we can
compute the sets of vertices and overlapping regions
in ©(nlogn) time and O(n) space [5]. We show next
how to maintain those sets while 8 changes.

1.1 Computing vertex events

Let {p1,...,pn} be the elements of P labeled in as-
cending vertical order, and a(P) = {a1,...,an_1}
the set of angles such that, the slope of the line
through p; and p;y; equals to tan(a;). For a small
enough initial value of 3, every point in P is the apex
of a top-right and a bottom-left P-free Og-quadrants.
Note that, while § approaches to m, the first point
that stops being the apex of a P-free top-right Og-
quadrant, is the one corresponding to the smallest «;
(see Figure 2). To compute the next deletion event,
we must remove «; from a(P), update o;_1 to the an-
gle where the slope of the line through p;_1 and p; 1
equals tan(«;_1), and obtain the new smallest element
in a(P). A recursive repetition of this computation
allows us to obtain all deletion events corresponding
to top-right Og-quadrants.

Note there is a linear number of insertion/deletion
events and therefore, if we store P in a balanced
search tree ordered according to the y-axis and «(P)
in a priority queue, we require O(nlogn) time and
O(n) space to compute all events associated to top-
right Og-quadrants. Considering the angles shown in
Figure 3, a similar algorithm can be used to obtain the
corresponding events for the remaining Os-staircases
in the same time/space.

1.2 Computing overlap events

For a small enough initial value of 3, consecutive
points of P in the y-coordinate order define a very
large overlap, whose area will decrease until reaching
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Figure 3: The event angles corresponding to the four
Op-staircases for the point p; € P.

zero when the corresponding opposite wedges cease to
intersect. To compute the release event, we need to
maintain the current pairs of points which define the
opposite wedges determining the overlap, updating
them as in Figure 2, and focusing on the two points
on rays with the direction of the non-horizontal line
in Op (see Figure 5). The overlap finishes when j
reaches the angle v between the horizontal and the
line through those two points. The cost of this up-
date is constant, once we know which point is to be
changed. Nevertheless, we also need: (i) To main-
tain the list of the angles ~ for all the current over-
laps and, (#) To compute the minimum of this list
(the next release event). These updates require at
most O(logn) time per each insertion/deletion event,
for each time such an overlap-event occurs. Since the
number of these overlap-events is linear, the total cost
is O(nlogn) time. Standard techniques [6] allow us
to obtain the boundary of OgH(P) in O(nlogn) time
and O(n) space. This time complexity is optimal since
the vertices of the convex hull of P can be obtained,
in linear time, from those of OgH(P).

Theorem 1 The sets of vertices, overlapping regions,
edges, connected components, and points in the inte-
rior of OgH(P) can be maintained in ©(nlogn) time
and O(n) space for all 8 € (0, ).

2 Area and perimeter maximization

Let {B1,...,B0o)} be the sequence of events, ordered
by appearance while 3 goes from 0 to 7. Following the
lines of Bae et al. [2], we express the area of OgH(P)

for any 8 € [5;, Bi+1) as
area(P(ﬁ))—Zarea(Ai(B))—i—Zarea(ﬂj(ﬂ)), (1)

where P(3) is the polygon obtained by joining coun-
terclockwise consecutive vertices of OgH(P), L;(5)
is the ith triangle bounded by a line segment and a
segment of an Og-staircase both joining consecutive
vertices in it, and /7;(5) is the jth overlapping re-
gion defined by the intersection of two opposite Os-
staircases (see Figure 6). Our general approach is to
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Figure 4: The polygon P(f) in dotted lines, the area
of OgH(P) in light brown, and a triangle and two
overlapping regions in blue.

maintain the terms of Equation (1) during a complete
angular sweep. We first compute the optimal value of
B for [81, B2), and then traverse the event sequence up-
dating the affected terms at each event. At the same
time, we compute the local angle of maximum area
at each [B;, Bi+1), and keep the local optimal angle if
the maximum area is improved.

The polygon. At any fixed value of 3, the area of
P(B) can be obtained from the vertices of OgH(P)
in linear time, so it is only modified by insertion and
deletion events. Each event can be handled in con-

stant time: the area of a triangle needs to be added
(deletion event) or subtracted (insertion event) from
the previous value of area(P(8)). See Figure 5.

Figure 5: (a) Before the first release event, the top-
right bottom-left Og-staircases are formed by all the
points of P, and the top-left and bottom-right Og-
staircases are equal to ps and pq, respectively. (b) Af-
ter the first release event, ps and ps leave respectively,
the top-right and bottom-left Og-staircases.

The triangles. If we consider a top-right Og-
staircase (Figure 6(a)), the area of A;(3) is given by

[(2i = 2ip1) (Wirr — i) + (Y1 — yi) cot(B)] .
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The term ), area(A;(f)) is impacted by insertion
and deletion events. At a deletion event two triangles
are removed and one triangle is added. The converse
occurs for insertion events.
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Figure 6: (a) The triangle A;(8) on the top-right /-
staircase. (b) The parallelogram /7;(53) between the
top-right and bottom-left S-staircases.

The overlapping regions. Overlapping regions are
bounded by parallelograms with sides parallel to the
lines in Og. If we consider top-right and bottom-left
intersecting Og-staircases (Figure 6(b)), the area of
an overlapping region is given by

|(@ht1 —2iv1) (ke — Yi) + (Yr+1 — Yir1) (Yk — yi) cot(B)].

The term ), area(Z/;(5)) is impacted by all types
of events. Overlap and release events require a sin-
gle overlapping region to be added or deleted. For
insertion and deletion events, at most two new over-
laps are created, or destroyed. As [ increases from 0
to m, overlaps between top-left and bottom-right Os-
staircases arise after the overlaps between the top-
right and the bottom-left Og-staircases. Therefore,
we can process them independently.

To maintain the perimeter it is sufficient to main-
tain the four Og-staircases and the set of overlapping
region. Thus, the discussion above leads to the fol-
lowing result.

Theorem 2 The value(s) of § for which OgH(P)
has maximum area or perimeter can be obtained in
O(nlogn) time and O(n) space.

3 The oriented (2, 3)-fitting problem

For k > 1, 8 € [0,7), and 8 € (0,m), a (k,[3)-
polygonal chain with orientation 0, Cy (), is a chain
with 2k — 1 consecutive alternating links with slopes
tan(#) and tan(6+ B), such that the extreme links are
half-lines with slope tan(f). The (k, 38)-fitting problem
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for P with the Min-Maz criterion, consists on finding
a chain Cy, g(6) with minimum error tolerance

1(Cr,p(0), P) = max dg(pi,Cr,p(0)),

p,EP

where dy(p;,Cr,5(0)) is the minimum distance be-
tween Cy, 5(0) and p;, along a line with slope tan(6+3)
(Figure 7). We consider here the case where 6 = 0,
and we want to find the chain Cz () of optimal error
tolerance.

Figure 7: OgH(P) and the polygonal chain Cs g.

In [3] the Oz-hull of P is used as a tool to solve
the (2, 5 )-fitting problem in O(logn) time for a fixed
value of 6, inside a closed orientation interval [0;, ;41].
An event sequence of a linear number of orientation
intervals is created to maintain Oz H(P) as 0 changes
from 0 to 27. In our problem we can follow exactly the
same techniques. We refer the reader to reference [3]
to see the evident changes coming from the use of a
different structure. More concretely, Oz H(P) is re-
placed by OgH(P), which needs also a linear num-
ber of interval events [, B;+1] to be maintained, and
where the angular sweep is done over 8. Thus, Lem-
mas 3 and 4 in [3] can now be stated as follows:

(i) Given a value B8 € [Bi, Bit1], an optimal solution
of the (2, 8)-fitting problem for [ is defined by
a line £; 3 with slope tan(B) passing through a
point p; of P which gives the bipartition of P.

The optimal solution of the (2, B)-fitting problem
for an interval event [B;, Bit1] occurs either at
an endpoint of the interval, i.e., at B; or Pit1,
or at a value By € [Bi,Bir1] when the left and
right error tolerance are equal.

Following the maintenance of OgH(P), the prob-
lem is thus solved as follows: (i) compute OgH(P)
and the optimal error tolerance for the first interval
between events, (i) traverse the event sequence, ob-
taining the optimal error tolerance at each interval
between events, and (#74) update the previous solu-
tion if it is improved.
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Theorem 3 The (2, 3)-fitting problem can be solved
in O(nlogn) time and O(n) space.

4 Computing a monochromatic Og-hull

Here we consider P = RU B with RN B = (), and
solve the problem of computing the interval(s) of j
where OgH(B)N R = 0.

Note that a point in P is a vertex of OgH(P) if,
and only if, it is the apex of at least one P-free Ogs-
quadrant. Conversely, a point in the plane lies in the
interior of OgH(P) if, and only if, every Og-quadrant
with apex on that point contains at least one element
of P. As OgH(P) is a closed region, these observa-
tions lead to the following lemma.

Lemma 4 The Og-hull of B contains no points of R
if, and only if, every element in R is the apex of at
least one B-free Og-quadrant.

In the algorithm to compute the vertex events de-
scribed in Section 1.1, we are interested in deletion
events generated by pairs p;, p;+1 where p; is red and
pi+1 is blue, as they mark the angles where a red
point is leaving or joining OgH(B). While traversing
the event list, we can obtain the (possibly empty) set
of angular intervals where OgH(B) contains no points
from R, by keeping track of the number of red points
contained in OgH(B). From Theorem 1 we get the
following result.

Theorem 5 The interval(s) of 5 € (0,7) where
OpH(B)NR = 0 can be computed in O(nlogn) time
and O(n) space.
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Abstract

Given a set S = {Ry, Ra, ..., Ra,} of 2n disjoint open
regions in the plane, we examine the problem of com-
puting a non-crossing perfect region-matching: a perfect
matching on S that is realized by a set of non-crossing line
segments, with the segments disjoint from the regions. We
study the complexity of this problem, showing that, in gen-
eral, it is NP-hard. We also show that a perfect matching
always exists and can be computed in polynomial time if
the regions are unit (or more generally, nearly equal-size)
disks or squares. We also consider the bipartite version of
the problem in which there are n red regions and n blue
regions; in this case, the problem is NP-hard even for unit
disk (or unit square) regions.

1 Introduction

We consider a natural geometric matching problem on pla-
nar regions. Given a set S = {R1, Ra,...,Ro,} of 2n
disjoint regions in the plane, we examine the problem of
computing a non-crossing perfect region-matching: de-
termine whether there exists a set of n pairs of regions,
{(Pla Ql)’ (P27 QQ)v R (an Qn)}’ of S (P, Qi € 5)
such that there exist non-crossing (disjoint interiors) line
segments, p;q;, that realize the matching, with p; € P,
q; € Q;, and p;q; disjoint from the interiors of the regions
of S (i.e., the regions of S are obstacles through which the
edges of the matching are not allowed to pass).

Related Work. This problem is related to two problems
posed by Ferran Hurtado at his Barcelona workshops.
First, Aloupis et al. [4] considered the problem of real-
izing a given matching (i.e., with a pairing of the regions
specified) by a set of non-crossing line segments connect-
ing each pair of regions in the matching. They particularly
studied the problem in which one region of each given pair
is a single point, while the other region is either a discrete
point set or a line segment, possibly in a special config-
uration. The bottleneck version of this problem has been
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studied by Abu-Affas et al. [3].

Second, Abrego etal. [1, 2] studied a variant of geomet-
ric matching, called C-matching, in which a set .S of points
are to be matched using regions of a specified type (e.g.,
squares) from a set C; the regions serve as the “edges” of
the C-matching. In a perfect C-matching, each point of .S
lies in exactly one of the |S|/2 regions of the C-matching,
and each such region contains exactly two points of S. If
the regions are pairwise-disjoint, the matching is strong.

Preliminaries. We are given aset S = {Ry,...,Ro,}
of 2n disjoint (open) regions; most of our attention is fo-
cused on the case of regions that are circular disks or axis-
aligned squares. The complement, &2 \ (U; R;) of the set
of regions is a (closed) connected set, which we call the
free space. Consider the region visibility graph, G, whose
nodes are the regions S and whose edges E correspond to
pairs of regions, R; and R;, that are weakly visible, mean-
ing that there exist points p; € dR; and p; € OR; such
that the line segment p;p; lies fully within the free space.
A set of line segments is a non-crossing matching for S
if the segments all lie within the free space, are pairwise
non-crossing (no point lies in the relative interior of two
distinct segments), and there is a matching in the graph G
for which the segments are a geometric realization. Note
that even if the graph G on S has a perfect matching, it
may not be possible to realize it with non-crossing line
segments; see Figure 1(a), where the only realization by
straight segments of a perfect matching on the set of small
and large squares results in two edges crossing in the mid-
dle of the figure. In Figure 1(b), we show a simple case of
circular regions (small and large) for which the graph G is
a star (so only one pair of regions can be matched).

Our Results. We prove that determining whether a non-
crossing perfect matching exists is NP-complete for dis-
joint regions that are squares or disks, not all the same
size. In contrast, we prove that if the regions are (dis-
joint) unit disks/squares, a non-crossing perfect matching
always exists and can be computed efficiently. If the re-
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[
(a) While the graph G has a per-
fect matching, it has no realiza-
tion with non-crossing straight
segments.

(b) The graph G
is a star; at most
two regions can be
matched.

Figure 1: Examples.

gions are disks/squares with a bounded ratio of largest to
smallest, then one can always find a non-crossing match-
ing that matches a constant fraction of the input regions.
We also consider the bipartite case, in which the input is n
“red” regions and n “blue” regions; we prove that it is NP-
complete to decide whether there is a non-crossing perfect
bipartite matching for unit disks/squares.

2 Hardness

Theorem 1 Given a set S of 2n disjoint disks or axis-
aligned squares in the plane, deciding whether there exists
a non-crossing perfect matching on S is NP-complete.

Proof. [Sketch] Our reduction is from Planar Exactly-1-
in-3-SAT. We focus on the case of axis-aligned squares. In
Figures 3, 4, 2 we show some of the gadgets; not shown
are the (polynomially) numerous “blockers”, which fill the
space around the squares and red/blue edges shown, mak-
ing it so that the only edges possible to consider for the
matching are (essentially) those red/blue edges shown, as
there are no other combinatorially distinct free-space con-
necting segments between pairs of squares. Gadgets for
blockers are shown in Figure 2 (both for squares and cir-
cular disks). A blocker is designed in such a way that the
only way to pair up the objects in the blocker is to make
internal connections that leave the outer bounding objects
unavailable for matching.

In the variable gadget of Figure 3(a), using the red (ver-
tical) edges corresponds to setting the variable to True,
while using the blue (horizontal) edges corresponds to set-
ting the variable to False. Once we commit to the type
of edge (red or blue) matching to the square labelled v;,
we are commited to this choice along the “variable chain”.
Figure 3(b) shows a splitting gadget that allows the sig-
nal from a variable to be split, so that it can propagate to
multiple different clauses. Figure 4 shows three variable
chains connecting to a clause gadget (a single square). In
a solved configuration, one of the dashed blue edges and
one of the dashed red edges will be active, depending on
which unique variable is true. We claim that there is a
non-crossing perfect matching if and only if it is possi-
ble to satisfy all clauses using exactly one true literal per
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(a) Blocker using squares.

(b) Blocker using circular disks.

Figure 2: Blocker gadgets.

false

(b) Split gadget.

(a) Variable gadget.

Figure 3: Variable gadgets used in the proof of Theorem 1.

clause. Further, we claim that the entire construction uses
a polynomial number of squares. O

3 Matching Unit Disks and Squares

Theorem 2 Given a set S = {Ry,...,Ro,} of 2n dis-
Jjoint unit-radius disks or axis-aligned unit squares in the
plane, there is always a non-crossing perfect matching on
S, and it can be computed in polynomial time.

Proof. For disks R;, we construct the Euclidean Delaunay
triangulation of the disk centers, p;, in time O(nlogn).
We know, from Dillencourt [5], that there is a perfect
matching in the Delaunay triangulation. We match pairs
of disks according to this matching. We then realize the
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Figure 4: Clause gadget, bringing together three variables.

(b) Square regions.

(a) Circular regions.

Figure 5: Proof of Theorem 2.

connections as follows (see Figure 5(a)): for a Delau-
nay edge (p;, p;), with corresponding witness circle C; ;
(which passes through p; and p; and has no other cen-
ter points interior to it), centered at ¢; j, we connect point
p; € OR; to the point p; € OR;, where pj (resp., p’;) is the
“shifted” point on the segment p;c; ; at distance 1 from p;
(resp., on the segment p;c; ; at distance 1 from p;). Then,
the circle C7 ; centered at ¢; ;j of radius 1 less than the ra-
dius of C; ; has an interior disjoint from all other unit disks
Ry, of S (since Cj ; is empty of unit disk centers, and the
radius of C; ; is 1 less than that of C; ;). Thus, the segment
p;p;-, which lies within C’L ;» does not intersect any other
unit disk. Further, the segments p;p’; obtained from De-
launay edges in this way are pairwise non-crossing, since
each such segment has a corresponding witness circle C;) s
whose interior contains no other shifted points p;. Thus,
we have obtained a non-crossing perfect matching on the
set S of unit disks.

For squares, we construct the L., Delaunay triangula-
tion of the centers of the regions S. We know that the
Delaunay triangulation has a perfect matching (in fact, it
also has a Hamiltonian path; one simple proof is given in
[2]). We match pairs of squares according to such a match-
ing/path. We then realize the connections as shown in Fig-
ure 5(b). [l

Theorem 3 Computing a non-crossing perfect matching
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on 2n unit disks or axis-aligned unit squares has an
Q(nlogn) lower bound in the algebraic decision tree
model.

Proof. Our reduction is from sorting. Given n distinct in-
tegers {xh X9, ..., xn} that are to be sorted, we create an
instance of region matching on a set of 2n — 2 disjoint
small squares, each of side length 1/4, centered on the
points x; ., x; ,and x; = 1/4, for i # imin, imazs
along the z-axis. Here, z;,,,, = min;x; = =, and
Zi, ., = max;xr; = X, are the smallest and largest of
the input integers, whose sorted sequence (unknown to us)
is given by the permutation 7: (Zxy, Zryy-- ., Zx, ). (The
values x; , andx;  areeasily computed intime O(n).)
For this set of disjoint squares, the only non-crossing per-
fect matching is that which joins the square centered at
x;,,,, with the square centered at x,, — 1/4, the square
centered at ., +1/4 with the square centered at z, —1/4,
etc. Thus, the result of the matching (which square is
matched to which square) determines the sorted order of
the input z;. g

Note that if the radii of the regions (disks) can be ar-
bitrary, then it may not be possible to match more than a
single pair of regions; see Figure 1(b). It is interesting to
consider for what ratio of large to small radius can we say
that a perfect matching always exists. For any arrangement
of disks, let 1,4, (r€sp., rmqn) denote the radius of the
largest (resp., smallest) disk/square. Let p = Tmaz/Tmin
be the ratio of the size of the largest to smallest object.
One natural question is whether there is a critical ratio pg
for squares or p}, for disks, respectively, so that a non-
crossing matching exists for any ratio p < p7, or p < p¥g,
but not for p > p},, p > pg. Asitfollows from Theorem 2
that there is a non-crossing matching whenever p = 1, the
existence of p7, and p would follow from a monotonicity
property. The examples in Figure 6 show that (assuming
existence) p}, < 3 for disjoint disks, and p¥ < 1/¢ for
disjoint squares, where ¢ = 0.618. .. is the Golden Ratio.

f
X
I

R N

~— X —

Figure 6: Lower bounds for the critical ratio: Examples
for which no non-crossing perfect matchings exist.

We now consider the question of achieving a matching
(with non-crossing edges) of at least a certain fraction of
the input regions.

Theorem 4 If 7,0 /Tmin < C, then there always exists
a non-crossing matching of Q(n/C') pairs.
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Proof. [Sketch] We shrink disks to r,,;, and do a non-
crossing matching on the equal-radius disks. Then, we
argue that no original (larger) disk can block more than
O(C) of the matched edges. O

4 Bipartite Matchings

Theorem 5 Given a set S of 2n disjoint axis-aligned unit
squares in the plane, n of them “red” and n of them
“blue”, deciding whether there exists a non-crossing per-
fect bipartite matching between red and blue squares is
NP-complete.

Proof. [Sketch] We reduce from planar Constraint Graph
Satisfaction [6]: given a planar graph with edge weights
of 1 (denoted red) or 2 (denoted blue), where each ver-
tex is red-red-blue (called AND) or blue-blue-blue (called
OR), decide whether there is an orientation such that ev-
ery vertex has a total incoming weight of at least 2. Given
such a graph, we embed it orthogonally in a grid, and re-
place each AND vertex, each OR vertex, and each turn with
Figures 7a, 8a, and 9a, respectively. Dashed lines denote
candidate matching connections; all other connections are
suitably blocked by a bipartite unit-square blocker (details
appear in the full paper). Figures 7, 8, and 9 show all
valid solutions of these gadgets. Each 6-cycle forces the
contained two points to either both match into this gadget
(representing an outgoing edge in the orientation) or into
the adjacent gadget (representing an incoming edge in the
orientation). In the AND and OR gadgets we view the hori-
zontal edges to the widget as inputs and the vertical edges
from it as an output; we call an input active if it is incom-
ing, and call an output active if it is outgoing. The central
points force the appropriate behavior by blocking certain
connections. U

2 " ©
8 9
B &
o-8--0 o-a-a
("]
B B
e a- (b) 2 inputs inactive
(a) Gadget = output inactive.

(c) 1 input active (d) 2 inputs active, (e) 2 inputs active,

= output inactive. output inactive. output active.

Figure 7: Constraint-graph AND vertex.
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o
&-0-8 (b) No inputs active, forc-
(a) Gadget ing output inactive.

(c) One input active, (d) One input active,
output inactive. output active.

(e) Two inputs active,
output inactive.

(f) 2 inputs active,

output active.

Figure 8: Constraint-graph OR vertex.
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Figure 9: Constraint-graph 90° turn.
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Abstract

We describe an O(n®) time algorithm for deciding
whether a good drawing of the complete graph K,
given in terms of its rotation system, can be re-drawn
using only z-monotone arcs.

Introduction

In this paper we investigate x-monotone drawings of
complete graphs. We recall that a drawing of a graph
is x-monotone if each vertical line intersects each edge
at most once. We are interested in good drawings of
the complete graphs K,,. We recall that in a good
drawing of a graph no two edges share more than
one point (either a common end vertex or a cross-
ing) and no edge crosses itself (this last condition is
obviously satisfied in every z-monotone drawing). An
important motivation to focus the attention on good
drawings is that every crossing-minimal (in the usual
definition of crossing number) drawing of a graph is
good.

Besides their natural aesthetic appeal, z-monotone
drawings provide a nice generalization of rectilinear
and pseudolinear (see Section 3) drawings. Very little
seems to be known about this natural class of draw-
ings. Pach and Téth proved in [4] two Hanani-Tutte
type theorems for (arbitrary, not necessarily good) z-
monotone drawings; their results were later strength-
ened by Fulek et al. in [3]. Pach and Téth also showed
that, in sharp contrast with the behavior of the recti-
linear and the pseudolinear crossing numbers, which
cannot be bounded from above by any function of the
usual crossing number, the z-monotone crossing num-
ber of a graph is at most twice the square of its usual
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crossing number [5].

It is natural to ask what is the complexity of veri-
fying if a given drawing of a graph is equivalent to
an z-monotone drawing (that is, if there is a self-
homeomorphism of the sphere and a stereographic
projection that takes the original drawing into an x-
monotone drawing). We call such a drawing mono-
tone. For monotone drawings of K,, tight lower
bounds on the crossing number are known [1, 2]. The
only algorithmic question related to monotone draw-
ings that we are aware of was settled in [3], where an
O(n?) algorithm is given that tests whether a graph
with given z-coordinates assigned to the vertices has
an z-monotone embedding (respecting the given z-
coordinates).

Here we adopt the broader point of view that we
are given the rotation system of the drawing (as op-
posed to, say, its cell structure). We recall that in a
given drawing, the rotation at a vertex is the clock-
wise ordering of edges at that vertex, and that the
rotation system is the collection of rotations at its ver-
tices. We investigate the question of whether, given
a rotation system that corresponds to a good draw-
ing of K, there exists a monotone drawing of K,
with the same rotation system (i.e., the drawings are
weakly isomorphic). We show (see Theorem 5) that
there is a polynomial-time algorithm that settles this
decision problem.

A major tool in our algorithm is a variation of a
characterization of monotonicity by Balko, Fulek, and
Kynél [2, Lemma 4.8] (see Theorem 2). The algorithm
can be easily modified to test whether a given good
drawing is weakly isomorphic to a 2-page book draw-
ing (see Corollary 7). Finally, we briefly discuss in
Section 3 a related result on characterizing pseudolin-
ear drawings of complete graphs.

1 A different characterization of monotonicity

For a drawing D of K, let S = (v1,...,vs) be a se-
quence of its vertices. For 1 <17 < j < s, we denote
with D(S,14,7) the drawing obtained from D by re-
moving vi,...,Vi—1,Vj+1,...,Vs. If D is seen as a
subset of the plane, then a cell of D is a connected
component of R?\ D.
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Definition 1 (Abrego et al. [1]) A drawing D of
K, is s-shellable if there exists a sequence S
(v1,...,vs) of vertices and a cell C' of D with the fol-
lowing property: for all 1 < i < j < s, the vertices v;
and v; are on the boundary of the region of D(S, 1, j)
that contains C'. The sequence S is an s-shelling of D
witnessed by C.

Definition 2 Let D be a drawing of K,. We say
that a sequence of vertices (v1,...,vs) iS a partial
shelling sequence from vy to vy if there is a cell C' of
D such that for all 1 < i < s, v; is incident to the cell
of D(S,i,s) that contains C. Similarly, we say that
(v1,...,vs) is a partial shelling sequence from vy to vq
if there is a cell C' of D such that for all 1 < i < s, v;
is incident to the cell of D(S,1,14) that contains C. In
either case, C witnesses the partial shelling sequence.

The following lemma is similar to [2, Observa-
tion 4.5], but uses a slightly more general formulation.

Lemma 1 A sequence S = (vy,...,vs) of vertices is
an s-shelling of a drawing D of K, witnessed by a
cell C of D if and only if (i) v1 and vs are incident
with C, (ii) (v1,...,vs) is a partial shelling sequence
from vy to vs witnessed by C, and (iii) (v1,...,vs)
is a partial shelling sequence from vg to vy witnessed
by C.

The following theorem is the key ingredient to our
algorithm. It connects monotonicity (the existence of
a monotone good drawing) of a rotation system with
three simple properties. For the proof of this theorem
we need the notion of the unbounded cell of a good
drawing D. This is the cell of D of which every point
is connected to infinity.

Theorem 2 A good drawing D of K,, is monotone if
and only if there exists a permutation m = (v1,...,v,)
of its vertices such that the following three properties
hold.

1. For every v;, the rotation of v; contains a consec-
utive subsequence that contains exactly the ele-
ments Viy1,...,0n.

2. For every v;, the edge v;v;+1 does not cross any
edge v,vy, for all a,b > 1.

3. No 3-cycle in D separates v1 from v,.

Proof. The three properties clearly hold if D is
monotone w.r.t. 7. A drawing is monotone if and only
if it contains a permutation m = (v, ..., v,) of its ver-
tices such that 7 is an n-shelling of D and the path
defined by 7 is plane [2, Lemma 4.8]. Planarity of
the path (vy,...,v,) in D directly follows from Prop-
erty 2. By [2, Lemma 4.7], Property 3 is equivalent to
v1 and v, sharing a cell. It remains to prove that 7
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is an n-shelling of D (witnessed by a cell C). By
Lemma 1 this is the case if D has a partial shelling
sequence from vy to v, and one from v, to vy, wit-
nessed by C.

We first show that D has a partial shelling sequence
from vy to v,. The vertices v; and v,, share at least
one cell C, the unbounded cell. By Property 2, vivs
is not crossed. Thus, vy and vy share two cells, which
merge with C' when removing v;. Continuing this ar-
gument for any 4 from 2 to n, we can derive from
Properties 2 and 3 that v; and v, share a cell (the un-
bounded cell) that contains C in D(w,i,n). Hence, v;
and v,, share a cell (the unbounded cell) in D(7,i,n)
and D has a partial shelling sequence from vy to v,
witnessed by C.

Next we show that D has a partial shelling sequence
from v,, to v; witnessed by C. For the sake of contra-
diction assume that there is no such partial shelling
sequence. Recall that, by Property 3, v; and v,, share
the unbounded cell C' in D. Therefore, there is an
edge vivip1 (1 < m — 1) that is crossed by an edge
v;vy, of the sub-drawing induced by v1, ..., v;41. Both
7 and k have to be less than i. W.l.o.g., let 7 < k.
Note that k = j+ 1 is not possible due to Property 2.
Thus, 1 <j<i—3and j+ 1<k <i. Consider the
drawing induced by v;, v, v;, viy1, plus vg_1 (see
Figure 1). The vertices v; and v;41 partition the ro-
tation around vy into two parts. By Property 1, vi_1
and v; have to be in the same partition. However, by
Property 2, the path (vj,...,v;) must not cross any
of the edges of the 3-cycle viv;v;41, a contradiction.

Thus, by Lemma 1, w is an n-shelling of D and
since the path (vy,...,v,) is plane, it follows that D
is monotone w.r.t. 7. O

Uk

Vi4+1

Figure 1: There cannot be an edge v;v; crossing an
edge v;V;41.

Note that the second part of the proof shows that
our properties imply the reverse formulation of Prop-
erty 2 (i.e., where a,b <1+ 1).

2 The algorithm

In this section, we provide an O(n®) time and O(n?)
space algorithm for deciding monotonicity, based on
Theorem 2. The algorithm is separated into two
phases, one where the checks for the properties are
prepared, and one where we pick the rightmost ver-



XVI EGC, Barcelona, July 1-3, 2015

tex v, and test the properties with respect to this
choice. Both phases rely on dynamic programming.
Throughout this section, an interval (w,k) in the
rotation of a vertex v is the consecutive subsequence
of its rotation that starts with w and has length k.

Preprocessing. In the preprocessing phase we pre-
pare two data structures to be able to check Prop-
erties 1 and 2 of Theorem 2 (see Lemmata 3 and 4,
respectively) in constant time per problem instance.
For Property 3 we need no preprocessing as it can be
checked directly in the permutation search algorithm
(see the proof of Theorem 5).

Lemma 3 Let D be a good drawing. Given two ver-
tices v and v', as well as an interval (w, k), 2 < k <
n — 1, in the rotation around v that contains v'. Let
D(v,w, k) be a sub-drawing induced by v and the ver-
tices in the interval (w, k). In O(n®) time we can con-
struct a data structure of size O(n*) to answer the
following query. Is there a consecutive subsequence of
k — 1 vertices in the rotation of v’ that contains ex-
actly the vertices of D(v,w, k) without v and v'? In
addition, the data structure provides the first element
of the subsequence, if it exists.

Proof. Let o be the linearly ordered sequence ob-
tained from the rotation around v’ when removing v
(i.e., o starts with the element after v). Add the first
k — 1 vertices of o to a queue ) and let ¢ be the
number of vertices in @) that are in the interval (w, k)
in the rotation around v (¢ can be obtained in linear
time). If ¢ = k—1, @ is the required subsequence and
we are done. (As an answer we only store the first
element of @ in our data structure.) Otherwise, add
the next element v; of o that has not been added to
Q to it, and remove the first element vy of @ from
it. (The invariant that |@Q| = k — 1 is maintained.)
If vy is part of the interval at v, there cannot exist a
subsequence as required at v and we are done. If v;
is part of the interval at v, we increase ¢ by one. If at
some point ¢ = k — 1, we are done and ) defines the
requested subsequence. The first element of that sub-
sequence (i.e., the first element of @) can obviously
be reported in constant time in that case. Otherwise,
if we added all vertices of o to  without ¢ becoming
k—1, we know that the required subsequence does not
exists. We repeat this process for any combination of
v, v/, w, and k, resulting in overall O(n®) time and
O(n*) space. O

Lemma 4 Let D be a good drawing. Given two ver-
tices v and v', as well as an interval (w, k), 2 < k <
n — 1, in the rotation around v that contains v'. Let
D(v,w, k) be a sub-drawing induced by v and the ver-
tices in the interval (w, k). In O(n®) time we can con-
struct a data structure of size O(n*) to answer the
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following query. Is there an edge in D(v,w,k) that
crosses vv'?

Proof. We use dynamic programming. Clearly, for
k = 2, the edge vv' is uncrossed. Suppose it is
also uncrossed for a subproblem given by the tuple
(v,v', (w,k)). If there is an edge crossing vv’ in the
subproblem (v,v’, (w,k + 1)), this crossing must be
with an edge that is incident to the additional vertex.
(Note that given the rotation system, we can deter-
mine in constant time whether two edges of a good
drawing of K, cross.) There is only a linear num-
ber of choices for the other end vertex for an edge
crossing vv’. Thus, one step can be performed in lin-
ear time and the O(n®) time and O(n*) space bounds
follow. O

Permutation search. Using the data structures from
the preprocessing we can now prove our claim about
checking monotonicity. The algorithm is implicitly
given in the proof of the following theorem.

Theorem 5 Given the rotation system of a good
drawing D of K,, we can test in O(n®) time and
O(n*) space whether there exists a permutation © of
its vertices such that D is monotone w.r.t. .

Proof. Using dynamic programming we build a per-
mutation 7 = (vy,...,v,) of the vertices of D and
show that it fulfills the properties of Theorem 2, or
that such a permutation does not exist. In a first
phase, we apply the preprocessing provided by Lem-
mata 3 and 4. For the second phase, we guess a vertex
Up, the last element of 7. We then apply Theorem 2
as follows. For any vertex v; and an interval (w, k) in
its rotation containing v,, let D(v;,w, k) be the sub-
drawing induced by v; and the vertices in the interval
for k < n — 1. We check whether there is a permu-
tation of the vertices of D(v;,w,k) starting with v;
and ending with v,, such that Properties 1 and 2 are
fulfilled. At the end of the second phase for each v,
we check whether there exists a vertex and an interval
around it, such that this vertex can be v (in combi-
nation with the guessed v, ), fulfilling Property 3.

In the following, we describe the second phase in
more detail. For each choise of v,, we consider problem
instances comprising a vertex v; and an interval (w, k)
around v;. The base cases (v;, (w,3)) can be easily
decided. Using dynamic programming, we can assume
that all problem instances up to k — 1 are decided.

For each vertex v; and an interval (w, k) around v;
that is containing v,,, we guess a successor v;4+1 from
that interval. We check whether the rotation of v;41
has a consecutive subsequence that matches the cho-
sen interval at v;; let (w’,k — 1) be this interval at
vi+1. Then, we check whether the edge v;v;41 crosses
any edge in the sub-drawing D(v;, w, k). Both checks
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can be done in constant time (see Lemmata 3 and 4)
after the preprocessing phase. As soon as one of these
checks fails, we know that this problem instance is not
part of the required permutation and continue with
the next instance. If both checks are positive, we ob-
tain w’ and there is a permutation of the vertices of
D(v;, w, k) starting at v; and ending at v, fulfilling
Properties 1 and 2 if there exists one such permuta-
tion for v;y1 and the interval (w’, k — 1).

After all problem instances (v;, (w,n—1)) have been
decided for one fixed v,,, it remains to find a valid v;.
Note that Properties 1 and 2 are fulfilled for one in-
terval (w,n — 1) at vy if and only if they are fulfilled
for all intervals of length n — 1 around v,. We check
Property 3 for each of the O(n) possibilities for v; in
a brute-force way (O(n?) triangle side tests) and are
done for the fixed v,,.

The first phase takes O(n®) time and O(n*) space.
There are linearly many possibilities to chose v,,, there
is a cubic number of subproblems (v;, (w, k)), and for
each subproblem, we check a linear number of succes-
sor vertices. Checking all possible choices for v; takes
O(n*) time for each v,. Hence, the overall algorithm
to decide monotonicity needs O(n®) time and O(n?)
space. U

Note that in case such a permutation 7 exists, we
can easily retrieve it with the algorithm by simply
storing valid successor vertices. For a valid vertex v
it is then standard to retrieve 7 in linear time.

We can modify the above approach to obtain an
algorithm to test whether a drawing has a 2-page book
drawing. Instead of checking whether an edge vv’ is
crossed by edges of a sub-drawing (Lemma 4), we can
check whether it is crossed at all.

Lemma 6 The set of uncrossed edges of a good draw-
ing D can be reported in O(n?) time.

Proof. Since the edges are uncrossed, they define a
planar graph, and therefore there are only O(n) such
edges. We first obtain a maximal plane sub-drawing
of D consisting of a set of edges denoted by F' by pro-
cessing the edges in an arbitrary order. The current
edge is compared against all edges already added to F’
(at most linearly many). If the edge crosses none of
them, we add it to F'. Thus, F' will contain (a super-
set of ) all uncrossed edges of D. Finally, we test each
edge of F' with all edges of D, reporting the uncrossed
ones. (I

Corollary 7 Given a good drawing D, we can test
whether D is weakly isomorphic to a 2-page book
drawing in O(n®) time and O(n*) space.

The spine of a 2-page book drawing of K, together
with the edge vjv, forms a plane (i.e., crossing-free)
Hamiltonian cycle. It is conjectured [6] that every
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good drawing of K, contains a plane Hamiltonian cy-
cle. For our dynamic-programming approach, the in-
terval of a vertex defining the subproblem enables us
to reason about the subproblem. This interval can
not be used when looking for plane Hamiltonian cy-
cles. Is there a polynomial-time algorithm to obtain
a plane Hamiltonian cycle in a good drawing of K, if
it exists? Can the set of all uncrossed edges of a good
drawing be reported in o(n?) time?

3 Pseudo-linear drawings

Consider a drawing of K, in the projective plane P2.
A pseudo-line is a bi-infinite simple curve in P? that
does not disconnect P2. A drawing in P? is pseudo-
linear if each edge can be simultaneously extended to
a pseudo-line such that in the resulting set of pseudo-
lines each pair of pseudo-lines intersects exactly once
in a proper crossing. It is well-known that a pseudolin-
ear drawing is monotone. Balko, Fulek, and Kynél [2]
show that a monotone drawing is pseudolinear iff it
does not contain a drawing of K, that contains a
crossing and where in this sub-drawing one vertex is in
the interior of a triangle (w.r.t. the unbounded cell).
We call such a drawing a bad K4. We show (in the
full version) that the restriction to monotone draw-
ings in the statement of [2] is unnecessary, a result
obtained independently by Arroyo, McQuillan, and
Richter (personal communication).

Theorem 8 A good drawing of K,, in P? is pseudo-
linear if and only if it does not contain a bad Kj.
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Abstract

A drawing D of a graph is pseudolinear if the edges
of D can be extended to doubly-infinite curves that
form an arrangement of pseudolines. The pseudo-
linear crossing number of K,, denoted by cr(K,),
is the minimum number of crossings in a pseudoli-
near drawing of K,. Using simulated annealing, we
obtain new pseudolinear drawings of K, with few
crossings for small values of n. We introduce a pseu-
dolinear version of known constructions that blow
up rectilinear drawings of K, and we prove that
cr(K,) < 0.380448(;) 4+ O(n?), shrinking the current
gap between the lower and upper bound roughly by
five percent.

Introduction

In a drawing of a graph G, the vertices of G are repre-
sented by distinct points in the plane and each edge
is represented by a simple continuous arc connecting
the images of its endpoints. As usual, we identify the
vertices and their images, as well as the edges and
the arcs representing them. We require that the edges
pass through no vertices other than their endpoints
and that no three edges meet at a common interior
point.

A drawing D of G is called pseudolinear if the edges
of D can be extended to doubly-infinite simple curves
that form an arrangement of pseudolines, that is, any
two curves cross exactly once. It is well-known that
every arrangement of pseudolines is homeomorphic
to an arrangement of x-monotone curves, therefore
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we always assume that a pseudolinear drawing is x-
monotone.

A rectilinear drawing of G is a drawing of G in
which the vertices are represented by points in general
position (no three points lie on a common line) and
each edge is represented by a straight-line segment.

A crossing in a drawing D of G is a common interior
point of two edges. The number of crossings in D is
denoted by cr(D). The pseudolinear crossing number
cr(G) of G is the minimum number of crossings in a
pseudolinear drawing of GG. Similarly, the rectilinear
crossing number ¢f(G) of G is the minimum number
of crossings in a rectilinear drawing of G. We have
cr(G) < @ (G) for every graph G, as every rectilinear
drawing is pseudolinear.

Both the rectilinear and the pseudolinear cross-
ing number of K, have attracted a lot of atten-
tion, see the survey by Abrego, Fernédndez-Merchant,
and Salazar [3]. For the pseudolinear crossing num-
ber of K, the best known lower bound ¢r(K,) >
0.379972(’}) — O(n?) is due to Abrego et al. [2].

Abrego and Ferndndez-Merchant [1] proved the up-
per bound er(K,) < 0.380559(%) + O(n?) using an
iterative procedure that generates arbitrarily large
rectilinear drawings with few crossings from a given
base drawing. In his Rectilinear Crossing Number
Project, Aichholzer [5] published a list of best known
rectilinear drawings of K, for n < 100. Abrego et
al. [4] used one of these drawings to improve the
upper bound to ¢r(K,,) < 0.380544(’}) + O(n?) and
also produced new drawings yielding the general up-
per bound ¢r(K,) < 0.380488(7)) + O(n®). Fabila-
Monroy and Lépez [10] recently improved this bound
to er(K,) < 0.380473("}) +O(n?) using a simple heuris-
tic, moving the vertices of an initial rectilinear draw-
ing one by one by a vector chosen randomly from a
product of exponential distributions. The bound of
Fabila-Monroy and Lépez [10] has been the best known
upper bound on ¢r(K,).

Our main contribution is the following improvement.
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Theorem 1 For every positive integer n, we have
G(K,) < 0.380448 (Z) + 0.

To prove Theorem 1, we follow Fabila-Monroy’s and
Lopez’s [10] approach and adapt it to pseudolinear
drawings. We perform small random changes in an
initial pseudolinear drawing D of K, for small n while
keeping track of cr(D). To search the space of confi-
gurations efficiently, we use simulated annealing [8, 11],
a probabilistic metaheuristic motivated by the ther-
modynamics of annealing in metallurgy. In most of
the cases (where n > 42), we obtain a pseudolinear
drawing of K, with fewer crossings than the current
best known upper bounds. The improvement on the
leading constant in ¢r(kK,) is derived using a pseu-
dolinear version of the construction by Abrego and
Ferndndez-Merchant [1].

According to our knowledge, all previous upper
bounds on ¢r(K,,) follow from upper bounds on er(X,).
It is possible that some of our configurations are not
stretchable; this would hint at the possibility that
cr(K,) < cr(K,,) for large values of n. This it true for
general graphs, see [9] for a construction of graphs for
which the rectilinear crossing number is strictly larger
than the pseudolinear one.

Some improvements on the leading constant of
cr(K,,) are illustrated in Figure 1. The results of
our experiments can be found on our webpage [7].

1 Representation of pseudolinear drawings

We use the following representation of pseudolin-
ear drawings of K,,. An n-signature is a function
o: ([g]) — {+, —}. Every pseudolinear drawing D of
K, realizes an n-signature as follows. If v; < - < v,
are the vertices of D ordered by z-coordinates, then a
triple {i,7,k} € ([g]) with ¢ < j < k receives the sign
— if v; lies above the edge v;vy in D and + otherwise.

An n-signature o is realizable if there is a pseu-
dolinear drawing D of K, realizing o. For integers
1<i<j<k</{<nandsigns,&,83,8 € {+,—},
we say that the form of the 4-tuple {i,j,k, ¢} is
§1£2€384 in o if we have o (i, j, k) = &1, 0(i,j,0) = &,
U(i, k‘, f) = 63, and U(j, k‘, f) = 64.

Pseudolinear drawings of K, can be characterized
in terms of n-signatures as follows.

Theorem 2 ([6]) An n-signature o is realizable if
and only if every 4-tuple from ([Z]) is of one of the
eight forms ++++, +++—, ++——, +———, ————,
———t, ==+, —+++ in 0.

See [6] for further discussion of this representation.
We choose signatures to represent D, as they per-
mit a straightforward implementation and allow fast
prototyping. It is a simple observation that in every
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pseudolinear drawing D the number of crossings cr(D)
equals the number of 4-tuples of one of the forms
++++, ———, ++——, —++ in the n-signature
realized by D.

For a sign o(i,j, k), we use & (i, j, k) to denote the
opposite sign. That is, (i, 4, k) = + if o(i, j, k)
— and &(i,j,k) = — otherwise. A switch of a sign
o(i,j, k) is the change of o (i, 4, k) to (i, j, k).

2 Crossing minimization via simulated annealing

Simulated annealing is a probabilistic metaheuristic
for minimizing a given objective function over vast
configuration spaces, first described by Kirkpatrick,
Gelatt, and Vecchi [11] and independently by Cerny [8].
Here we describe our implementation of this method.

The input of the algorithm consists of a realizable
n-signature oy, a parameter Ty € R, called the tem-
perature, and an upper bound ty.x € N on the total
number of steps.

In every step t € {0,. .., tmax— 1}, we find all triples
from ([g]) whose signs can be switched in o so that the
resulting n-signature is still realizable. Such triples are
called switchable in oy. Let {i,7,k} be a switchable
triple in o; chosen uniformly and independently at
random from the set of all switchable triples in o;. We
use ¢’ to denote the realizable n-signature obtained
from oy by the switch of o,(i, 4, k). Let Dy and D" be
the pseudolinear drawings of K,, that realize o; and
o', respectively.

We set o441 1= o’ if cr(D’) < ¢r(Dy). In the case
cr(D’") > ¢r(Dy) we set 0441 := ¢’ with the acceptance
probability p(cr(Dy),cr(D’),T;) and set o1y = oy
otherwise. At the end of step ¢, we update the tem-
perature by setting Ty41 := h(T},t) where h is so-
called cooling function. In one of our implementations
of the algorithm, we set p(a,b,T) = e(@=/T and
(T, t) := T/ logs(t + 1000).

The algorithm terminates after ¢,,,x steps and out-
puts the realizable n-signature oy___ .

Note that we allow switches that increase the num-
ber of crossings. By being able to move to a worse
drawing, it is possible to jump out of local minima
and, possibly, find a better drawing.

It follows from Theorem 2 that in every realizable
n-signature o, a triple {i, j, k} € ([g]) with i < j <k
is switchable in o if and only if o contains no 4-tuple
F ={a,i,j,k} € ([Z]) of one of the following forms:

(i) eooco or eeoco for a < i,

)
(if) oooo or ecoo for i < a < j,
(iii) oocoo or oocoe for j < a < k,
(iv) oooe or ooee for k < a.
Here o € {4, —} denotes the sign o(i,j, k) and e €
{+, -} is 30,5, k).
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Figure 1: Improvements on the leading constant in ¢r(K,,) and cr(K,).

After the switch of o4(4, j, k) in step ¢, only triples
contained in a 4-tuple F' € ([Z]) with ¢, 7,k € F can
become or stop being switchable in o;. It can be shown
that exactly one triple in F' becomes and exactly one
stops being switchable in ;. Therefore we can update
the list of switchable triples in o¢ in time O(n).

We can update the number of crossings in time O(n),
as it is sufficient to check only 4-tuples from ([Z]) that
contain 4, 7, and k. Thus the time complexity of a
single step of our algorithm is O(n).

We obtained new pseudolinear drawings of K, for
small values of n, improving the previously best pseu-
dolinear drawings in many instances. In particular, we
found a pseudolinear drawing of Ka14 with 33 260 204
crossings. The proof of Theorem 1 is based on this
drawing. All the new drawings can be found in [7].

Compared to the method of Fabila-Monroy and
Lépez [10], our approach is, in a certain sense, finer.
Fabila-Monroy and Loépez perturb a single vertex of a
rectilinear drawing D of K, in every step. However,
this may lead to a rather large change in the number
of crossings (quadratic in the worst case), as such
perturbation can switch more signs in the n-signature
realized by D. In our approach we perform only a
single switch per step. Moreover, we use simulated
annealing to avoid being trapped in local minima.

3 Blowing up pseudolinear drawings

The general approach for bounding ¢r(XK,,) is to blow
up a given base drawing of K, with few crossings so
that the blown-up drawing also contains few crossings.
Currently, the best constructions of this type are due to
Abrego et al. [1, 4] and give the following lower bound
(there are two constructions, one for each parity of
no).
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Theorem 3 ([1, 4]) Let D be a rectilinear drawing
of K, that contains a halving matching. Then there
is a rectilinear drawing of Koy, that contains a halving
matching and has 16 cr(D) + (ng/2)(2n3 — Tng + 5)
crossings.

Abrego et al. [1, 4] showed that an iterative appli-
cation of Theorem 3 with the base drawing D of K,
implies that ¢r(K,,) is at most

24cr(D) + 3n3 — g + %
SUESUELLER L e

5
for every sufficiently large n.

To prove Theorem 1, we now translate this method
into the pseudolinear setting. First, we generalize the
notion of a halving matching. Let i, j be elements of
[n] with ¢ < j and let o be an n-signature realized
by a pseudolinear drawing D of K,. We say that an
element a from [n]\ {7, j} is on the left side of {i,j} in
o if one of the following cases occurs: o(a,i,j) = + for
a<i,o(i,aj)=—fori<a<j,oro(ija) =+ for
j < a. The pair {i,j} is a halving pair in o if there are
[(n—2)/2] or [(n—2)/2] elements of [n]\ {,j} on the
left side of {i,j}. Then D contains a halving matching
if there is a mapping f: [n] — [n] such that for every
element ¢ from [n] the pair {4, f(¢)} is a halving pair
in o and there are no distinct 4, j € [n] with f(i) = j
and f(j) =i.

Proposition 4 Let D be a pseudolinear drawing of
K, that contains a halving matching. Then there is a
pseudolinear drawing of Ks,, that contains a halving
matching and has

no12 ng |2 ™3 5ng
oy (3] 2) - 28 2
6er(D) + no< 5| T3 5 T

crossings.
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For ng even, Proposition 4 produces drawings with
the same number of crossings as we have in Theorem 3.
In Figure 1 we illustrate the bound on the leading
constant in ¢r(K,) obtained by iteratively applying
Proposition 4 to the new drawings of K, for n < 100.

Sketch of the proof of Proposition 4. Let D be
a pseudolinear drawing of K, with vertices v1, ..., vp,
ordered by their z-coordinates. Let f: [ng] — [no] be
the halving matching in the ng-signature realized by
D. To construct D’, we first replace each vertex v; of
D with two vertices ws;_1 and ws; that are placed on
the pseudoline v;vy(;) within a small neighborhood of
v;. Assuming that pseudolines of D are oriented from
left to right, we place wq; after wa;_1 on vivs(.

Pseudolines in D are replaced with bundles of pseu-
dolines. Each pseudoline v;vy(;) is replaced with the
bundle from part a) of Figure 2. Every other pseudo-
line has the form v;v; for i # f(j) and j # f(¢) and
is replaced with the bundle from part b) of Figure 2.
This finishes the construction of D’.

Figure 2: Replacing pseudolines of D with bundles.

If we draw the new pseudolines very close to the
original pseudolines, then it can be shown that the
drawing D’ is indeed pseudolinear. Observe that D’
contains a halving matching f’: [2ng] — [2no] defined
as f'(2i—1) := 2i and f/(2i) := 2f (i) for every i € [ng].
To finish the proof of Proposition 4, it remains to count
the number of crossings in D’. We omit this part, as
it is done similarly as in [1]. O

This construction can be described in the terms
of 2ny-signatures, which are more suitable for imple-
mentation. Due to space restrictions, we omit this as
well.

Sketch of the proof of Theorem 1. Let ng be a
positive even integer and let D be a pseudolinear
drawing of K,, with a halving matching. Iterative
application of Proposition 4 with the base drawing D
bounds cr(K,,) from above by (1). Therefore it suf-
fices to choose the base drawing D so that the leading
constant in (1) is minimized.

We let D be the pseudolinear drawing of K14 with
33260204 crossings found by our experiments. Since
D contains a halving matching [7], we can set ng := 216
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and cr(D) := 33260204 in (1) and obtain cr(K,) <
BT (1) + 0(n®) < 0.380448(}) + O(n®). O
4  Final remarks

We observed that restarting the annealing process from
n-signatures obtained in previous runs of the algorithm
often resulted in better solutions.

We plan to continue our experiments and try to fur-
ther improve the upper bound on ¢r(K,). We plan to
employ faster algorithms, a representation by rotation
systems, and advanced annealing methods.

We also plan to check whether some of the best pseu-
dolinear drawings are stretchable. That is, whether
they correspond to rectilinear drawings of K,,. If that
would be the case, then we could apply Theorem 3
and obtain a better upper bound on ¢r(K,,).

Acknowledgments We thank the referees for their
helpful comments.
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Abstract

An abstract topological graph (briefly an AT-graph) is
a pair A = (G, X) where G = (V,E) is a graph and
X C (5) is a set of pairs of its edges. The AT-graph A
is simply realizable if G can be drawn in the plane so
that each pair of edges from X crosses exactly once
and no other pair crosses. We characterize simply
realizable complete AT-graphs by a finite set of for-
bidden AT-subgraphs, each with at most six vertices.
This implies a straightforward polynomial algorithm
for testing simple realizability of complete AT-graphs,
which simplifies a previous algorithm by the author.

1 Introduction

A topological graph T = (V(T), E(T)) is a drawing of
a graph G in the plane such that the vertices of G are
represented by a set V(T') of distinct points and the
edges of G are represented by a set F(T') of simple
curves connecting the corresponding pairs of points.
We call the elements of V(T') and E(T) the vertices
and the edges of T, respectively. The drawing has to
satisfy the following general position conditions: (1)
the edges pass through no vertices except their end-
points, (2) every pair of edges have only a finite num-
ber of intersection points, (3) every intersection point
of two edges is either a common endpoint or a proper
crossing (“touching” of the edges is not allowed), and
(4) no three edges pass through the same crossing. A
topological graph or a drawing is simple if every pair
of edges have at most one common point, which is ei-
ther a common endpoint or a crossing. Simple topo-
logical graphs appear naturally as crossing-minimal
drawings; it is well known that if two edges in a topo-
logical graph have more than one common point, then
a local redrawing decreases the total number of cross-
ings. A topological graph is complete if it is a drawing

*Email: kyncl@kam.mff.cuni.cz. Research supported by
Swiss National Science Foundation Grants 200021-137574 and
200020-14453, by the ESF Eurogiga project GraDR as GACR
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of a complete graph.

An abstract topological graph (briefly an AT-
graph), a notion introduced by Kratochvil, Lubiw and
Nesetril [9], is a pair (G, X) where G is a graph and
X C

(E(QG)) is a set of pairs of its edges. Here we
assume that X' consists only of independent (that is,
nonadjacent) pairs of edges. For a simple topological
graph T that is a drawing of G, let Xp be the set of
pairs of edges having a common crossing. A simple
topological graph T is a simple realization of (G, X)
if Xpr = X. We say that (G, X) is simply realizable if
(G, X) has a simple realization.

An AT-subgraph of an AT-graph (G, X) is an AT-
graph (H,)) such that H is a subgraph of G and
y=an (E(zH)). Clearly, a simple realization of (G, X)
restricted to the vertices and edges of H is a simple
realization of (H,)).

We are ready to state our main result.

Theorem 1 Every complete AT-graph that is not
simply realizable has an AT-subgraph on at most six
vertices that is not simply realizable.

We also show that AT-subgraphs with five vertices
are not sufficient to characterize simple realizability.

Theorem 2 There is a complete AT-graph A with
six vertices such that all its induced AT-subgraphs
with five vertices are simply realizable, but A itself is
not.

Theorem 1 implies a straightforward polynomial
algorithm for simple realizability of complete AT-
graphs, running in time O(n®) for graphs with n ver-
tices. It is likely that this running time can be rel-
atively easily improved. However, compared to the
first polynomial algorithm for simple realizability of
complete AT-graphs [12], the new algorithm may be
more suitable for implementation and for practical
applications, such as generating all simply realizable
complete AT-graphs of given size or computing the
crossing number of the complete graph [4, 15]. On
the other hand, the new algorithm does not directly
provide the drawing itself, unlike the original algo-
rithm [12]. The explicit list of realizable AT-graphs
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on six vertices can be generated using the database of
small simple complete topological graphs created by
Abrego et al. [1].

For general noncomplete graphs, no such finite
characterization by forbidden AT-subgraphs is possi-
ble. Indeed, in the special case when X" is empty, the
problem of simple realizability is equivalent to pla-
narity, and there are nonplanar graphs of arbitrar-
ily large girth, such as subdivisions of K5. More-
over, simple realizability for general AT-graphs is NP-
complete [10]. See [12] for an overview of other similar
realizability problems.

The proof of Theorem 1 is based on the polyno-
mial algorithm for simple realizability of complete AT-
graphs from [12]. The main idea is very simple: every
time the algorithm rejects the input, it is due to an
obstruction of constant size.

Theorem 1 is an analogue of a similar characteriza-
tion of simple monotone drawings of K, by forbidden
5-tuples, and pseudolinear drawings of K, by forbid-
den 4-tuples [3].

Abrego et al. [1, 2] independently verified that sim-
ple complete topological graphs with up to nine ver-
tices can be characterized by forbidden rotation sys-
tems of five-vertex subgraphs; see Section 2 for the
definition. They conjectured that the same charac-
terization is true for all simple complete topological
graphs [2]. We verify this conjecture during the proof
of Theorem 1. In other words, this gives a finite char-
acterization of realizable abstract rotation systems de-
fined in [13, Section 3.5] and thus corrects the intu-
ition expressed therein.

2 Preliminaries

Topological graphs G and H are weakly isomorphic if
they are realizations of the same abstract topological
graph.

The rotation of a vertex v in a topological graph is
the clockwise cyclic order in which the edges incident
with v leave the vertex v. The rotation system of
a topological graph is the set of rotations of all its
vertices. Similarly we define the rotation of a crossing
x of edges uv and yz as the clockwise order in which
the four portions zu, zv, ry and zz of the edges uv
and yz leave the point z. Note that each crossing has
exactly two possible rotations. We will represent the
rotation of a vertex v as an ordered sequence of the
endpoints of the edges incident with v. The extended
rotation system of a topological graph is the set of
rotations of all its vertices and crossings.

Assuming that T and T’ are drawings of the same
abstract graph, we say that their rotation systems
are fnverse if for each vertex v € V(T), the rota-
tion of v and the rotation of the corresponding vertex
v’ € V(T") are inverse cyclic permutations. If T and
T’ are weakly isomorphic simple topological graphs,
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we say that their extended rotation systems are in-
verse if their rotation systems are inverse and, in ad-
dition, for every crossing x in 7', the rotation of =
and the rotation of the corresponding crossing 2’ in
T’ are inverse cyclic permutations. For example, if T"
is a mirror image of T, then T and 7" have inverse
extended rotation systems.

We say that two cyclic permutations of sets A, B
are compatible if they are restrictions of a common
cyclic permutation of AU B.

Simple complete topological graphs have the follow-
ing key property.

Proposition 3 [7, 12]

(1) If two simple complete topological graphs are
weakly isomorphic, then their extended rotation
systems are either the same or inverse.

(2) For every edge e of a simple complete topological

graph T' and for every pair of edges f, f' € E(T)

that have a common endpoint and cross e, the

AT-graph of T' determines the order of crossings

of e with the edges f, f’.

By inspecting simple drawings of K,, it can be
shown that the converse of Proposition 3 also holds:
the rotation system of a simple complete topological
graph determines which pairs of edges cross [11, 16].

3 Proof of Theorem 2

We use the shortcut ij to denote the edge {i,j}. Let
A= ((V,E),X) be the complete AT-graph with ver-
tex set V' =1{0,1,2,3,4,5} and with

X = {{02,13},{02, 14}, {02, 15}, {02, 35}, {03, 14},
{03,15},{03,24}, {04, 15}, {04, 25}, {04, 35},
{13,24}, {24, 35}, {35, 14}, {14, 25}, {25, 13} }.

Every complete AT-subgraph of A with five vertices
is simply realizable; see Figure 1.

On the other hand, we show that A is not simply
realizable. Suppose that T' is a simple realization of
A. Without loss of generality, assume that the rota-
tion of 5 in T'[{1, 2, 3,5}] is (1,2, 3). By Proposition 3
and by the first drawing in Figure 1, the rotation
of 5in T[{1,2,3,4,5}] is (1,2, 3,4), since the inverse
would not be compatible with (1,2,3). Similarly, by
the second drawing in Figure 1 the rotation of 5 in
T1{0,2,3,4,5}] is (2,3,0,4), since the inverse would
not be compatible with (1,2, 3,4). By the third draw-
ing in Figure 1, the rotation of 5 in T'{0,1,3,4,5}] is
(0,1,3,4) or (0,4,3,1), but neither of them is com-
patible with both (1,2,3,4) and (2,3,0,4); a contra-
diction.
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Figure 1: Simple realizations of all six complete sub-
graphs of A with five vertices.

4 Proof of Theorem 1

Let A = (K,,,X) be a given complete abstract topo-
logical graph with vertex set [n] = {1,2,...,n}. The
algorithm from [12] for deciding simple realizability of
A has the following three main steps: computing the
rotation system, determining the “homotopy type” of
every edge with respect to the edges incident with one
chosen vertex v, and computing the number of cross-
ings of every pair of edges in a crossing-optimal draw-
ing with the rotation system and “homotopy type”
fixed from the previous steps. We follow the algo-
rithm and analyze each step in detail.

Step 1: computing the extended rotation system

This step is based on the proof of Proposition 3;
see [12, Proposition 3]. It consists of four substeps.

1a) Realizability of 5-tuples.

For every 5-tuple @ of vertices of A, the algorithm
tests whether A[Q] is simply realizable. If not, then
the 5-tuple certifies that A is not simply realizable. If
A[Q)] is simply realizable then by Proposition 3, the
algorithm computes a rotation system R(Q) such that
the rotation system of every simple realization of A[Q]
is either R(Q) or the inverse of R(Q).

1b) Orienting 5-tuples.

For every 5-tuple @ C [n], the algorithm selects an
orientation ®(R(Q)) of R(Q) so that for every pair of
5-tuples @, Q' C [n] having four common vertices and
for each x € QN ', the rotations of z in ®(R(Q)) and
®(R(Q')) are compatible. If there is no such orienta-
tion map @, the AT-graph A is not simply realizable.
In the full paper, we show by elementary combinato-
rial arguments that in this case there is a set of six
vertices of A that certifies the nonrealizability of A.
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1c) Computing the rotations of vertices.

Having oriented the rotation system of every 5-tuple,
the algorithm now computes the rotation of every x €
[n], as the cyclic permutation compatible with the ro-
tation of z in every ®(R(Q)) such that x € Q € ([g]).
We show that this is always possible. The following
lemma forms the core of the argument.

Lemma 4 Let k > 4. For every F' € ([k",gl]), let mp
be a cyclic permutation of F' such that for every pair
F F' e ([k;fr”), the cyclic permutations g and 7' are
compatible. Then there is a cyclic permutation 1)
of [k + 1] compatible with all the cyclic permutations
mp with F € ([kzl}).

1d) Computing the rotations of crossings.

For every pair of edges {{u,v},{z,y}} € X, the algo-
rithm determines the rotation of their crossing from
the rotations of the vertices u,v,z,y. This finishes
the computation of the extended rotation system.

Step 2: determining the homotopy classes of the
edges.

Let v be a fixed vertex of A and let S(v) be a topolog-
ical star consisting of v and all the edges incident with
v, drawn in the plane so that the rotation of v agrees
with the rotation computed in the previous step. For
every edge e = zy of A not incident with v, the al-
gorithm computes the order of crossings of e with the
subset E, . of edges of S(v) that e has to cross. By
Proposition 3 (2), the five-vertex AT-subgraphs of A
determine the relative order of crossings of e with ev-
ery pair of edges of E, .. Define a binary relation < ,
on E,. so that vu <, , vw if the crossing of e with
vu is closer to x than the crossing of e with vw. If
=,y is acyclic, it defines a total order of crossings of
e with the edges of E,.. If <., has a cycle, then
it also has an oriented triangle vui,vus,vus. This
means that the AT-subgraph of A induced by the six
vertices v, u1, us, us3, T,y is not simply realizable.

The order of crossings of e with the edges of S(v)
together with the rotations of the crossings determine
the homotopy class of e, considered in the sphere with
n punctures representing the vertices and with the
endpoints of e fixed. We further refine the homotopy
classes of the edges by cutting circular holes around
the points representing all the vertices except v, and
requiring the endpoints of the edges to be fixed on
the boundaries of the holes, so that their cyclic orders
on the boundaries agree with the computed rotation
system.
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Step 3: computing the minimum crossing numbers.

For every pair of edges e, f, let cr(e, f) be the mini-
mum possible number of crossings of two curves from
the homotopy classes of e and f. Similarly, let cr(e)
be the minimum possible number of self-crossings of
a curve from the homotopy class of e. The numbers
cr(e, f) and cr(e) can be computed in polynomial time
in any 2-dimensional surface with or without bound-
ary [5, 6, 8, 14, 17]. In our special case, the algorithm
is relatively straightforward [12].

We use the key fact that from the homotopy class
of every edge, it is possible to choose a representative
such that the crossing numbers cr(e, f) and cr(e) are
all realized simultaneously [12].

For the rest of the proof, we fix a drawing D of A
such that its rotation system is the same as the ro-
tation system computed in Step 1, the edges of S(v)
do not cross each other, every other edge is drawn
as a curve in its homotopy class computed in Step
2, and the total number of crossings is the minimum
possible. Then every edge f of S(v) crosses every
other edge e at most once, and this happens exactly
if {e, f} € X. Moreover, for every pair of edges e, s
not incident with v, the corresponding curves in D
cross exactly cr(eq, e2) times, and the curve represent-
ing e; has cr(e;) self-crossings. Hence, A is simply
realizable if and only if all the edges e, es not inci-
dent with v satisfy cr(e;) = 0, cr(e,es) < 1, and
cr(er,e2) =1 < {e1,e2} € X.

We further proceed in four substeps. First we char-
acterize the homotopy classes of the edges and ob-
serve that for every edge e not incident with v, we
have cr(e) = 0, so there are no self-crossings in D.

Next we verify that the parity of the crossing num-
bers is consistent with the input. In particular, we
show that if e; and es are independent edges not in-
cident with v, then cr(ey, e2) is odd if and only if {es,
e} € X. We also show that if e; and e are adjacent
edges not incident with v, then cr(eq,es) is even. It
follows that A is realizable if and only if every pair
edges in D cross at most once.

Next we show that adjacent edges do not cross in D,
otherwise some AT-subgraph of A with five vertices
is not simply realizable. This part is rather straight-
forward, although not short. We observe several nec-
essary conditions implied by the simple realizability
of 5-tuples, and then use them to reconstruct a gen-
eral form of the homotopy classes of adjacent pairs of
edges.

Finally, we show by induction that if two indepen-
dent edges cross more than once, then there is a five-
vertex AT-subgraph that forces this, possibly for a
different pair of edges. In this part, we strongly rely
on the established fact that adjacent edges do not
cross in D. We avoid a tedious case analysis by not
continuing in the approach chosen for adjacent pairs
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of edges.
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Abstract

The concepts of monitoring the elements of triangula-
tion graphs by edges and faces at a distance k (remote
monitoring by edges and faces, respectively) were de-
fined by Hernandez and Martins, Electronic Notes in
Discrete Mathematics,(46) (2014), 145-152 [2]. Fur-
thermore, for any n-vertex maximal outerplane graph,
they provide combinatorial bounds when k£ = 2. In
this paper we continue their study, generalizing its
results to any value of k > 2.

Introduction

In Graph Theory, the notion of monitoring vertices,
edges of graphs by other vertices or edges has been
widely studied (see, e.g., [3]). For instance, mon-
itoring vertices by other vertices or edges by other
edges leads to well known parameters concerned with
verter domination or edge domination, respectively.
When vertices are to monitor edges we have the well
known notions of vertex covering. Finally, when edges
are to monitor vertices we obtain parameters associ-
ated with edge covering. In Computational Geometry,
for triangulation graphs, i.e., a triangulation of a set
of points in the plane, a different monitoring notion
was established — the notion of monitoring bounded
faces (faces, for short). When the faces are moni-
tored by vertices or edges, we obtain the parameters
associated with vertex guarding or edge guarding, re-
spectively. It was natural to extend the notions of
monitoring by faces. So, three new concepts were de-
fined by Herndndez and Martins [2]: face-vertex cov-
ering, face guarding and face-edge covering in trian-
gulations, that is, when faces monitor vertices, faces
and edges, respectively. While the monitoring con-
cepts by vertices (vertex domination, vertex covering
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ESF EUROCORES programme EuroGIGA ComPoSe 1P04
MICINN Project EUI-EURC-2011-4306.
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and vertex guarding) were extended to include its dis-
tance versions on plane graphs ([1, 4]), the same did
not happen with the other monitoring concepts, that
is monitoring by edges and faces. In this paper we
will extend the concepts of monitoring the elements
of triangulations by its edges and faces, at its dis-
tance versions, which we will call remote monitoring
by edges and faces, respectively. We establish tight
bounds for the remote monitoring by edges and for
remote monitoring by faces on a special class of tri-
angulations, namely the mazimal outerplane graphs.

1 Definitions

Given a triangulation T' = (V, E) its elements (ver-
tices, edges and faces) can be monitored by other
edges or faces (i.e., triangles). We start by defin-
ing the remote monitoring of the elements of T' by
its edges. Let T'= (V, E) be a triangulation. Note
that, to avoid confusion with multiple domination —
where the typical notation is k-domination — we will
use kd-domination, with an extra “d” to mean “dis-
tance”.

A kd-edge cover for T, is a subset C' C E such that
for each vertex v € V, disty(v,e) <k —1 for some
e € C, where distp(v,e) is the minimum distance
between the endpoints of e and v (see Fig. 1(a))). The
kd-edge cover number B,;d(T) is the number of edges
in a smallest kd-edge cover set for T. Givenn € N, we
define B, ,(n) = maz{B,4(T) : T is triangulation T =
(V, E) with |V] = n}.

We say that a triangle T; of T is kd-edge guarded
by an edge ec€ E if distr(T;,e) <k—1, where
distp(T;, e) is the minimum distance between the end-
points of e and the vertices of T; (see Fig. 1(b)). A
kd-edge guarding set for T is a subset . C F such that
every triangle of T is kd-edge guarded by an element
of L. The numbers kd-edge guarding number, g5 ,(T),
and g¢,(n) are defined in a similar way to S, ;(T") and
B,;d(n), respectively.

Finally, a kd-edge dominating set for T', is a subset
D C E such that for each edge e € E, distr(e,e*) <
k —1 for some e* € D, where distr(e,e*) is the mini-
mum distance between the endpoints of e and e* (see
Fig. 1(c)). The numbers kd-edge domination number,
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Yea(T), and 7, 4(n) are defined analogously to f,,(T)
and f,,(n), respectively.

Figure 1: The edge e: (a) 2d-edge dominates the black
vertices; (b) 2d-edge guards the shadowed triangles;
(c) 2d-edge dominates the dashed edges.

Now, we are going to present the concepts and ter-
minology related to remote monitoring the elements
of a triangulation by its faces. A kd-face-vertex cov-
ering set, a kd-face guarding set and a kd-face-edge
cover for a triangulation 7" are defined analogously to
a kd-edge cover, a kd-edge guarding set and a kd-edge
dominating set for T', respectively, but using subsets
of triangles of T" instead of subsets of edges. For ex-
ample, a kd-face-vertex covering set for T, is a subset
C of triangles of T such that for each vertex v € E,
distr(v,T;) < k — 1for some T; € C. Fig. 2 illustrates
these three new concepts.

(b)

Figure 2: The gray face: (a) 2d-face-vertex covers
the black vertices; (b) 2d-face guards the shadowed
triangles; (c) 2d-face-edge covers the filled edges.

The kd-face-vertex covering number, fp,(T), the
kd-face guarding number, g,’:d(T) and the kd-face
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guarding number, g]]:d(T)7 are defined similarly to
Bra(T), g5a(T) and ~,,(T), respectively.
n € N, the values f,gd(n),g,fd(n) and fg,(n) are de-
fined similarly to vyrq(n), gka(n) and Biq(n), respec-
tively.

Our main goal is to obtain combinatorial bounds re-
lated to the established remote monitoring numbers
on triangulations. That is, establish tight bounds on
Bra(n); gia(n), Veq(n) and fﬁd(n),gﬁd(n),fﬁd(n) For
that, we start by studying a special class of triangu-
lations, namely the maximal outerplane graphs. A
maximal outerplane graph is a maximal outerplanar
graph embedded in the plane and corresponds to a
triangulation of a polygon.

Given

2 Monitoring maximal outerplane graphs

In this section we establish tight bounds for the mini-
mum number of edges and faces that remote monitor
the different elements (vertices, edges and faces) of
a special class of triangulation graphs — the maximal
outerplane graphs. We call the edges on the Hamilto-
nian cycle C' of a maximal outerplane graph exterior
edges, otherwise we call them interior edges. Table 1
summarizes our results.

Table 1: A summary of our results.

Monitored by
Edges Faces
. Face-vertex
£ | Vertices Egg?;l()jgwfzrjg Covering
: W7 | = 1)
5} ace
5 Edge-Guardi .
_g Faces P g(z) :ufr nlnjg ; Guarding
QEJ H hre 9ia(") = Lops)
= - |
‘g Edge-Dominating Face efige
EO Edges V() = [ | Covering
kd 2h+1 Fean) = | 5]

We started by establishing a relationship between
remote monitoring maximal outerplane graphs from
its edges and from its faces.

Theorem 1 Every n-maximal outerplane graph T
satisties: f{y(T) < Bra(T). g{a(T) < g5u(T) and
fia(T) < o (T).

Proof. Omitted. O

Then, we constructed examples of maximal outer-
plane graphs for which the lower bounds are achieved.
Consider the maximal outerplane graphs illustrated in
Fig. 3. The black vertices, in Fig. 3(a), not only need
different edges to be kd-edge covered, as well as dif-
ferent triangles to be kd-face-vertex covered. Thus,
Bran) > [3t) and fiy(n) > [z). Fig. 3(b)
shows a maximal outerplane graph 7' for which no
two shadowed triangles can be kd-edge guarded by
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the same edge, thus gj,(n) > [ 5775/ We can also see

that gf:d(n) > | 5553 ), since each shadowed triangles
can only be kd-guarded by different triangles. Finally,
the bold edges of the maximal outerplane graph illus-
trated in Fig. 3(c) require different edges and different
triangles to become kd-edge dominated and kd-face-
edge covered, respectively. Thus, v;,(n) > |

and fg,(n) > |32%1].

2kZ~1J

On the other end, we proved that:

1) The vertices of any maximal outerplane graph of
n vertices (n > 2k, k > 2) can be kd-edge covered

by |55 ] edges, that is, 3, ,(T) < [5%].

The vertices of any maximal outerplane graph
of n vertices (n >2k+2, k > 2) can be kd-

edge guarded by L#HJ edges, that is, g5 ,(T) <

Lo -
The vertices of any maximal outerplane graph of

n vertices (n >2k+1, k > 2) can be kd-edge
dominated by |57%] edges, that is, 7;,(T) <
Larr -
Here we only present the proof of the first result. In
order to do this we first need to introduce the follow-

ing auxiliary lemmas. Of these lemmas we will only
present the proof of one of them.

Lemma 2 Let T be a maximal outerplane graph
with n > 2s vertices. There is an interior edge e in T
that separates off a minimum number m of exterior
edges, where m = s,s + 1,... or 2s — 2. Therefore,
the edge e partitions T into two pieces, one of which
contains m exterior edges of T.

This previous lemma was proved by Shermer in [5].
Lemma 3 3;,(n) < B,,(n+1), for all n, k € N.

Lemma 4 () ,(n) =1, for all 3 <n < 4k — 1.

Proof. Let T be a n-vertex maximal outerplane
graph. We distinguish four cases:

1. n < 2k — 1. Whatever the vertex v € T, any
incident edge to v kd-edge covers T. Moreover,
this edge can be a “collapsed edge” at v (i.e., any
edge incident at v), see Fig. 4.

2. n = 2k. Any edge kd-edge covers T. Moreover, a
“collapsed edge” at any vertex of degree greater
than 2, also covers T.

3. n =2k + 1. In this case we have two options: i)
any edge with endpoints of degree greater than
2 kd-edge guards T i) or, if we need to kd-edge
cover with an edge with one endpoint of degree
2, we can easily see that one of the two adjacent
edges to that vertex kd-edge covers T'.
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Figure 4: The bold edge 5d-edge covers every vertex
of the left triangulation 7", regardless of how it is
triangulated.

4. n =4k — 1. Let be e = (u,v) be an edge of max-
imum longitude h. The longitude of an interior
edge is the distance between its endpoints within
the Hamiltonian cycle C' of T. It is clear that
h <2k — 1. Here we can distinguish two cases:

(a) h = 2k — 1. The edge (u,v) partitions T
into two triangulation T and T5, with h +
1 =2kand n—h+1 = 2k + 1 vertices,
respectively. The edge uv covers Tp. If it
does not covers Ts, we know that one of its
endpoints has degree 2 in T5. Suppose that
u is this endpoint (see Fig 5). Then each of
the two edges (u,w) or (w,v) covers Ty and
one of them also covers T} (since u or v has
degree greater than 2 in T7).

Figure 5: Case h = 2k — 1.

h < 2k—2. The edge (u, v) partitions T into
two triangulation 77 and Ts, with h < 2k—1
and n—h+1 > 2k + 2 vertices, respectively.
Let T* = (u,v,w) be the triangle supported
by (u,v) in T». This triangle decomposes
T, into two triangles 77 and T” each with
at most 2k — 1 vertices. In this way the edge
(u,v) covers T" and T" (first case, Lemma
4) and also covers T3 UT* which has at most
2k vertices (first case, Lemma 4).

O
Lemma 5 8 ,(n) =2, if n =4k orn = 4k + 1.

Lemma 6 Suppose that f(m) edges are always suffi-
cient to kd-edge cover any outerplane maximal graph
with m vertices. Let T be a m-vertex outerplane
maximal graph and e = (u,v) an exterior edge of
T. Then with f(m — 1) edges and an additional “col-
lapsed edge” at the vertex u or v (i.e., any edge inci-
dent at v or u) are sufficient to kd-edge cover T.
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2k —1
vertices

(here k = 3)

2k+1
vertices

(here k = 2)

Now we can present the proof of the main result.

Theorem 7 (3, ,(T) < | 31|, for every n-vertex maxi-
mal outerplane graph T, with n > 2k and k > 2. And
if n <2k — 1 it can be covered by 1 edge.

Proof. The proof is done by induction on n. By Lem-
mas 4 and 5 the theorem is true for 3 < n <4k + 1.
Assume that the theorem holds for all n’ < n. Let
T be a maximal outerplane graph with n vertices,
n > 4k+2 = 2(2k+1), Lemma 2 guarantees the exis-
tence of an interior edge e = (u, v) that divides T into
two maximal outerplane graphs 77 and 75, such that
T1 has m exterior edges of T" with 2k + 1 < m < 4k.
Each value of m is considered.

(1) m<4k—2. T; has m+1<4k—1 vertices,
thus it can be kd-edge covered with 1 edge.
T5 has ny =n —m + 1 vertices, and by induc-
tion hypothesis, it can be kd-edge covered by

|252% | guards. If my > 2k, then Sj,(T) <

Bra(Ty) + Ba(Te) < 1+ [2525] = | 2], Oth-
erwise (ng < 2k), B1.4(T) < Bry(Th) + Big(T2)
<14+1< L%j In any case T can be kd-edge
covered by | 3] guards.

m=4k —1. T} has ny = m+ 1 =4k vertices
and 75 has no=n—-m-+1=n—4k +2 ver-
tices. Let T* (u,v,w) be the triangle sup-
ported by (u,v) in Ty. Let C be the Hamilto-
nian cycle of T. By the minimality of m and
since the distance from w to v through C in T; is
m = 4k — 1, we can conclude that the distances
from u to w and from w to v through C in T}
are 2k and 2k — 1. By symmetry, we may assume
that diste(u,w) = 2k and diste(v,w) = 2k — 1.
Now we consider the triangulation 7" defined by
the edge uw and the edges of C in T;. T’ has

(©)
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2k +1
vertices

(here k = 2)

Figure 3: Maximal outerplane graphs for which: (a) 8;4(n) > [ 555 (b) g954(n) > L5553 )5 () ea(n) = l5p )

n' = 2k + 1 vertices, and the triangulation 7"
defined by the remaining of T together with T5.
T5 has n” = n—2k+1 vertices. By Lemma 6, T"
can be kd-edge covered by | 5] — 1 edges plus a
“collapsed edge” at uw or v. This “collapsed edge”
also kd-edge covers T’. Thus, T can be kd-edge-
covered by | 5] edges.

m = 4k. The proof of this case is similar to the
previous one, thus it is omitted.

O

The previous theorem together with Theorem 1 al-
low us to conclude the following result:

Theorem 8 f7,(T) < |g;], for every n-vertex maxi-
mal outerplane graph T', withn > 2k and k > 2. And
if n <2k —1 it can be covered by 1 triangle.
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Abstract

We present a robust and compact meta-module of M-
TRAN and other similar robots that is able to per-
form the expand/contract operations of Crystalline
and Telecube robots, based on the rotational degrees
of freedom of M-TRAN units. Our meta-modules also
perform the scrunch/relax and transfer operations of
Crystalline and Telecube meta-modules. These re-
sults make it possible to apply efficient geometric re-
configuration algorithms to this type of robots.

1 Introduction

Modular self-reconfigurable robots are connected sets
of units that can change their connectivity, varying
the shape of the robot. Thus, these systems can mod-
ify their morphology (reconfigure) to better suit dif-
ferent tasks and environments and to self-repair. This
makes them more versatile and robust than fixed-
shape unique-purpose robots.

They can be classified according to different crite-
ria: architecture and topology, connections, degrees of
freedom, propulsion method, etc. We are interested
in robots whose units are able to expand and con-
tract since this property can be exploited by recon-
figuration algorithms. As can be seen in Figure la,
for this kind of units movements interior to the robot
configuration are allowed, leading to tunneling recon-
figuration strategies, in which modules travel through
the volume of the robot. Figure 1b shows how the
same reconfiguration is achieved by means of a surface
strategy, i.e., by moving the units along the boundary
of the configuration.

Physical prototypes of self-reconfiguring systems
with square or cubic units that can can expand and
contract by a factor of two in each of its dimensions
are Crystalline robots [9] in two dimensions and Tele-
cube [11] in three dimensions.

Several tunneling algorithms for universal reconfig-
uration have been proposed for Crystalline and Tele-
cube robots. In all of them the units are grouped into

*Emails: irenedeparada@gmail.com, {vera.sacristan, ro-
drigo.silveira}@upc.edu. Research partially supported by
projects MTM2012-30951 and Gen. Cat. DGR 2014SGRA46.
R.S. was also partially supported by MINECO through the
Ramén y Cajal program.
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a)

b)

Figure 1: Different reconfiguration strategies. In both
cases, the leftmost configuration is the starting one,
and the rightmost is the target one. a) Tunnelling
algorithm for expandable and contractible modules.
b) Surface algorithm.

meta-modules of at least 2 x 2(x2) units. The melt-
grow [8] is a centralized algorithm which reconfigures
any connected robot of n units in O(n?) moves and
steps. The Pac-Man algorithm [5] and the algorithm
in [12] use O(n?) parallel steps. Maintaining the as-
sumptions of constant velocity and strength and using
meta-modules of 2 x 2(x2) units, in-place reconfigu-
ration (space requirement is just the union of the the
source and target configurations) is possible in linear
time [2]. The total number of unit moves is O(n?),
which is optimal in this setting. Requiring modules
to have linear strength, i.e., to be able to pull or push
a linear number of other modules, the total number
of unit moves can be reduced to O(n) [3]. With this
force requirements and allowing velocities to build up
over time, reconfiguration is possible in O(logn) par-
allel steps and O(nlogn) total moves [4].

Many current modular robots prototypes have
other very convenient properties but cannot expand
and contract. We would like to apply the previously
described algorithms also to some of these robots by
constructing meta-modules with their units, which
cannot expand and contract, such that the whole
meta-module can.

One of the most interesting robotic systems devel-
oped so far is the M-TRAN series, from M-TRAN I
to M-TRAN III [6]. On one hand, its units (Figure 2)
can be connected in a string or tree topology which al-
lows for continuous movement. This makes M-TRAN
suitable for a wide range of tasks. On the other hand,
the blocks constituting its units can be arranged in a
cubic grid. In this lattice architecture reconfiguration
is simpler.

For these reasons, there has been interest in design-
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Figure 2: An M-TRAN unit.

ing meta-modules of M-TRAN units that can expand
and contract. Murata and Kurokawa present in [7]
a small and compact meta-module, but it can only
expand and contract in 2 dimensions. For 3D, the
only such meta-module that we are aware of is that of
Aloupis et al. [1]. Their meta-module is also valid for
Molecube units [13]. However, the meta-module of [1]
is formed by 58 units and the side length of its min-
imum axis-aligned bounding cube when expanded is
32 units. In addition, it is much less compact than the
one by Murata and Kurokawa, making it less robust.
We would be interested in a more realistic meta-
module, both in size and number of modules.

Results Restricting ourselves to M-TRAN, in Sec-
tion 2 we present a more robust and compact meta-
module that is able to simulate the operations per-
formed by Crystalline and Telecube units. The meta-
module we propose is also valid for SuperBot [10].
Moreover, since the meta-modules of expandable and
contractible units required in the algorithms would
lead to meta-meta-modules of M-TRAN units, in Sec-
tion 3 we show that the use of these meta-meta-
modules can be avoided.

2 A smaller and more robust meta-module

M-TRAN units (Figure 2) consist of two linked
semi-cylindrical cubes. We refer to these semi-
cylindrical cubes as blocks. Each block has a gender
(male/female) and connectors (different for the two
genders) on its three flat surfaces. Two units can be
attached by flat surfaces of different gender, in any of
the four possible relative orientations.

The units have two degrees of freedom: each semi-
cylindrical block can rotate from —90° to 90° with
respect to the link joining both blocks (Figure 2).

In the remaining of this section we describe how
M-TRAN units can be combined into a meta-module
that is able to expand and contract.

Our meta-module, illustrated in Figure 3, consists
of 6 arms, aligned in three directions that are parallel
to the x, y and z axes.

Each arm is implemented using a 2-unit chain: two
units attached at square flat faces and with the direc-
tion of their links aligned, as shown in Figure 4. The
key property of 2-unit chains is that the rotation of
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Figure 3: Our M-TRAN meta-module. Left: all arms
expanded. Center: central blocks. Right: all arms
contracted.

@ % ®

Figure 4: The 2-unit chain is able to contract while
maintaining its potential connections at both ends.

the blocks within the units allows them to contract
an expand, while preserving potential connections.

Lemma 1 The 2-unit chain can be contracted. Dur-
ing this operation its two extremal blocks stay aligned
and keep their orientation.

Proof. The contraction operation is shown in Fig-
ure 4. Its realization is allowed by the two rotational
degrees of freedom and the semicylindrical shape of
the blocks. It is easy to see that this operation does
not change neither alignment nor the orientation of
the extremal blocks of the chain. O

The pairs of arms of the meta-module that are ori-
ented in the same direction are connected to each
other, resulting in a 4-unit chain whose blocks are all
aligned. However, the linkages of the two connected
arms differ in their orientation (see Figure 5 left). We
call the blocks connecting the two arms central. The
end blocks of a 4-unit chain are called tips.

Figure 5: Left: connecting two arms into a 4-unit
chain. The central blocks are highlighted in green.
Right: the compression movement.
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The six arms of the meta-module form three 4-unit
chains, one for each of the x, y and z directions, at-
tached through their central blocks at their semicir-
cular faces.

Since the linkages of the two arms forming a 4-unit
chain have different directions, their contraction and
expansion movement takes place on two orthogonal
planes, as illustrated in Figure 5 right.

The meta-module can contract or expand each arm
independently while keeping the six central blocks
still. An important property of the meta-module is
that the expansion or contraction of an arm can never
interfere with another arm of the same meta-module.

Lemma 2 No self-intersection is produced when ex-
panding or contracting any of the six arms of the
meta-module.

Proof. Consider the minimum axis-aligned cube con-
taining the expanded meta-module and decompose it
into eight octants. It is easy to see that each expanded
arm is contained in a different octant. The plane on
which the contraction of an arm occurs always has a
region in the corresponding octant. Therefore, when
we contract an arm, we can always use the octant
that is exclusive to that arm. This guarantees that
collisions cannot occur. O

Lemma 3 During the expansion and contraction of
any subset of arms of a meta-module the structure
remains connected.

Proof. While expanding and contracting any arm,
the central blocks remain immobile.  These six
blocks maintain the meta-module connected at all
times. Moreover, connectivity with neighboring meta-
modules is preserved: if the tip of an arm is attached
to the tip of another meta-module arm, Lemma 1
guarantees that this attachment can be maintained
during expansion and contraction. O

Theorem 4 The meta-module can perform the
Crystalline and Telecube unit operations: expand,
contract, attach and detach.

Proof. From the previous lemmas we conclude that,
in any direction, the length of the meta-module can be
reduced by half (when expanded arms are contracted)
or doubled (when contracted arms are expanded) in
any of the z, y and z directions. This can be done
while preserving connectivity (Lemma 3) and avoiding
collisions (Lemma 2). |

The meta-module we have presented uses 12 M-
TRAN units. When expanded, its length is 8 units.
Thus, the number of units is significantly reduced with
respect to the 58-units meta-module presented in [1]
and its size is scaled down to half.
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Furthermore, robustness is also improved over the
previous meta-module: when contracted, our meta-
module has only two corner joints per arm, as opposed
to the four used in previous work, and leaves no gaps,
making it much more compact.

3 Avoiding meta-meta-modules

By Theorem 4, we can apply the algorithms in [8,
5, 12, 2] for Crystalline and Telecube units to our
meta-module. These algorithms, in turn, use meta-
modules of Crystalline or Telecube units that are able
to perform the following operations:

Scrunch and Relaxz: compressing two connected
meta-modules so that both occupy the same single
lattice cell, and the reciprocal operation. See Fig-
ure 6a.

Transfer: a compression in a meta-module is trans-
ferred to an adjacent lattice cell whose meta-module
is not compressed. See Figure 6b.

a) b)

b

Figure 6: Crystalline and Telecube meta-module op-
erations. a) Scrunch and Relax. b) Transfer.

In the previous section we showed that our meta-
module is able to perform the Crystalline and Tele-
cube unit operations. In this section we show that
meta-meta-modules of M-TRAN units are not re-
quired since our meta-module is also able to simulate
the scrunch/relax and transfer operations. This de-
creases the resolution of the configurations that we
can handle, both in size and number of units.

Figure 7 illustrates two adjacent meta-modules be-
fore and after a scrunch/relax operation. In a scrunch
operation one of the meta-modules stays still, guaran-
teeing the connectivity of the overall structure. The
other meta-module adopts a position that we call
canonical, and has the following properties: (i) the
4-unit chains of the moving meta-module are paral-
lel to those of the still meta-module, and they are all
connected at their central blocks; (ii) the symmetry
of the resulting configuration allows to perform a re-
lax operation on the moving meta-module to place it
in any of the six adjacent lattice cells.

In a transfer operation two adjacent meta-modules
stay still, while the other moves from the canonical
position attached to one of the still meta-modules to
the canonical position attached to the other.

The low density of the configuration with two
meta-modules in the same bounding box, as shown
at the bottom of Figure 7, allows performing the
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scrunch/relax and transfer operations. Their actual
implementation is rather involved. It comprises 57
independent moves of the six 2-unit chains of the mov-
ing meta-module for the scrunch operation and 69 for
the transfer operation.

This leads to the following result, whose proof we
omit due to space limitations.

Theorem 5 The meta-module can perform the
Crystalline and Telecube meta-module operations
scrunch/relax and transfer.

Figure 7: The scrunch/relax operation. Notice the
canonical position of the blue meta-module in the bot-
tom figure.

References

[1] G. Aloupis, N. Benbernou, M. Damian, E. D.
Demaine, R. Flatland, J. Iacono, and S. Wuhrer.
Efficient reconfiguration of lattice-based modular
robots. Comp. Geom.-Theor. Appl., 46(8):917—
928, 2013.

[2] G. Aloupis, S. Collette, M. Damian, E. D. De-
maine, R. Flatland, S. Langerman, J. O’Rourke,
V. Pinciu, S. Ramaswami, V. Sacristan, and

52

[10]

[11]

[13]

S. Wuhrer. Efficient constant-velocity reconfig-
uration of crystalline robots. Robotica, 29(1):59—
71, 2011.

G. Aloupis, S. Collette, M. Damian, E. D. De-
maine, R. Flatland, S. Langerman, J. O’Rourke,
S. Ramaswami, V. Sacristan, and S. Wuhrer. Lin-
ear reconfiguration of cube-style modular robots.
Comp. Geom.-Theor. Appl., 42(6-7):652-663,
20009.

G. Aloupis, S. Collette, E. D. Demaine,
S. Langerman, V. Sacristan, and S. Wuhrer. Re-
configuration of cube-style modular robots using
O(log n) parallel moves. In Proc. 19th Annual In-
ternational Symposium on Algorithms and Com-
putation (ISAAC), pp. 342-353, 2008.

Z. Butler and D. Rus. Distributed plan-
ning and control for modular robots with
unit-compressible modules. Int. J. Rob. Res.
22(9):699-715, 2003.

H. Kurokawa, K. Tomita, A. Kamimura,
S. Kokaji, T. Hasuo, and S. Murata. Distributed
self-reconfiguration of M-TRAN III modular
robotic system. Int. J. Rob. Res., 27(3-4):373—
386, 2008.

S. Murata and H. Kurokawa.
Robots. Springer-Verlag, 2012.

D. Rus and M. Vona. Self-reconfiguration
planning with compressible unit modules. In
Proc. IEEFE Int. Conf. Robotics and Automation
(ICRA), pp. 2513-2520, 1999.

D. Rus and M. Vona. Crystalline robots: Self-
reconfiguration with compressible unit modules.
Auton. Robots, 10(1):107-124, 2001.

B. Salemi, M. Moll, and W.-M. Shen. Super-
bot: A deployable, multi-functional, and modu-
lar self-reconfigurable robotic system. In Proc.
IEEE/RSJ Int. Conf. on Intelligent Robots and
Systems (IROS), pp. 3636-3641, 2006.

J. W. Suh, S. B. Homans, and M. Yim. Tele-
cubes: Mechanical design of a module for self-
reconfigurable robotics. In Proc. IEEE Int. Conf.
Robotics and Automation (ICRA), pp. 4095-
4101, 2002.

S. Vassilvitskii, M. Yim, and J. Suh. A complete,
local and parallel reconfiguration algorithm for
cube style modular robots. In Proc. IEEE Int.
Conf. Robotics and Automation (ICRA), pp.
117-122, 2002.

V. Zykov, E. Mytilinaios, B. Adams, and
H. Lipson. Self-reproducing machines. Nature,
435(7039):163-164, 2005.

Self-Organizing



XVI EGC, Barcelona, July 1-3, 2015

Efficient distributed and parallel reconfiguration of expand-contract
modular robots

Manuel Perera*! and Vera Sacristédnt?

!Departament de Matematica Aplicada II, Universitat Politécnica de Catalunya, Barcelona, Spain.

Abstract

We present an efficient in-place algorithm to re-
configure modular robotic systems made of expand-
ing/contracting cubes. The reconfiguration is com-
pletely distributed and produces a large number
of parallel moves, giving rise to a scalable algo-
rithm whose performance improves over the previ-
ously known results.

Introduction

Self-organizing modular robotic systems are made of
a large number of independent units with a small
processor, that can attach to and detach from each
other, and can move relative to each other. This al-
lows them to rearrange themselves into the best-suited
structures to perform different tasks under different
space restrictions. Self-organizing modular robots are
therefore envisaged to be a promising option for a va-
riety of applications, ranging from long-term spacial
missions to rescue tasks in dangerous or unaccessible
environments. If massively produced, they could also
constitute a cheap and reusable bucket-of-stuff to be
used in ordinary life [15, 9].

Many prototypes of self-organizing modular robots
have been designed and implemented by the robotics
community, with a variety of shapes, movement meth-
ods, attachment mechanisms, and degrees of freedom,
see [15, 9] for details. Among them, Crystalline [12]
and Telecube [13] respectively are square and cubical
units equipped with an expansion/contraction mech-
anism that allows each unit to extend its faces out
and retract them back, as to double/halve their size
in each of the z, y and z directions. Each unit face
has an attaching/detaching mechanism that allows it
to attach to (or detach from) the face of an adjacent
unit. Due to the potential of this squeezing property,
there has been also some work on how to group to-
gether units of other non-contractible units such as
M-Tran [10] or Molecubes [16] to simulate Crystalline

*Email: manuel.perera.paquico@gmail.com.

TEmail: vera.sacristan@upc.edu. Research partially sup-
ported by Projects MTM2012-30951 and Gen. Cat. DGR
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and Telecube units [2].

The expanding/contracting capability is particu-
larly interesting, because it allows reconfiguration
strategies based on making the units travel through
the interior of the shape (i.e., the connected set of
units), as opposed to the traditional reconfiguration
strategies based on moving the units along the bound-
ary of the shape. Several algorithms have been devel-
oped with this goal [12, 6, 14, 4, 3, 5], which differ
in their assumptions on unit strength and maximum
velocity, and have different efficiency in terms of their
overall running time and the number of moves per-
formed by the robot units. One of the main current
challenges in this field, though, still is to come up with
reconfiguration algorithms that are not only asymp-
totically efficient but also massively parallel and scal-
able, as the miniaturization of the units will require
to manage robot configurations formed by a huge
amount of units.

In this paper we present an efficient reconfigura-
tion algorithm for expanding/contracting squares or
cubes which is distributed and parallel, and allows to
reconfigure in-place any set of n connected units into
any other one with the same number of units in O(n)
moves per unit and O(n) parallel steps (if run sequen-
tially). Each unit stores O(n)-size information of the
goal shape, and uses O(1) communication and com-
putation per move. The algorithm is inspired in the
InPlaceReconfiguration (IPR) algorithm of [3], al-
though the last one is centralized and has one sequen-
tial phase, while the one we propose is distributed and
parallel, giving rise to a scalable time efficient recon-
figuration.

1 Basic moves

Some configurations, such as a single row of units
for example, cannot be reconfigured without discon-
necting the robot. In order to achieve connected-
ness of the reconfiguration space, units are grouped
into meta-modules, i.e., groups whose minimum size
is 2 x 2(x2) units [4]. For simplicity, we represent
each meta-module by a square or cube. Our algo-
rithm uses three meta-module moves, namely ezpand,
contract and transfer, illustrated in Figure 1. The unit



XVI Spanish Meeting on Computational Geometry

toee— @ A
N = O O

Figure 1: 2D illustration of the basic moves of our al-
gorithm. Above: unit view. Below: meta-module rep-
resentation. Left: the expand/contract move. Right:
the transfer move.

moves required to produce these meta-module moves
are discussed in detail in [3].

2 The centralized algorithm

This section briefly reviews the IPR algorithm of [3],
which has inspired our strategy. As already men-
tioned, in this algorithm the reconfiguration is run by
a central controller which instructs each meta-module
(from now on module) what to do. The algorithm es-
sentially consists of three phases: 1) build a logical
spanning tree of the initial and the goal shapes (both
shapes share at least one module, which behaves as
root of the initial configuration); 2) iteratively com-
press all leaves of the current spanning tree towards
the root of the tree; 3) once completely compressed,
grow the goal spanning tree by expanding the root of
the current tree in a depth-first traversal of the goal
shape spanning tree. After each expanding step, ap-
ply again the compress step, as to keep at all times
all modules compressed towards the current root. See
Figure 2 for an illustration.

g g T

Figure 2: A few steps of a reconfiguration produced
by the IPR algorithm. The colors of the modules are
just to show their evolution.

The only module moves required are, indeed, com-
press, transfer and expand, resulting in a completely
in-place reconfiguration, i.e., a reconfiguration using
only grid positions occupied either by the initial or
the goal shapes. The algorithm is therefore optimal
in the use of space. For a configuration of n modules,
the number of moves per module is trivially O(n) and
the overall number of parallel steps of the algorithm
is also O(n), which are both optimal. Refer to [3]
for details. The only disadvantages of this algorithm
are i) the fact that it is centralized and, therefore,
not easy to scale, and i) the lack of parallelization of
the expanding phase, which is intrinsic to the depth-
first traversal strategy and implicit in the expand-
compress sequence in phase 3. As a consequence, since
all compressed modules follow the root in its traver-
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sal of the goal shape spanning tree, the algorithm can
produc many unnecessary module moves. This is in-
convenient, as robot moves are expensive in time and
energy consumption.

3 The novel distributed algorithm

The algorithm we present improves on the one de-
scribed in Section 2 in three aspects.

1) It is distributed, i.e., each module takes its own
decisions, based on local information of its own situ-
ation and that of its neighbors, without the help of
any central controller. By its own situation, we mean
its state (a short text string), its attachments to its
neighbors, the numerical value of its internal variables
(8 or 11 integers, plus 10 or 20 bits, depending on the
dimension) and the content of its incoming messages
(2 per neighbor, can be numerical or text). By local
information we mean information on the existence,
state, and internal variables of each of its four or six
neighbors, depending on whether in 2 or 3 dimensions.
Each module runs the same set of rules. Each rule has
a precondition combining the previously described in-
formation, and a postcondition or action, which the
module performs if it satisfies the precondition. In
addition, rules have priorities, so that each module
only applies the rule(s) of higher priority among those
whose precondition it satisfies.

2) The algorithm does not require the compression
of the modules towards the current root to be com-
pleted at each expansion step. In fact, as soon as
one module gets to a position where it can expand,
it actually does so. In other words, the compression
and the expansion phases of the algorithm are run in
parallel. This gives rise to an asymptotically equal
but in practice faster reconfiguration because it pre-
vents a number of useless moves of the IPR algorithm,
namely module moves that needed to be undone.

3) The expansion is done in a parallel breadth-first
way, as opposed to the sequential depth-first strategy
used in the original algorithm. Naturally, this fur-
ther reduces the number of moves per module and
the number of parallel steps of the reconfiguration.

For the third of these characteristics to be feasible,
the modules keep at all times some global information
about their current shape and their goal shape, as we
will see. The information about their current shape
is obtained by the modules themselves at an initial
stage by means of a set of self-organizing rules, and
then kept updated during the reconfiguration. The
information on the goal shape is given to them at the
beginning of the reconfiguration, and is analogous to
that of the goal shape. We describe our algorithm as
thee sets of rules.

The self-organizing rules allow to form a logical
spanning tree structure and to elect a leader as its
root, as in [11]. While doing that, the modules also
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count the number of their descendants in the tree.
Our implementation combines those of [1] and [8].

The compressing rules compress the leaves of the
tree into their parent, and up towards the root of the
tree, by means of the compress and transfer moves.
A handshaking strategy (by means of message pass-
ing between face-adjacent modules) allows preventing
collisions. For this purpose, a priority order of the
compressing directions (up, north, west, east, south,
down) is used.

The expanding rules grow the goal shape span-
ning tree by means of the transfer and expand moves.
At each branching point of the goal spanning tree, one
module, which we call a leader, expands in each of the
necessary directions to build the required subtrees,
and the remaining modules required to build each sub-
tree follow the leaders to keep building the subtrees.
In this building process, every time a module is trans-
ferred or expanded, the corresponding counter of the
required descendants is updated, as to make sure that
the exact number of modules move towards their goal
destination. If the initial and the goal shapes were
to be disjoint (except for a common module acting as
root in both the initial and the goal spanning trees),
this strategy would suffice to perform the reconfigu-
ration in an optimal number of moves, in the sense
that no module would ever need to backtrack. But
this is not always necessarily the case. When the ini-
tial and the goal shapes overlap, it may happen that
an expanding module (a leader) bumps into a com-
pressing module, i.e., some growing branch of the goal
spanning tree needs to expand into a position which
happens to be occupied by a module still in the initial
spanning tree. In this case, deadlocks could appear if
the expanding module had to wait for the compressing
one to move away and free the position. Our solution
in this case is again inspired by the IPR algorithm:
the growing branch incorporates the module from the
old disappearing branch, and keeps advancing. This
is what we call a change-branch action. What makes
a difference between the IPR algorithm and the new
one is that now we do not want such actions to pro-
duce new unnecessary moves. Therefore, every time
a branch change happens, a message is sent back to
the ancestors in the currently built goal spanning tree
to decrease the number of required descendants of all
the modules lying in the path from the position where
the branch change happened up towards the root.

The precise transcription and enumeration of the
rules is omitted due to space constraints, and can be
found in [7]. We obtain the following result:

Theorem 1 It is possible to reconfigure any con-
nected configuration of n modules into any other of
the same number of modules by means of an asyn-
chronous distributed algorithm, using O(n) moves per
module in O(n) parallel steps (if run synchronously).
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Each module stores the O(n)-size information of the
goal shape and performs O(1) computation and com-
munication per move.

Proof. We omit the proof of correctness of the pro-
posed rules due to space constraints. As for the com-
plexity of the algorithm, the number of moves per
module is bounded above by that of the IPR algo-
rithm, and therefore is O(n). As mentioned above,
our algorithm can run in an asynchronous way. Nev-
ertheless, when run synchronously, the number of it-
erations can be bounded by the number of parallel
steps of the centralized IPR algorithm, and therefore
is O(n). Communication per module is constant per
move and, as a consequence, is also O(n). The amount
of memory used per module is O(n) as each module
needs to know the goal shape. To apply the rules, each
module needs to perform O(1)-size computations and
communication. 0

4 Experimental results

In addition to the theoretical asymptotic results, we
have run our algorithm in the 2-dimensional simulator
of [1] with different configurations of different sizes,
like the ones shown in Figure 3.

Figure 3: Some of the configurations used in the ex-
periments.

Figure 4 shows the mean of the total number of
moves and the total amount of communication used.
It is worth noticing that, although it could seem that
the reduction of moves with respect to the previously
known algorithm should be done to the price of in-
creasing communication, in practice this is not really
so, as the results show. This is due to the decrease of
unnecessary moves and wait-in-line situations, as well
as to a more asynchronous implementation, which ap-
plies delays in the handshaking procedures.

5 Discussion

Given any connected configuration of n minimum
size meta-modules of expand/contract units in ei-
ther 2D or 3D, we have presented a scalable algo-
rithm to reconfigure it into any other connected shape
with the same number of modules. The algorithm
is distributed and parallel, and optimizes the num-
ber of moves and parallel steps. This improves on
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Figure 4: Total number of moves (left) and total num-
ber of messages (right), as a function of the number of
modules. In both cases, the dotted line corresponds
to the straightforward distributed implementation of
the IPR algorithm, the continuous line corresponds to
the novel algorithm.

the asymptotic results of the previously known dis-
tributed algorithms, as well as on the experimental re-
sults of the previously known centralized algorithms.

There is still some space left for further reducing
the effective number of moves by trying to keep in
place as many of the modules whose initial position
also needs to be occupied in the goal configuration.
This is not an easy task, though, as the robot is re-
quired to stay connected along the entire reconfigu-
ration process. We believe that any advance in this
direction will require to come up with a totally differ-
ent reconfiguration strategy.

It is worth mentioning that our 2-dimensional im-
plementation of the algorithm in our simulator uses
a large number of rules. Namely, 96 self-organizing
rules, 72 compressing rules and 471 expanding rules,
plus 29 common rules for both expanding and con-
tracting. This is partially an artifact of the program-
ming language of the simulator which, for example,
requires a different copy of the same rule for each
one of the axis-aligned directions. Partially, it is a
consequence of the fact that our rules take care of
all the hand-shaking as if the simulator was not syn-
chronous. Finally, it is also due to the fact that we
have opted to use specific states for specific situations,
and to break long rules into smaller ones, for the sake
of readability and correctness proving, and have not
tried to optimize the number of rules. In non simu-
lated implementations, this issue should be taken into
account.
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Computing the maximum overlap of a disk
and a polygon with holes under translation
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Abstract

We present a GPU parallel algorithm, designed under
CUDA architecture, for approximately computing the
maximum overlap of a disk and a polygon with holes
under translation. We also provide and discuss exper-
imental results showing the efficiency of our approach.

1 Introduction

The continuous maximal coverage problem consists
in siting facilities in the continuous space to maxi-
mize coverage of regional demand. The one-facility
case, with the assumption of uniformly distributed
demand and a disk-like service area for the facility,
has been studied in [3], where a computationally pro-
hibitive approach to approximately solving the prob-
lem is provided.

Next, we formally define the problem to be solved.
Let P be a polygon, that may have holes, such that
its position and orientation are fixed. For any point
q € R? denote D,(q) the disk of center q and radius 7.
The goal is to find a location gy € R? which maximizes
the area A(q) of the overlap of D, (q) with P.

There has been some related work on this problem.
Given two simple polygons P and @ with n and m ver-
tices, respectively, Mount et al. [4] gave an algorithm
to compute their maximum overlap under translation
in O(n?m?) time. Cheong et al. [1] proposed an
algorithm to approximate the maximum overlap us-
ing random sampling techniques. With high proba-
bility the additive error is ¢ - min{area(P), area(Q)}
and the running time is O(n+ (m?e~*log, m)). More
recently, Cheng and Lam [2] presented an algorithm
to approximate the maximum overlap of two poly-
gons P and @, build upon the framework of Cheong
et al. [1]. Polygons P and @ may have multi-
ple holes. If n denotes the total number of vertices
in P and @, the running times of the algorithm is
O(n%e31og"® nlog(n/¢)). If one of the two polygons
is convex, the additive error with high probability is
¢ - area(P) and the running time can be improved to
O(nlogn + =3 log*® nlog((logn)/e)).

The prohibitive running times of the existing ap-
proximation algorithms, mainly for small £ values,

*Email: (coll,mfort,sellares)@imae.udg.edu.
Work partially funded by the TIN2014-52211-C2-2-R project
from Ministerio de Economia y Competitividad, Spain.
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motivated us to design a GPU parallel approach to
efficiently find a set of approximate solutions.

2 Overlap area computation

The area of the overlap between a circle and a polygon
with holes can be computed as the area of the over-
lap between the circle and the outer boundary of the
polygon minus the area of overlap between the circle
and each one of the holes. So, we need to efficiently
compute the area A(q) = area(D,-(¢) () P) of the over-
lap of D,.(¢) with a simple polygon P. This area A(q)
can be computed in linear time with respect to the
number n of the vertices of P as follows. The area
A(q) is equal to the area of overlap between D,.(O)
and P’ where O represents the origin and P’ is the
H

polygon P translated by the vector —Ogq. By com-
puting the intersection points between the boundary
of P’ and taking into account that a segment inter-
sects a circle in at most two points, the boundary of
P’ can be expressed as a closed polygonal chain B of
vertices py, i, -, P, = Py (m < 3n) whose boundary
segments B; = p;p;,, are completely interior or exte-
rior to D,.(O). Consider now the curve B = Uﬁgl B;
where B; is the radial projection of B; onto D, (O)
when B; is exterior to D, (O) and B; otherwise. Ob-
serve that the curve B: 1) is a closed poly-curve whose
edges are straight line segments and circular arcs of
radius r; 2) may be self-touching but not self-crossing
(some pair of nonadjacent edges may have a common
intersection but do not cross); 3) can be continuously
approximated by simple closed curves (see Figure 1);
4) encloses a region whose area equals A(q).

Figure 1: Approximation of B from B.

Thus, the area A(q) can be computed by using
Greens’s theorem as follows:

m—1
1 1
A(q) = 5/E—yd:v—l—xdy: B ; /’i —ydx + xdy .
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The value of the integral on B;, I;, depends on
whether B; is interior or exterior to D,(O). When
B; is exterior, the arc B; can be parameterized by:

(rcos(ay +t), rsin(a; +t)), t€[0,q;+1],

—
where «; is the oriented angle between the vector Op],
and the x axis and «; ;41 is the oriented angle between

—
the vectors Op; and Op;, ;. Then, we have
I =r’a; 41

In the other case, that is, when B; is interior to D,.(0),
the segment B; = B; can be parameterized by:

Pi + (i1 —pi);, te[0,1].
Then, it holds:
I; = det(p},pi 1) = det(p; — ¢, pit1 — q) -

2.1 Acceleration of the overlap area computation

Consider that a piece of the chain B is completely
exterior to D;.(O) between the vertices p; and p} (j >

Z) Let Bi,j =
want to compute

J
1 ; = /7 —ydx + xdy = ZI’“

i, k=1

i:i By, be this piece of chain. We

without computing each I, because it involves the use
j — 1 times of the function arccos, which is computa-
tionally expensive.

Let A;; be the shortest oriented arc on D, (O) that
connects the point p with the point p} and let B;;
be the closed simple curve determined by B; ; U A; ;.
Then, I; ; can be computed by

Ly =1, —/
A

where

—ydr +2dy = I; ; — TQaM ,

3yt

I;; = L
B

and o;; denotes the oriented angle between the vec-
T
tors Op; and Op;.

The result of the integral I; ; depends on the ori-
entation of B;; and on whether the circle D,(O) is
interior or exterior to B; ;. Let n;; be the number of
intersections between B; ; and the half-line with ori-

—ydz + zdy ,

—
gin O in the direction of the vector —Op/. According
to n,; ; and aj;, there are three cases to consider (see
Figure 2):

1. n;; is odd and «;,; > 0. Then, D, (O) is interior
to B;; and B;; is oriented counterclockwise. Conse-
quently, I, ; = —27tr2 and I ;= r2(2m — Q).

2. n;; is odd and «j; < 0. Then, D,(O) is interior
to B;; and B, ; is oriented clockwise. Consequently,
Iz‘,i = —27‘(’!‘2 and Ii,j = —1“2(27'(' + Ozm-).
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Case 3: n; j even

Figure 2: Exterior chain cases.

3. n;; is even. Then, D,(O) is exterior to B; ;.
Consequently, I; ; = 0 and I; j = —r?a; ;.

In this way, for a chain of j — i vertices, we need
to apply the intersection test between a segment and
a half-line j — ¢ times and we only need to use one
time the function arccos. Therefore, as we show in
the Results section, the time expended in the overlap
area computation decreases substantially.

3 Computing the maximum overlap

Lemma 1 At least a location optimizing A(q) be-
longs to the region delimited by the convex hull
CH(P) of the simple polygon P and, consequently,
it also belongs to the bounding box of P.

Proof. Assume that gy is an optimal location such
that gqo ¢ CH(P), and denote gy the closest point to
qo among all the points in CH(P). When we translate
the disk D,(qo) by the vector qj(?o (see Figure 3) we
have that:

Dy(q0) "CH(P) € Dr(qo) - (1)

Taking into account that
Dy (q0) N P € Dy(q0) NCH(P), Dr(q)NPCP

and (1) we also have that:

Dy (g0) NP € Dy(qo) N P. 2)
From (2) we conclude that A(gg) > A(qo)- O

To solve the problem we sample the bounding box
of the polygon P by using a uniform grid composed
of square cells of side length d. Then, we compute the
area A(c) for each grid cell center ¢ and pick a center
¢p with maximum area. To assure that the absolute
error between areas when choosing as optimal grid
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Figure 3: Observe that Dy (qo) N CH(P) C Dr(qo).

center ¢y instead of the optimal point ¢q it is not too
bad, we need to choose an appropriate side length d
of the square grid cells.

Observe that the largest value of the absolute error
A(go) — A(co): 1) occurs when the point g coincides
with a vertex of a square grid cell; 2) is bounded by the
area of the lune L(qo) = D;(qo) — (Dy(q0) ( Dr(c)),
where ¢ denotes a grid cell center, because the lune
L(qo) is a subregion of D,(go)( )P but the lune
L(¢) = D,(c) — (Dy(c)[N1Dr(qo)) does not intersect
D,(q0) N P (see Figure 4a) and thus:

A(qo) — Alco) < A(qo) — A(c) < area(L(qo)) - (3)

In the particular worst-case in which qg is a ver-
tex of the square grid cell of center ¢y, taking h =
d(co,qo) < 2r, we have that:

2 d? d 2 2
h®"=2—; 2r>h=—; 8r*—d* >0,
4 NG}
and using Taylor expansion, we have:
9 ) h h
area(L(qp)) = 2r° arcsin o + 5 4r2 — h2 <

< 2rh = V2dr.

Fixed r and € € (0,1], and according to (3), a €
absolute error can be guaranteed by choosing the side
length d of a square grid cell as

d = min <2\f27",
because, in such a case:
Alqo) — A(co) < area(L(qo)) < V2dr =¢.

Thus, if the bounding box of the polygon P has
dimension a x b, the number of vertices of the reg-
ular grid providing an e absolute error is ([a/d] +
1)([b/d] + 1) € O(ab(r/e)?).

)

When the maximum area of overlap A(qo) is at least
a sufficiently high fraction of the area of any disk of
radius r, we also obtain an (1 —¢’)-approximation. In
fact, assume A(qp) > knr? for some k > ¢/(nr?) and
take 0 < ¢ = ¢/(kmr?) < 1, then ¢ = ¢'kmr? <
e’ A(qo). Thus, from A(go) — A(co) < & we have
Aco) > Algo) — > Algo) — ' Algo) = (1 — /) Algo).
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4 Adaptive local grid refinement

We can improve the accuracy of a solution obtained
with an initial @ xb grid by using a refinement method.
An initial huge grid over the entire bounding box of
the polygon P or a global refinement method wastes
a lot of grid cells in areas where are not necessary.
Using huge grids can be computationally demanding,
both in terms of time and memory requirements, thus
we propose a local grid refinement method. This local
grid refinement strategy identifies the cells, called par-
ent cells, to be refined according to a two-way filtering
criterium that allows us to quickly detect grid cells
where it is not necessary to apply the refinement pro-
cess because their points can not be optimal, Lemma
2, or are all optimal, Lemma 3. After detecting the
parent cells, we determine the new value for d, ac-
cording to the desired € or the maximum number of
desired grid cells, and construct a new regular grid of
child cells, over each selected parent cell. Finally, we
perform for each child cell the process we followed for
the initial grid, this local refinement process can be
repeated as many times as required until de desired
accuracy is obtained.
Next, we give the mentioned Lemmas:

Lemma 2 Ifd < 2/2r and A(cy) — A(c) > v/2dr for
the center c of a grid cell g, then the optimal point qq
does not belongs to the cell g.

Proof. From (3) we know that if the cell g of center
¢ contains qp the following inequalities are fulfilled:

A(qo) — A(e) < area(L(qo)) < V2dr. (4)
If A(co) — A(c) > v/2dr, then also

Algo) — A(c) > A(co) — A(c) > V2dr,  (5)

thus go cannot belong to g because in this case in-
equalities (4) and (5) are in contradiction. O

Lemma 3 Assume that: a) A(c) = area(D,(c) N
P) = area(D,(c)) = 7r?, thus D,(c) C P and c is an
optimal point; b) d < \/2r is fulfilled, hence, D,(c)
covers the cell g. If for the center ¢’ of each one of
the eight cells adjacent to cell g we have A(c') = mr?,
then any point of the cell g is optimal.

Proof. The union F of the set of all disks of radius
r whose center belongs to the cell g is the r-offset of
the cell g. Consequently, if F' C P, then, D,.(¢') C P
for any point ¢’ belonging to the cell g, thus ¢ is
an optimal point. Observe that the union of the eight
disks of radius r centered in the center of the grid cells
adjacent to cell g together with the disk D,.(¢) covers
the r-offset F' (see Figure 4b)). Thus, in order that
F C P it suffices that D,(¢/) C P, or equivalently
D,.(c") = 7r?, for the center ¢’ of each of the eight
adjacent cells to g. O
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Figure 4: a) The maximum error occurs when the optimal point
qo is a vertex of a cell. b) The union of the nine disks covers
the cell offset.

5 GPU Implementation

The initial overlap areas, corresponding to the circles
centered at a a x b grid with d < \/57“7 are computed
in parallel by finding one area per thread, the current
A(cp) value is estimated using an amortized atomic
max operation. The threads in a block cooperate to
store the polygon information to shared memory. If
a refinement step is required, we analyze the cells in
parallel using the filtering criteria, parent cells are
marked with a 1 and terminal cells with a 2 or a 0 de-
pending on whether they are or can not be optimal. It
is done by using squared B x B blocks, whose threads
cooperate to transfer the B+ 2 x B+ 2 potentially re-
quired areas to shared memory. After being marked,
the IV parent cells are extracted and a k x k new grid
is placed in each one. We take k = min(32, h, w, k.) in
the first step and & = min(32, k, k.) in the subsequent
ones; the 32 value is due to GPU reasons, and k. is
the required number of subdivisions needed to achieve
e. However, we add two extra rows and columns sur-
rounding the k x k grid, that will never be refined, to
be able to properly use the stop-refining criterium of
Lemma 3 at this refinement step. Thus, we compute
k+2x k+2 areas per parent cell. Finally, the N (k+2)?
areas are computed in parallel and k& x k blocks are
used in the next filtering step, if it is required.

6 Experimental results

We have implemented our algorithms in C++ and
Cuda C and run the experiments using a Inter(R)
Core(TM) i7-4790CPU with a Tesla k40 active GPU.

We have used the polygon with holes representing
Los Angeles city map and considered the orange circle
of Figure 5 of r = 6 (km). We can see, represented
by colored points, the cell centers analyzed during the
process. The green ones are the centers of the cells
having maximum area, in this case 7r? ~ 133 (km?).
The blue points are the other analyzed centers, they
are painted in a blue color gradation according to
the overlap area of the circle centered on them. The
darker the point the smaller the overlap area. The
gradual refinement is clearly seen in the figure as well
as some rounding errors in the points surrounding the
regions with maximal area.
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Figure 5: Los Angeles city map with the analyzed grid cells
centers, the optimal locations are marked in green. Initial grid
size=12 x 9.

Considering ¢ = 0.144 (km?) and a 12 x 9 initial
grid, which corresponds to an initial grid cell size of
d = 6.6 (km), the algorithm requires four refinement
steps and takes 0.35 (s), in this case the smallest grid
cell size d is of 12 (m). If we start with a finer initial
grid of size 352 x 285, d = 0.2 (km), one refinement
step and 0.47 (s) are needed, now the smallest d is of
16.6 (m). Thus, the adaptive local grid refinement is
worthy, and the process to accelerate the area compu-
tation too, if it is not used the running times become
1.27 (s) and 1.56 (s).
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Abstract

We investigate the 2-center problem for arbitrary
strictly convex, centrally symmetric curves instead of
usual circles. In other words, we extend the 2-center
problem (from the Euclidean plane) to strictly convex
normed planes. We show that the corresponding deci-
sion problem can be solved in O(n? log n) time, gener-
alizing the algorithmical approach given by J. Hersh-
berger for the Euclidean plane. In addition, we prove
various theorems on the notions of ball hull and ball
intersection of finite sets in strictly convex normed
planes, which are fundamental for the 2-center prob-
lem, but also interesting for themselves.

1 Introduction

The 2-center problem can be formulated as follows:
given a (finite) set K of points in the plane, find
two congruent closed discs of smallest possible radius
whose union covers K. Variants of this problem are
frequently investigated, e.g., considering only centers
from K (the so-called discrete 2-center problem), or
by allowing two different radii. It is our aim to ex-
tend this problem to arbitrary strictly convex normed
planes. Geometrically this means that we investi-
gate the 2-center problem for arbitrary strictly con-
vex, centrally symmetric curves instead of Euclidean
circles. In addition, for a given radius A > 0, we study
geometric properties of planar ball hulls (the inter-
section of A-balls containing K) and ball intersections
(intersection of A-balls whose centers belong to K).
These notions are helpful for investigating (also algo-
rithmically) the planar 2-center problem, and they are
again defined in the sense of strictly convex normed
planes.

From the more theoretical point of view, we obtain
various new results on the ball hull and the ball inter-
section of a finite set K in arbitrary strictly convex
normed planes. These results shed more light on the

*Email: pjimenezQunex.es. Research partially supported
by MICINN (Spain) and FEDER (UE) grant MTM2008-05460,
and by Junta de Extremadura grant GR10060 (partially fi-
nanced with FEDER).

fEmail: horst.martini@mathematik.tu-chemnitz.de.

tEmail: margarita.spirova@mail.de.

61

geometric structure of the boundary of such point sets
associated to K. Several lemmas and theorems here
can be considered as natural generalizations of results
from [9] for the planar case (see also [11]). Further on,
these results can be directly used for the construction
of planar ball hulls and ball intersections via circular
arcs (in the sense of the respective norm), and they
are also useful for the algorithmical approach to the
2-center problem presented in the final section, which
is a natural extension of that of J. Hershberger for the
Euclidean subcase (cf. [7] and also [8]). Finally, we
prove that, for two given radii and arbitrary strictly
convex norms, the 2-center decision problem can be
solved in O(n?log n) time and O(n?) space.

2 Notation and preliminaries

Let M¢ = (R? || - ||) be a d-dimensional normed (or
Minkowski) space. As is well-known, the unit ball B
of M? is a compact, convex set with non-empty in-
terior (i.e., a convex body) centered at the origin o.
The boundary of B is the unit sphere of M, and
any homothetical copy = + AB of B is called the ball
with center x € R% and radius A\ > 0 and denoted by
B(z, \); its boundary is the sphere S(z, \).

Given a set of points K in M? and A > 0, the \-ball
hull bh(K, \) of K is defined as the intersection of all
balls of radius A that contain K:

(1 B(z\.

KCB(z,\)

bh(K, \) =

Our Theorem 3 below describes the boundary struc-
ture of bh(K, \).

The A-ball intersection bi(K,\) of K is the inter-
section of all balls of radius A whose centers are from
K:

bi(K,\) = [ B, ).
rzeEK
Note that for d = 2 and K a finite set, the boundary
structure of bi(K, A) consists of circular arcs of radius
A with centers belonging to K.

Naturally, these notions make sense only if
bh(K,\) # 0 and bi(K,\) # 0, and this happens
if and only if A > Ak, where Ak is the smallest num-
ber such that K is contained in a translate of \g B.
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The minimal enclosing ball of a bounded set is always
unique in the Euclidean subcase, but this is no true
for an arbitrary norm.

For a compact set K in M? denote by diam(K) :
max{||z—yl| : z,y € K} the diameter of K. In what
follows, when we speak about the A-ball intersection
or A-ball hull of a set K, we always mean that A > Ag.
It is easy to check (see also [2]) that

>\K S dlam(K) S 2)\}(.

3 On ball hulls of finite sets in the planar case

Let p and ¢ be two points of the circle S(z, A). In the
following, the minimal circular arc of B(x, ) meeting
p and q is the piece of S(z, \) with endpoints p and
q, which lies in the half-plane bounded by the line
(p,q) and not containing the center . If p and ¢
are opposite in S(x, \), then the two half-circles with
endpoints p and ¢ are minimal circular arcs of S(z, \)
meeting p and q. We denote pg to a minimal circular
arc meeting p and ¢ .

Our objective in this section is to describe the struc-
ture of the ball hull of a finite set K (see Theorem 3
and Theorem 4). The proofs of the results in this
section are omitted but can be read in [10].

Lemma 1 Let M? be a normed plane. Let p and q
be two points belonging to a disc of radius A. If M?
is strictly convex or ||p — q|| < A, then

1. there exist only two minimal arcs of radius A
meeting p and q (which may degenerate to the

segment pq),

2. every disc of radius A\ containing p and q also con-
tains the minimal circular arcs of radius A meet-
ing p and q,

3. for every oo > A, each disc of radius \ containing
p and q also contains the minimal circular arcs of
radius o meeting p and q,

4. if a circular arc of radius A\ meeting p and q is
contained in a disc of radius A and contains inte-
rior points of the disc, then this arc is a minimal
circular arc.

The above result is not true for normed planes
which are not strictly convex and satisfy [|p —¢|| > A.
With the maximum norm, the unit disc centered at
o = (0,0), the unit disc centered at z = (0.1,0) and
the points p = (0.5,1) and ¢ = (0.5, —1) yield a coun-
terexample.

Lemma 2 Let K = {p1,ps,...,pn} be a finite set in
a normed plane M? and \ > 0. If either the plane
M? is strictly convex or A\ > diam(K), then any disc
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B(x, X) which contains K also contains every minimal
circular arc of radius larger than or equal to A and
meeting any two points p; and p; in K.

Theorem 3 Let K = {p1,p2,...,pn} be a finite set
in a normed plane M2, and let A > \g. We denote
by pip; a minimal circular arc of radius \ meeting p;
and p;. Let H be the set of all discs of radius A such
that their boundary contains a circular arc meeting
points from K. If the plane M? is strictly convex or
A > diam(K), then

M

KCB(z,\)eH

B(x,\) = conv( U DiD;)-

i,7=1

bh(K, \) =

Theorem 3 shows that the boundary of the ball hull
consists of arcs meeting points from K. The endpoints
of such arcs are in fact extreme points of the ball hull.
We call these points vertices of ball hulls.

Recall that the boundary of a planar ball intersec-
tion consists of circular arcs. Similarly to vertices of
ball hulls, we call their endpoints vertices of ball in-
tersections.

Theorem 4 Let K = {p1,p2,...,pn} be a finite set
in a normed plane M? and A > Ag. If M? is strictly
convex or A > diam(K), then every arc of the bound-
ary of bi(K,\) has a vertex of bh(K,\) as center.
Moreover, every vertex of bi(K, \) is the center of an
arc belonging to the boundary of bh(K, \).

4 The algorithm for the 2-center problem

Given r1 > 19 > 0, the planar 2-center decision prob-
lem asks whether a set K of n points in a normed
plane can be covered by two discs of radius r; and
ro, respectively. Without loss of generality, we can
assume that » = r; > r9 = 1. Of course, the consid-
eration makes only sense when the diameter of K is
larger than the radius ry, since otherwise a disc of ra-
dius r; covers K. Hershberger and Suri [8] published
an algorithm solving the problem in O(n? logn) time
and O(n) space in the Euclidean plane. Hershberger
[7] improved the time cost to O(n?) using an algo-
rithm described by Step 1 and Step 2:

Step 1. Building the arrangement of discs with
radius r centered at the points of K.

Step 2. Moving a reference point p along the
boundary of the discs from the arrangement, keep-
ing track of the set F of points that are farther than
a distance r away.

For describing precisely the idea from [7], let pg (6 €
[0,360°]) be a parametrization of a disc C' from the
arrangement, and consider four disjoints sweeps in the
circle. Let [01,60; + 90°) be one of those sweeps. For
every 6 € [01,60; + 90°), define the following variable
sets:
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Fy: the points of K which do not belong to the disc
centered at pg;

Dy: the points of K which do not belong to the
disc centered at py and do not belong to the discs
centered at other previous (in the oriented sense of
the parametrization of the circle) points.

Ap: the points of K which do not belong to the
disc centered at py, but each of them belongs to some
disc centered at other previous (in the oriented sense
of the parametrization of the circle) points.

Obviously, Fy = Dy U Ay for every 6. Move py
along the sweep starting with 6 = ;. The sets Fy, Dy
and Ay may change. At the beginning we have Fy =
Dy, and Ay is empty. When py moves, some points
are possibly deleted in Dy, because they leave Fy.
Nevertheless, some points possibly begin to belong to
Ay when they begin to belong (again or for the first
time) to Fp.

After each change to Ay and Dy, test whether
bi(Ag,1) and bi(Dg, 1) intersect. The point py and
every point of this (eventually) non-empty intersec-
tion become the centers of a solution pair of discs for
the 2-center problem. Therefore, for each circle C, for
each of the four 90° arcs that cover C:

Step 2(a). Find the order of insertions and dele-
tions to Ag and Dy in O(n) time by walking along the
boundary of C.

Step 2(b).
quence, maintaining bi(Ag, 1).
to bi(Ag, 1) in a transcript.

Step 2(c). Partition of the initial set Dy, into a
static set Z of points that will not be deleted during
the sweep, and a dynamic set Yy of points that will
be deleted.

Step 2(d). Play the transcripts for Ay and Dy
simultaneously, both in forward time order (the re-
verse of the construction order for Dy). Test whether
bi(A4p,1) and bi(Dg,1) overlap at any point during
the playback.

Process the insertions to Ap in se-
Record the changes

In the following, we justify that Hersberger’s ap-
proach runs correctly in a strictly convex normed
plane, and finally we obtain Theorem 10.

Lemma 5 Let M? be a strictly convex normed plane.
If K is a set of n points in M2, then, building the
arrangement of circles with radius r > 0 centered at
the points of K takes O(n?log n) time and O(n?)
space.

Proof. The circles are well behaved, i.e., the total
number of intersections is O(n?) and the calculation of
the intersection points of two circles is a basic opera-
tion in our process and takes constant time. Thus, the
arrangement can be constructed in O((n + k) log n)
time using (the output sensitive) plane-sweep algo-
rithm (see [6]), where k& = O(n?) is the number of
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intersections between the circles. The space is obvi-
ously O(n?). O

Lemma 6 Let M? be a strictly convex normed
plane, and p1,ps,...,pm be the points added to Ay
in order of addition when p moves during its 90°
sweep. Suppose that each arc on the boundary of
bi({p1,p2,...,pj},1) is labelled with an integer i if
the arc belongs to the disc centered at p;. Then, for
any j, the labels of the arcs of bi({p1,p2,...,p;},1)
form a circular sequence with no duplication, one local
maximum, and one local minimum.

Proof. Lemma 1 in [7] proves the statement in the
Euclidean case making use of the following arguments
that we prove for strictly convex normed planes:

1) Every arc from the boundary of bi(K,r) is gen-
erated by a vertex on the boundary of bh(K,r), and
every vertex on bi(K,r) corresponds to an arc from
the boundary of bh(K,r). This is our Theorem 4.

2) If r > 1, then bh(K,r) C bh(K,1). This is
proved, for instead, in [9].

3) Let B(x1,1) and B(zz,1) be two discs in a
normed plane M? whose intersection has non-empty
interior. Let t3 be a point belonging to S(z1,1) N
S(x2,1). Let us consider a third circle S of radius
1 containing ts. This third circle cannot simultane-
ously contain points of both the arcs which form the
boundary of B(z1,1) N B(xz,1).

4) If a point b belongs to the convex hull of three
points {a,c,d}, then b is not a vertex of the ball hull
of {a,b,c,d} of radius r. O

Due to the structure of the boundary of the ball
intersection and its non-increasing property when
points are added (see [9]), the proofs presented in [7]
of the following Theorem 7, Theorem 8, and Theorem
9 are also valid for any strictly convex normed plane
using Lemma 6.

Theorem 7 We can maintain bi(Ay, 1) as Ay grows
in O(|A]) total time, where |A| is the final cardinality
of Ag.

Theorem 8 Let M? be a strictly convex normed
plane. Let Z be a fixed set of points, and Yy be a
dynamic set subject to deletions only. Suppose we
know the x-sorted order of Yy and Z, and suppose we
are given a change-transcript for bi(Yy,1). Then we
can compute a change-transcript for bi(YpUZ, 1) with
O(|Ys| + |Z|) additional work.

Theorem 9 Let M? be a strictly convex normed
plane. Let Ay and Dy be two sets of points subject
to insertions and deletions only, respectively. Sup-
pose that some oracle maintains the boundaries of
bi(Ag, 1) and bi(Dy, 1) in a linked-list form, and that
at each update it gives us a pointer to the changed
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edges. Then we can detect when, if ever, bi(Ap, 1)
and bi(Dy, 1) intersect, using O(|Ag| + |Dy|) time al-
together, where |Ay| and |Dy| are the maximum car-
dinalities of Ay and Dy.

Finally we obtain our main result in this section.

Theorem 10 In any strictly convex normed plane,
the generalized planar 2-center decision problem can
be solved in O(n?log n) time and O(n?) space.

Proof. Lemma 5 supports Step 1 in a strictly convex
normed plane. Theorem 7 shows that Step 2(b) runs
in O(|A|) total time, where |A] is the final cardinality
of Ay. For Step 2(c), use the algorithm of Theorem
7 to compute a change-transcript for bi(Yp, 1), work-
ing in time-reversed order; using Theorem 8, combine
this with Z to get a change-transcript for bi(Dg, 1).
Theorem 9 proves that Step 2(d) can be done in O(n)
time. O

Observation 1 Chazelle and Lee [3] proved that for
given n points p1, ..., p, and a fixed disc of radius r,
the arrangement of Fuclidean circles with radius r
centered at these points can be constructed in O(n?)
time and space, and this allows to obtain in [7] a bet-
ter final bound for the Euclidean two center problem.

Observation 2 We can rewrite our Theorem 10 us-
ing the following from [5]. Let there be given a set of
n curves, where each pair of curves can have at most s
intersection points, for a constant s. In this case, the
zone complexity of a single curve is O(As42(n)), where
Ao (k) denotes the maximal length of a Davenport-
Schinzel sequence of k elements with order o. Thus,
the total construction time is O(nAs42(n)), while the
complexity of the arrangement is of course O(n?).
Due to s = 2 for strictly convex normed planes, our
Theorem 10 can be formulated as follows: the gener-
alized planar 2-center decision problem can be solved
in O(ny(n)) time and O(n?) space in any strictly
convex normed plane. It is important to note that
Ao (k) Is almost linear in k for small values of o (for
Davenport-Schinzel sequences see [1] and [12]).
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Abstract

The Reeb graph captures the structure of a domain
using a scalar-valued function defined on it. For a
solid object, one can distinguish between the Reeb
graph of the object’s volume and the Reeb graph
of its boundary surface. In general, the surface and
volume Reeb graph are different objects, where each
has its advantages and disadvantages for analyzing a
shape. We propose a combination of both, which, for
a certain class of defining functions, can be computed
from a boundary description of the object and cap-
tures more information about its structure than the
individual graphs. As an application, we present a
volume decomposition algorithm guided by the com-
bined surface volume Reeb graph.

Introduction

The Reeb graph captures the structure of an object
efficiently by tracking the level-set components of a
scalar-valued function defined on the object. There-
fore, the Reeb graph typically finds applications in
shape analysis, simplification or decomposition.

For a solid object, two different Reeb graphs can
be considered. The volume Reeb graph (VRG) tracks
the level set components of the function restricted to
the object (considered as 3-dimensional manifold with
boundary). Typically its construction requires a vol-
umetric description of the object. Also, the volume
Reeb graph does not recognize holes in level set com-
ponents and thus may neglect some important struc-
tural features of the object.

Tracking the level set components of the function
restricted to the boundary surface of the object in-
stead leads to the surface Reeb graph (SRG). It can
be computed efficiently from a surface representation
of the object. When using a suitable function, such as
the height function or the average geodesic distance
function, the SRG is also able to capture the structure
of certain objects. More precisely, this is the case for
objects that contain substantial protrusions (such as
the limbs of an animal or the trunks of a tree) but
no significant cavities (such as the inner boundary of

*Email: birgit.strodthoff@jku.at. Research supported by
the Austrian Science Fund (FWF) through NFN S117 “Ge-
ometry + Simulation”
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a vase or cup). For suitable objects, for example, a
surface decomposition guided by the SRG can be ex-
tended to a meaningful decomposition of the object
by inserting cutting surfaces between the boundary
curves of surface patches. For other objects, the in-
sertion of these surfaces may intersect the boundary
surface or lead to a decomposition of the object into
less satisfactory parts.

We propose the surface volume Reeb graph (SVRG)
that combines the advantages of the SRG and the
VRG. For a certain class of defining functions, it can
be computed efficiently from a surface description of
the object and captures the information of both indi-
vidual structures. As an application, we present a vol-
ume decomposition algorithm guided by the SVRG,
which is able to decompose complicated objects (in-
cluding objects with deep cavities and holes) into
pieces that are easier to parametrize.

Our solid segmentation is guided by Reeb graphs
(see e.g. [2, 7, 8]) with respect to one or several Morse
functions.

The SRG has been used repeatedly for analyz-
ing and decomposing boundary surfaces of objects
[1, 14, 15], typically using the average geodesic dis-
tance function [1, 15] or geodesic distances to feature
points [14].

Also the VRG has been used to analyze and decom-
pose objects [16, 12], although it does not recognize
holes appearing in a level set component. By includ-
ing a second defining function, the VRG is generalized
to the Reeb space, which captures more details of the
object [7, 11], however at the price of being more ex-
pensive to compute.

The close relation between the genus of a surface
and its Reeb graph is investigated in [3]. Extend-
ing this idea, surface Reeb graphs were used to detect
handle and tunnel loops of an object in boundary rep-
resentation [4]. Finally, cutting surfaces are inserted
into an object in order to get objects with cycle-free
Reeb graphs in [6, 13]. This reduces the genus, but
some holes may remain in the object.

Several algorithms are described in the literature
that compute the Reeb graph of a surface for a given
surface description, or the Reeb graph of a volume
for a given volumetric description (e.g. [5, 9, 10, 13]).
These algorithms typically allow for a general choice
of defining functions, but if a three-dimensional man-
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ifold is given in a boundary description only, a volu-
metric description (such as a tetrahedral mesh) has to
be generated first to compute the VRG. To avoid this,
we compute both Reeb graphs using an algorithm that
works on the boundary representation, see [11, 12]
and Section 1.3. However, it should be noted that the
boundary-based construction limits the choice of the
Morse function.

1 The surface volume Reeb graph (SVRG)

After recalling the definition of Reeb graphs, we intro-
duce the surface volume Reeb graph, which combines
two Reeb graphs of a solid object.

1.1 Reeb graphs

We begin by recalling the definition of Reeb graphs
(see [2] for a more detailed and general introduction).

Definition 1 Consider a scalar-valued function f de-
fined on a d-manifold (or a manifold with boundary)
M. Points mapped to the same function value form a
level set, connected parts of a level set are called level
set components. The Reeb graph of M with respect
to f is obtained by contracting every level set compo-
nent to a point, maintaining adjacency between level
sets.

For a solid object, two different Reeb graphs can be
considered, see also Figure 1. On the one hand, one
can consider a function defined on the object consid-
ered as 3-manifold with boundary. We will call the
Reeb graph generated by this function the Volume
Reeb graph (VRG). On the other hand, consider a
function defined on the surface of the object. The
level set components of such a function consist of
curves on the boundary of the object. The Reeb graph
tracing these level set components will be denoted as
Surface Reeb graph (SRG) in the following.

1.2 The combined surface volume Reeb graph

Motivated by the close relations between the SRG and
the VRG, we introduce a combined structure, the sur-
face volume Reeb graph, see also Figure 1. While the
VRG does not recognize holes appearing in level sets,
and the SRG does not know which boundary compo-
nents bound the same level set component, the SVRG
combines the structural information of both graphs.

Definition 2 To form the combined surface and vol-
ume Reeb graph (SVRG), the edges of the SRG are
subdivided into edge segments at the f-values of in-
cident vertices of the VRG. Each edge segment is la-
beled by the associated edges of the VRG.
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Figure 1: Surface Reeb graph (SRG), Volume Reeb
graph (VRG) and their combination (SVRG) with re-
spect to the height function, which maps every point
to its last coordinate. The VRG contains only one
cycle corresponding to the handle on the left. In the
SRG, also the vertical hole induces a cycle, since the
boundary curve splits into an inner and an outer com-
ponent. The SVRG combines the information of the
other two graphs. Note that the inner boundary com-
ponent connecting points 2 and 4 is split into two edge
segments with different labels.

For every edge segment, a connected, monotone
path of mesh-edges is stored. The edges of the SRG
and the VRG are represented by lists of such edge
segments, where every edge segment stores references
to the containing edges.

The vertices of the SVRG contain an instance of
a SRG-vertex and, additionally, a VRG-vertex where
appropriate. Those have access to the incident edges
of the SRG and VRG, respectively. Additionally, a
vertex of the SVRG stores a reference to the underly-
ing vertex of the surface mesh and a set of the oriented
level set polygons through v, which can be traced efli-
ciently. Using only these polygons and their orienta-
tion, we can decide what kind of vertex of the SVRG
lies in v.

1.3 Computation of the SVRG from a boundary
representation

The SVRG is computed efficiently from a triangulated
boundary mesh of the given object, using an adapta-
tion of the algorithm presented in [12], see Algorithm
1. We use a sweep algorithm where the status con-
tains all edge segments at the current function level.
The events of the sweep are the vertices of the SVRG.
Those always lie in critical vertices of the mesh, i.e.
in local minima, maxima and saddle points with re-
spect to f, and can thus be located by considering the
incident triangles.

In order to identify whether an edge segment in the
status is influenced by a vertex V', we use the level
set polygons through v. Typically, the level set poly-
gons are, at some point, intersected by the mesh-edges
representing the edge segment. Only in a minimum V'
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Algorithm 1 computeSVRG
for all vertices v of mesh do
if v is critical with respect to f then
trace oriented level set polygons through v
create a SVRG-vertex V (v)
add V to vertex.list
sort vertex_list by increasing f-value
for all V in vertex_list do
grow edge segments to the f-value of V'
identify influenced edge segments in status
update status and SVRG

that is no vertex of the VRG, we trace level set poly-
gons starting from the edge segments in the status
and check which one surrounds V.

2 SVRG-guided volume segmentation

We show an application of the SVRG to guide the
decomposition of solid objects into pieces that are
easier to parametrize. More precisely, we are inter-
ested in trivariate tensor-product spline parameteri-
zations, which are able to represent topological hex-
ahedra, since their domain is the unit cube. Thus,
ideally we would get hexahedral pieces, but we will
aim for contractible volumes that can be segmented
into few hexahedral volumes efficiently in a second
step.

2.1 Reeb graphs for volume segmentations

For simple objects, surface decompositions based on
the SRG can often be extended to satisfactory de-
compositions of the volume. In general, however, a
surface segmentation may contain patches describing
the boundary surfaces of holes or deep cavities, and
thus does not induce a valid volume decomposition.
Decomposition algorithms based on the VRG always
give valid volume segmentations, eg. [16]. However,
the computation of the VRG is typically more expen-
sive than the SRG-construction, requiring a volume
mesh of the object.

The surface Reeb graph (and therefore also the
SVRG) has a close relation to the genus of the under-
lying object. Every hole of the object is represented
by a loop in the SRG [3]. The loops of the VRG are,
typically, a subset of the loops of the SRG. An ob-
ject decomposition algorithm guided by Reeb graphs
should therefore aim at a reduction of the number of
loops of the graph.

In [6, 13], the object is cut along level sets of the
defining function in order to resolve the loops of the
VRG. The aim of those works is to reduce the con-
struction of the volume Reeb graph to the much more
efficient construction of the contour tree, its loop-free
equivalent. Since cutting surfaces are, thus, only in-
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serted symbolically, it is not necessary to optimize
their quality.

We apply the SVRG to obtain a decomposition of
the object. The VRG guides the volume decompo-
sition, while the contained SRG gives efficient access
to the boundary components of an inserted cutting
surface. While cutting along level sets of the defin-
ing functions as in [6, 13], we aim at cuts comply-
ing with a certain quality criterion to achieve nicely
shaped pieces. Also, we do not only insert the mini-
mum number of cuts to resolve loops of the VRG, but
add more cuts if they simplify the resulting pieces.
Finally, we repeatedly use this approach for different
defining functions.

The Reeb graph may be complicated due to many
superfluous small branches. In the VRG contained in
our SVRG, we cut away those small branches up to a
certain threshold and merge edges in resulting vertices
of valency two. The resulting reduced volume Reeb
graph (VRG¥) is used to guide the construction.

2.2 The cutting algorithm

We begin by giving an overview of the overall
algorithm, see Algorithm 2. The algorithm has
been fully implemented in C+4 based on the
Computational Geometry Algorithms Library CGAL
(www.cgal.org).

Algorithm 2 cutObject

while not finished do
Choose function f and quality bound gq.
Compute SVRG and VRG*.
for all edges of VRG* do
use SVRG to get good cut candidate.
sort edges by the quality of their cut candidates.
for all edges e of VRG*, starting at best do
if quality of e > ¢ then
if cutting e simplifies the SVRG then
add e to cut_edges.
Reject cut_edges that do not split the object
Implement cuts of remaining cut_edges

In every iteration of the algorithm, we first choose
a function f and a quality bound ¢. The quality
bound will be set rather high in the beginning, aiming
at high-quality cutting surfaces. In short, we prefer
cutting surfaces that have few boundary components
and which form near-orthogonal intersections with the
surrounding object surface. In subsequent iterations,
we decrease the quality bound to make sure that suf-
ficiently many cuts are eventually accepted.

For the function f, we start with some given func-
tions. In later iterations, we can use the SRG of a
previous iteration to estimate the axis of a hole in the
object, which enables us to generate a function for the
next iteration that is able to resolve that hole.
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After choosing f and ¢ appropriately, the sur-
face volume Reeb graph SVRG is computed using a
boundary-based construction algorithm as described
in Section 1.3. We then compute a good candidate
cutting surface for every edge of the VRG* and sort
the edges by their quality.

First, an initial set of good cuts is generated. Start-
ing from the edges allowing the best cuts, we greedily
select cut edges if neither of their ends has valency
one. In the following step, some of the previously

selected cut_edges are rejected if the corresponding
cutting surfaces would be inserted into one of the re-
sulting pieces instead of splitting the object.

We present some exemplary results of our decom-

v

position algorithm in Fig. 2.
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Figure 2: Results of our decomposition algorithm.

3 Conclusion

We presented a novel algorithm for decomposing solid
objects into simpler pieces. Given a Morse function
f we combine the Reeb graphs of the object’s volume
and of its boundary surface. We then examine the
edges of the contained volume Reeb graph. If their
removal helps us to split the object — and this can be
decided using the Reeb graph — then we cut it with a
level set of f. In order to optimize the quality of the
resulting pieces, a quality criterion is applied during
the selection of cutting surfaces. This procedure is
repeated using different functions f.

In our examples, the presented method generates
satisfactory decompositions. The user can control the
quality of the resulting shapes by using different start-
ing functions or different bounds for accepting cutting
surfaces.

The choice of suitable Morse functions remains an
interesting topic for future research. So far we have
used only linear functions. In order to allow curved
cutting surfaces, the approach could be generalized
to nonlinear functions, provided that they allow for a
boundary-based construction of the Reeb graphs.
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Abstract

Motivated by WiFi channel assignment, we consider
a graph together with a spectrum of colors and a
matrix of interferences between colors. We explore
two vertex-coloring problems. First, the THRESH-
OLD SPECTRUM COLORING problem: allowing a fixed
number of colors, it aims to minimize the maximum
of the interferences at the vertices. Second, the
CHROMATIC SPECTRUM COLORING problem: fixing
a threshold and allowing to use as many colors as ver-
tices, it aims to minimize the number of colors lead-
ing to an interference below the threshold at every
vertex. To deal with these problems, we have im-
plemented modifications of the well-known DSATUR
heuristic to account for the given spectrum, compar-
ing their results with those of the heuristic optimiza-
tion algorithm ALHSO. Further, we have checked the
appearance of monochromatic edges in the colorings
obtained.

1 Introduction

Graph coloring is among the main problems in Dis-
crete Mathematics, attracting researchers because of
both theoretical challenges and applications [8, 12].
One of the most prominent vertex-coloring prob-
lems is frequency assignment [1], for which models
range from the most naive, forbidding monochro-
matic edges, to the most general, with assignment
constraints, interference constraints, and an objective
function.

The present work explores an intermediate model,
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in which we are given a graph G and a spectrum of
colors S = {c1,...,cs} endorsed with a matrix W of
non-negative interferences Wi; = W(c;,¢;) between
each pair of colors. For such a pair (G,W), a col-
oring ¢ of the graph will induce at each vertex v an
interference I,,(G, W, c) = 3_,c () Wlc(w), c(v)).

This is motivated by the setting in IEEE 802.11-
based wireless access technology, commonly known as
WiFi, in which each access point must be assigned a
frequency channel from a given spectrum, where in-
terferences between channels arise and one aims to
minimize the interference at access points. Having
this in mind, we introduce the THRESHOLD SPEC-
TRUM COLORING (TSC) problem: fixed a spectrum
of k colors, endorsed with a k x k matrix W of in-
terferences between colors, the goal is to determine
the minimum threshold ¢ € R>( such that (G, W) ad-
mits a k-coloring ¢ in which the interference at every
vertex is at most ¢, i.e., I,(G,W,¢) < t, Yv. Such a
minimum ¢ will be called the minimum k-chromatic
threshold of (G, W), denoted as Ty (G, W).

For a counterpart, we also consider the CHRO-
MATIC SPECTRUM COLORING (CSC) problem: fixed
a threshold ¢ € R>¢ and letting the spectrum to have
size |V(G)|, the goal is to determine the minimum
number of colors k € N such that (G,W) admits a
k-coloring ¢ in which the interference at every vertex
is at most that threshold ¢. Such a minimum & will be
called the t-interference chromatic number of (G, W),
denoted as x+(G, W).

Observe that the usual VERTEX COLORING prob-
lem is the particular case with the identity as ma-
trix of weights and a threshold ¢ = 0, i.e., x(G) =
Xo(G,I). With the same matrix and a threshold ¢
we get the IMPROPER COLORING problem, which al-
lows at most ¢ monochromatic edges around a vertex.
These two particular cases are NP-hard [6, 13], hence
so is the CHROMATIC SPECTRUM COLORING problem.

In addition, fixed any k& > 2 it is NP-complete to
decide if there exists a k-coloring with interference at
most any threshold ¢ > 2, see [3] and the references
therein. Hence, the THRESHOLD SPECTRUM COLOR-
ING is also NP-hard.
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2 Related work

Araujo et al. [3] considered a weight function w on
the edges of the graph G instead of a matrix W of
interferences between colors, and they define the in-
terference at a vertex to be the sum of weights of inci-
dent monochromatic edges. For a given edge-weighted
graph (G,w) they study the WEIGHTED IMPROPER
COLORING in which, fixed a threshold ¢ € R, the
goal is to determine the minimum number of col-
ors k € N such that (G,w) admits a k-coloring c
in which the interference at every vertex is at most
that threshold t. They also study the THRESHOLD
IMPROPER COLORING problem, where fixed a spec-
trum of k colors the goal is to determine the mini-
mum threshold ¢ € R>( such that (G,w) admits a
k-coloring ¢ in which the interference at every vertex
is at most .

Of independent interest are the works on the
Frequency Assignment Problem, which use different
models to fit the characteristics of specific applica-
tions. An interested reader can check the survey by
Aardal et al. [1].

3 Experiments

We have conducted a first experimental analysis of
our two problems, based on benchmarking different
techniques in a range of scenarios. In this section we
describe these scenarios, summarizing the techniques
we have tested in them, and discussing the results
obtained in the experiments.

3.1 Settings

As an initial exploration of the problem space, we
have considered graphs generated randomly using the
Erdés-Renyi (ER) model [7]. In it, every pair of
vertices has a prescribed probability p of being con-
nected. Different sub-categories were created by vary-
ing the number of vertices n and the probability of
connection p. In particular, we generated 10 graphs
for each combination of the following parameters:
number of vertices n € {60, 70,80} and probability of
connection p € {0.1,0.3,0.5,0.7,0.9}, which are the
same settings used in [9, 10].

For the interference between colors we have consid-

ered an exponential decay of base 2 with the position

1
of the colors in the list, i.e., W;; = TR

3.2 Coloring techniques used for benchmarking

For a first experimental analysis of our two prob-
lems, we have adapted the sequential greedy algo-
rithm DSATUR [4], standard for the usual VER-
TEX COLORING problem. Our implementation TSC-
DSATUR for the THRESHOLD SPECTRUM COLORING
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problem looks for the color minimizing the interfer-
ence at v. Our implementation CSC-DSATUR for the
CHROMATIC SPECTRUM COLORING problem looks for
a color that does not make interference at v exceed
the product of the fixed threshold ¢ by the propor-
tion of neighbors already colored. That is, if vertex v
has five neighbours, but only three of them have been
colored so far, the color chosen should guarantee the
interference at v to be at most %t. For a color to be
chosen, this constraint must hold not only for v, but
also for any neighbor of v which has already been col-
ored. This is a conservative heuristic to ensure it is
not possible to have a solution where the maximum
interference per node is above the threshold.

In addition, for our two problems we have also
tested a generic nonlinear optimizer based in Har-
mony Search, a music-inspired, evolutionary opti-
mization algorithm [5]. In particular, we have used
a freely available implementation which further uses
Augmented Lagrangian Multipliers to handle con-
straints [2].

Finally, for each scenario and approach we have per-
formed 20 repetitions.

3.3 Results

Tables 1 and 2 show the data obtained, respectively,
for the THRESHOLD SPECTRUM COLORING and the
CHROMATIC SPECTRUM COLORING problems. For
the sake of comparison with the usual VERTEX COL-
ORING problem, we have also checked the appearance
of monochromatic edges, showing its proportion over
the total number of edges.

For the TSC problem, inspired by the 11 chan-
nels available in the WiFi problem, we have cho-
sen k = 11. Table 1 shows that, as expected, the
approximations obtained for the maximum vertex
interference T711(G,W) increase with p. Moreover,
it shows that TSC-DSATUR performs better than
ALHSO for lower values of p, but the opposite ef-
fect arises for higher values of p, as the complexity
of the graph increases. This behavior is due to the
fact that ALHSO deals better with complex nonlinear
problems. Furthermore, the standard deviations are
noticeable lower in ALHSO than in TSC-DSATUR.
Regarding the percentage of monochromatic edges
(%M) in TSC-DSATUR and ALHSO, the general be-
havior consists in having lower values of %M for lower
maximum vertex interferences. For the TSC problem,
the maximum vertex interference is plotted in Fig-
ure 1. For the sake of space, we do not show figures
for n = 60 and n = 80 vertices, since the conclusions
that can be obtained from them are identical to those
for n = 70. In that figure we also add to the com-
parison the random coloring technique. Results show
that both TSC-DSATUR and ALHSO perform much
better than the random technique.
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Table 1: Average and standard deviation for the max-
imum vertex interference, as well as average percent-
age of monochromatic edges, for TSC with k = 11.

TSC-DSATUR ALHSO
n p |avg std %M | avg std %M
60 01108 0.1 00|12 02 0.0
60 03|38 04 06 |43 02 14
60 05|68 0.7 20|71 04 3.0
60 0.7199 05 43199 03 45
60 09129 04 6.6 |126 0.1 6.3
70 0.1 10 02 00|14 01 0.0
70 03|44 04 09 |50 02 1.6
70 05|79 06 27 |84 03 34
70 0.7111.9 0.6 4.8 [11.6 0.3 4.9
70 0.9]15.0 0.3 6.8 |14.7 0.1 6.6
80 0.1 12 0.2 00|17 01 0.1
80 03|54 0.5 10 |58 02 19
80 0.5 9.7 0.7 31|97 03 3.7
80 0.713.6 1.0 5.2 [13.2 0.3 5.1
80 09173 0.5 69 [169 0.3 6.8

Table 2: Average for the minimum number of colors
x: and the size of the spectrum xj***, as well as aver-
age percentage of monochromatic edges, for CSC with

t = 0.25¢g being g the average degree of the graph.

CSC-DSATUR ALHSO
nop | xt x& M| xe xi*" %M
60 0.1] 88 91 02|97 98 00
60 0.3]105 10.6 3.0 |10.8 108 1.4
60 0.5|10.8 10.8 4.9 |10.8 10.8 3.1
60 0.7]11.3 11.3 6.5 |10.8 10.8 4.7
60 0.9]11.1 11.1 8.1 |10.7 10.7 6.6
70 0.1 9.8 10.1 09 |10.1 101 0.1
70 0.3|11.1 11.2 3.6 [11.0 11.0 1.6
70 0.5|11.3 11.3 56 [11.1 11.1 3.3
70 0.7]11.8 11.8 7.0 [10.9 109 5.0
70 0.9|11.2 11.2 82 [10.7 10.7 6.8
80 0.1]10.0 100 1.1 |10.2 102 0.1
80 0.3]11.4 11.4 3.9 [11.1 11.1 1.9
80 0.5|11.6 11.7 6.0 |11.1 11.1 3.7
80 0.7]11.7 11.7 7.4 |10.8 10.8 5.3
80 09115 11.5 8.4 |10.8 10.8 7.0

For the CSC problem, in Table 2 we show the aver-
age and standard deviation for xi, i.e. the number of
colors required to achieve a certain maximum vertex
interference t. We have chosen t = 0.25¢, for g the
average degree of the graph. Conclusions are similar
to those obtained for the TSC problem, as ALHSO
performs better than CSC-DSATUR only for higher
values of p. It is interesting to note that the aver-
age number of different colors used x; is not always
equal to the average maximum color label used x;***,
which means that both CSC-DSATUR and ALHSO
sometimes choose solutions leaving holes in the spec-
trum, to achieve lower interference. Finally, Fig. 2
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Figure 1: Maximum vertex interference achieved by
different techniques for the THRESHOLD SPECTRUM
COLORING problem with k£ = 11 colors and n = 70
vertices.
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P
Figure 2: Average number of colors (x:(G,W))

achieved by different techniques for the CHROMATIC
SPECTRUM COLORING problem with with ¢ = 0.25¢g
and n = 70 vertices.

shows the average number of colors achieved by the
solutions of the benchmarked techniques, along with a
random reference approach, which generates random
colorings with increasing number of colors until get-
ting a solution where the maximum interference per
node falls below the threshold ¢. It is interesting to
note that the difference between the results obtained
by our heuristics and the random reference are sig-
nificantly lower as the average degree of the graph
(which depends on p) increases. Although this may
seem counter-intuitive, we must keep in mind that we
are adjusting the threshold t proportionally with the
graph degree g, which keeps the minimum number
of different colours needed by the solutions whose in-
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terference falls below the threshold around the same
values (8 to 12 colors). Finding such a solution ran-
domly is a different issue, however, and it becomes
easier when graph degree increases, since the propor-
tion of such solutions in the global solution space in-
creases when increasing the degrees of freedom (i.e.
the number of edges) per node. Finally, we can see
similar trends regarding the proportion of monochro-
matic edges as in the T'SC problem.

4 Conclusions and future work

Motivated by WiFi channel assignment, we have con-
sidered a graph and a spectrum of colors endorsed
with a matrix of interferences between them. We
have explored the THRESHOLD SPECTRUM COLOR-
ING problem and the CHROMATIC SPECTRUM COL-
ORING problem, implementing modifications of the
standard DSATUR heuristic to account for the given
spectrum. We have also used the heuristic opti-
mization algorithm ALHSO, testing all these color-
ing methods on FErddés-Renyi random graphs with
number of vertices n € {60,70,80} and probability
p € {0.1,0.3,0.5,0.7,0.9}, for an interference matrix
with exponential decay of base 2.

The results show that the proposed heuristics, TSC-
DSATUR and CSC-DSATUR, perform well for their
corresponding problem, yielding comparable results
to the ALHSO nonlinear optimizer. In particular,
the heuristics perform better in graphs with lower de-
gree, while the ALHSO optimizer is more adequate
for nodes with higher degree. This makes sense, due
to the fact that higher degrees involve more interde-
pendencies between node colorings, which is the kind
of constraints nonlinear optimizers are designed for.

It is also interesting to note that monochromatic
edges arise in most of the colorings, with average pro-
portions ranging from 0.0% to 7.0% of the total edges.
We also observe that these proportions increase with
graph degree, which makes sense, because in these
situations having a single monocromatic edge, for in-
stance, may be compensated by having a number of
low-interference polychromatic ones.

For future work in theoretical problems, it could
be interesting to find properties on the graphs and
matrices such that the minimum k-chromatic thresh-
old and/or the t-interference chromatic number are
achieved by proper colorings, or by colorings not ex-
ceeding a certain ratio of monochromatic edges. But
our main interest is to extend both our problems and
those in [3] by using both a matrix W of interferences
between colors and an assignment w of weights on the
edges. In particular, inspired by the WiFi channel as-
signment, it would be natural to introduce geometry
into the problem by defining the weight of an edge in
terms of the distance between its endpoints.

For future work in applied problems, we plan to
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model real WiFi channel assignment situations. Two
types of vertices, Access Points and Clients, are
needed, with interferences between vertices depend-
ing on their type and mutual distance.
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Abstract

The Grundy index of G is the maximum positive in-
teger k for which a graph G has a greedy k-coloring
of its edges. A geometric graph is a graph drawn
in the plane such that its vertices are points in gen-
eral position in the plane, and its edges are straight-
line segments. In this paper we extend the notion
of Grundy index for geometric graphs, and present
upper and lower bounds of this index for complete
geometric graphs.

1 Introduction

A vertex k-coloring of a simple graph G, is a surjective
function that assigns a color from the set {1,2,...,k}
to each vertex of G . A coloring is proper if any two
adjacent vertices have different colors. The minimum
positive integer k for which there exists a proper k-
coloring of (the vertices of) G is the chromatic number
of G and is denoted by x(G).

A Grundy coloring of a graph G is a vertex coloring
of G having the property that for every two colors i
and j with ¢ < 7, every vertex colored j has a neighbor
colored i. The maximum positive integer k for which
a graph G has a proper Grundy k-coloring is denoted
by I'(G) and is called the Grundy number of G. The
maximum positive integer k for which a graph G has
a Grundy k-coloring is denoted by v(G) and is called
the pseudo-Grundy number of G. Clearly we have
that

(@) < T(G) < 7(G).

Now we give an alternative definition of the Grundy
number. Consider the following greedy algorithm,
suppose the vertices of a graph G are listed in the
order vy, ..., V"

1. The vertex vy is assigned the color 1.

2. Once the vertices vq,v2,...,v; have been as-
signed colors, where 1 < j < n, the vertex
v;+1 is assigned the smallest color that is not as-
signed to any neighbor of v;;; belonging to the
set {v1,...,v;}.

*Email: dlara@cs.cinvestav.mx
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Every greedy coloring is a proper Grundy coloring.
Therefore, the Grundy number of G is the maximum
positive integer k for which a graph G has a greedy
k-coloring. See [4].

The line graph L(G) of a nonempty graph G is the
graph whose vertex set is E(G), two vertices u and v
of L(G) are adjacent if and only if v and v are adja-
cent edges in G. The chromatic index x1(G), Grundy
index T'1(G) and pseudo-Grundy index 1 of G, are
defined respectively as the chromatic number, Grundy
number and pseudo-Grundy number of the line graph
L(G) of G. Notationally, x1(G) = x(L(GQ)), I'1(G) =
I(L(G)) and 71(G) = 7(L(G)).

2 Preliminaries

A rectilinear geometric drawing (or a drawing, for
short) G = (V, E) of a graph G, is a drawing of G
in the plane, in which the vertices are represented by
S a set of points in the plane, and the edges are rep-
resented by E a set of (possibly crossing) straight line
segments connecting two points in S. We call such
a drawing a geometric graph. For brevity we refer
to the elements in S as vertices, and to the elements
in E as edges. In this paper, we only consider com-
plete geometric graphs, that is, graphs in which every
two distinct vertices are adjacent. Note that any set
of points in the plane induces a complete geometric
graph.

Let G be a geometric graph. We say that two edges
of G intersect if they have a common endpoint or they
cross each other. Two edges are disjoint if they do
not intersect. A coloring of the edges of G is proper
if every pair of intersecting edges has different colors.
A coloring is complete if each pair of colors appears
on at least one pair of intersecting edges.

The chromatic index x1(G) of G is the maximum
positive integer k for which there exists a proper k-
coloring of the edges of G. The Grundy index T'1(G) of
G is the maximum positive integer k for which there
exist a proper Grundy k-coloring of the edges of G.
The pseudo-Grundy index v1(G) of G is the maximum
positive integer k£ for which there exist a Grundy k-
coloring of the edges of G.
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The geometric chromatic index x4(G) of G is the
largest value k for which a drawing G of G exist such
that x1(G) = k. Similarly, we define the geomet-
ric Grundy index T'y(G) and the geometric pseudo-
Grundy index v4(G) of G as the smallest value k for
which a drawing G of G exist such that I'1(G) = k
and v1(G) = k, respectively.

Complete colorings of some geometric graphs have
been studied before by several authors; see [5, 6, 7]. In
this paper we study, for complete geometric graphs,
the Grundy and pseudo-Grundy indices, as well as the
geometric Grundy and the geometric pseudo-Grundy
indices. In Section 3, we consider complete geometric
graphs induced by point sets in convex position, and
give upper and lower bounds for the pseudo-Grundy
index of such graphs. In Section 4, we consider com-
plete geometric graphs induced by point sets in gen-
eral non-convex position, and give upper and lower
bounds for the geometric pseudo-Grundy index of
such graphs.

3 Points in Convex Position

In this section we study complete geometric graphs
induced by point sets in convex position. We call this
type of graph a complete convex geometric graph. The
crossing pattern of the edge set of a complete convex
geometric graph depends only on the number of ver-
tices, and not on their particular position. Without
loss of generality, we assume that the point set of the
graph corresponds to the vertices of a regular polygon.

Let G be a complete convex geometric graph of or-
der n, and let {1,...,n} be the vertices of the graph
listed in clockwise order. For the remainder of this
section all sums are taken modulo n. We denote by
€;,; the edge incident with the vertices ¢ and j.

2
3.1 Lower bound: T';(G) > 2 +3

Givenaset J C {1,..., L%J }, a circulant graph Cy,(J)
of G is defined as the graph with vertex set equal
to V(G) and E(C,(J) = {e;; € E(G) : j—i =k
mod n,or j —i = —k mod n,k € J}. The complete
graph K, is the circulant graph C,(J) when J =

{1,..., %]}

Theorem 1 Let G be a complete convex geometric
graph of order n.

n2

I'1(G) 3

v

+

~ 3

Proof. Consider the following partition of the set of
edges of G:

5]
E(G) = |J B(Cu({i}).

i=1
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For every i € {1,... L%J}, we describe a coloring of
the edges of C,,({i}) using i+ 1 colors, and prove that
it is a proper Grundy coloring.

For some fixed 1, consider  the  set
{eriv1,€2:i42, - €ir1,it(i+1)y of the first i + 1
edges of Cy,({i}). Assign a different color to each one
of these edges. It is clear that so far the coloring
is proper and Grundy. Using these same colors, we
color the remaining edges of Cy,({i}) in the following
way. For j € {1,...,i+ 1}, let ¢ be the color assigned
to edge e; i, assign c to all edges in the set C =
{81+(i+j)»(i+j)+(i+l)7 €14 (i45)+(i+1),(i+5)+2(i+1)5 - - 3
We stop when C' is maximal: adding one more edge
to C violates the requirement of properly coloring
the edges. We repeat this process for all different
values of 7. Figure 1 shows the coloring of Cy3({1})
and of C13({2}). Note that some of the edges of
the graph remain uncolored, and that the partial
coloring obtained is proper. It is clear that, for 4
fixed, we used exactly ¢ + 1 different colors, so the
number of colors we have used up to this point is
Zif i+1> @. Now we prove that this partial
coloring is a Grundy coloring.

Let C = {eay,b1sC€asbss---Car,by ), D€ the set of
edges with the same color, say ¢, as shown in Fig-
ure 2. By construction, all these edges belong to a
same circulant graph, say C,({i}). Further, ay =
by +1,a3 =bas+1,...,a;, =bi_1 + 1, also by —a; =
iy...,bp —ar =i, and by —a; —1 < 4. Let e be an
edge with color ¢ > ¢, and assume this edge belongs
to Cr({i'}). Since ¢ < ¢/, then ¢ < ¢/. Assume, by
contradiction that e does not intersect any edge in
C. Therefore, a subset of points of size i’ + 1 can be
separated from the set without intersecting any edge
in C, but this is a contradiction since the size of the
biggest of these subsets is ¢ — 1.

The coloring can be completed using the greedy col-
oring algorithm.

d

3.2 Upper bound: ~1(G) <

n2
4.8

The following theorem was shown in [1]:

Theorem 2 Any geometric graph with n vertices
and n + 1 edges, contains two disjoint edges.

Using this theorem the following result can be ob-
tain, the order of a graph denotes the number of its
vertices.

Corollary 3 Let G be a geometric graph of order n.
There are at most n chromatic classes of size one in
any complete coloring of G. In particular, there are
at most n chromatic classes of size one in any Grundy
coloring of G.
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Figure 1: The coloring of the first two circulants of
the complete convex geometric graph with 13 vertices.
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Figure 2: A set of edges with the same color.
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Consider two intersecting edges in G, the intersec-
tion might occur either at a common interior point
(crossing), or at a common end point (at a vertex).
Denote by m the total number of intersections that
occur at vertices, since G is the complete graph, then
m = n("gl) Denote by cr the total number of inter-
sections that occur at interior points, since G is the
complete graph and the point set is in convex position,
then cr = (Z)

Using these observations, we prove the following re-
sult:

Theorem 4 Let G be a geometric graph of order
n. The pseudo-Grundy index v1(G) of G is at most

O(Z5).

Proof. Let v, be the pseudo-Grundy index of G, and
let {1,2,...,71} be the set of colors used in a Grundy
coloring of G using 1 colors.

By Corollary 3 the maximum number of chromatic
classes of size one in any Grundy coloring of G is n.
Suppose that all other chromatic classes are of size
at least two. We show the result by counting the
minimum number of incidences required in a Grundy
coloring with these properties. Is is not hard to see
that a coloring that minimizes the required number of
incidences, must be one in which the chromatic classes
of size one are precisely {y1,71 —1,...,m1 —(n—1)}.
Let us count the number of incidences used by each
edge. Leti € {0,1,...,n—1}andj € {n,n+1,...y1—
1}. One edge with color vy, —i requires at least y1 —i—1
incidences with smaller colors, while one edge with
color vy, — j requires at least 1 — j — 1 incidences with
smaller colors. Therefore, the number of incidences
required is at least (721) + ("’1_”) < m + cr. After

2
doing some algebra, we obtain the desired result. [

4 On vy (K,)

In this section we consider point sets in general posi-
tion in the plane and present lower and upper bounds
for the geometric pseudo-Grundy index. Recall that
the geometric pseudo-Grundy index of a graph G is
defined as:

7¢(G) = min{~1(G) : G is a geometric graph of G}.

4.1 Lower bound for ~,(K,,)

To achieve the lower bound, we use the following re-
sult (see [2]):

Theorem 5 Every sufficiently large finite set X C
R? in general position contains 4 subsets Y1, Ya, Y3
and Yy with|Y;| > 5| X| (i = 1,...,4) such that every
set {y1,Y2,ys,ya} with y; € Y1,92 € Yo,y3 € Y3, and
y4 € Yy is in convex position.
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Using the above theorem, we can establish the fol-
lowing result.

Theorem 6 L%J < ye(Kn)

Proof. Let S be a set of n points in general posi-
tion in the plane. Take the subsets S1, S, S3,S4 of S
guaranteed by Theorem 5. Give different colors 1 to
L%J to the edges with one of its endpoints in Sy and
the other endpoint in Sy. Repeat these same colors
on the edges with one of its endpoints in S; and the
other endpoint in S3. Note that the partial coloring
obtained is pseudo-Grundy, and can be completed via
the greedy coloring algorithm to a Grundy coloring of
the complete graph. The result follows. O

4.2 Upper bound for v,(kK,,)

We get an upper bound for v4(K,), using the follow-
ing definitions and remarks:

Let G be a geometric graph, and let e be an edge of
G. The edge-degree of e is the number of edges in G
that intersect e. The largest degree among the edges
of G is called the mazimum edge-degree of G and it is
denoted by Aq(G).

The crossing index ¢ (G) of a graph G, is defined
as the smallest value k for which a geometric drawing
G of G exists such that Ay (G) = k.

Let G be a complete geometric graph, and let k
be its Grundy number. Consider a Grundy coloring
of G, using k colors, and let e be an edge to which
color k£ has been assigned. Since the coloring is a
Grundy coloring, for every ¢ € {1,2,...,k — 1}, there
must be an edge with color 7 intersecting e. Thus
A1(G) > ~(G) — 1 and then

AL(G) 2 a1 () > 7, () — L.

We need two more concepts from the literature. In
what follows, we assume that n is a multiple of 3. A
drawing G of K, is 3-symmetric [3] if its point set
S can be partitioned into three sets, so called wings,

with two properties: (i) each wing has size g, (ii) ro-
tating any wing by an angle of %’T and —2{ around a

particular point, generates the other two wings. We
say that G is 3-decomposable [3] if its point set S can
be partitioned into three sets U, V', and W, with two
properties (i) each size has size %, (i), there is a trian-
gle T enclosing S such that the orthogonal projections
of S onto the three sides of T show U between V and
W on one side, V between U and W on another side,
and W between U and V on the third side.

Now we provide an upper bound on the pseudo-

Grundy index.

Proposition 7 There exists a geometric complete
2
graph G with n vertices for which A1(G) = %-+0(n).
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Proof. Let G be a 3-symmetric and 3-decomposable
drawing of K,, with the following properties: (i) each
wing is a convex chain highly resembling a straight-
line, (ii) the vertices of U, V and W are labeled as
ULyenylp /35 V1yeesUn /3, W1,e..-,W /3, TeSpectively, where
u1, v1 and wy are the vertices of the convex hull of S,
(#4i) the vertices of each wing are listed in clockwise
order.

The edge with the biggest edge-degree is u1vy 3.
The only edges intersecting uyvy, /3 are those with one
end point in U and the other end point in V. The
degree of this edge is %2 + ©(n). Therefore, A1(G) =
2 4 O(n) O

This result directly implies our last theorem.

Theorem 8

’I’L2

Yg(Kn) < 9 +©(n).

Proof. Use Proposition7 O
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Orthogonal polygon illumination with rotating floodlights
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Abstract

We consider a variation on the classic art gallery prob-
lem on orthogonal and simple polygons. In our set-
ting, our guards have a bounded angle of visibility,
and they rotate uniformly. For orthogonal polygons,
we study the case of illuminating the interior or the
exterior of a polygon with or without holes with rotat-
ing floodlights of size 37“ We also study the problem
of illuminating simple polygons using rotating flood-
lights of size .

1 Introduction

In 1973, V. Klee [5] posed the problem of determining
how many lights are always sufficient to illuminate the
interior of an art gallery represented by a simple poly-
gon on the plane. V. Chvétal proved that |Z | lights
are always sufficient an sometimes necessary. Shortly
thereafter Fisk [8] gave an elegant and simple proof
of Chvatal’s result. In 1987, J. O’Rourke published
the book Art Gallery Theorems and Algorithms [10],
solely dedicated to the study of illumination problems
of polygons in the plane. Since then, several vari-
ants on this original problem have been posed. Some
of these variants involve illuminating some restricted
families of simple polygons, e.g. orthogonal polygons,
or using light sources with a restricted angle of illu-
mination, called floodlights, or more recently modem
illumination problems in which the signal emmited by
a source (e.g. a wireless modem) can penetrate several
edges of a polygon [7, 2]. The surveys of T. Shermer
[11] and J. Urrutia [13] are good sources of informa-
tion of most of the variations studied of the original
Art Gallery problem.

An a-floodlight f is a light source that emits light
within a cone of angular size a bounded by two rays
emanating from a point, the apex of f, a is called the
size of f. In 1997, Urrutia [4] proposed the problem
of illuminating the plane with n floodlights of sizes

*Partially supported by grants 168277 (CONACYT,
México), and IA102513 (PAPIIT, UNAM, México).

tPartially supported by grant SEP-CONACyYT of México
no. 80268.
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Qag, ..., such that their apices have to be located
at a given point set P with n elements, one apex per
point. In [4] it was proved that this can always be
done if oy + -+ a,, = 2w, and aq,...,q, < 7. In
1994, Estivill-Castro et al. [6] studied the following
problem: How many 7/2 vertex floodlights are al-
ways sufficient and sometimes necessary to illuminate
an orthogonal polygon with n vertices? They proved
that the answer to that question is precisely 3"8’4. In
all of these variants the floodlights are static. In 2011,
Urrutia posed the problem of illuminating the plane
with rotating floodlights of a given size such that their
apices have to be located at the elements of a point set
P, see E. Kranakis et al. [9]. They studied the prob-
lem of determining the initial orientation and sizes
of a set of rotating floodlights that always illuminate
the plane. They proved, among other results, that
three floodlights of size 7 are sufficient and necessary
to illuminate the plane all the time, as the floodlights
rotate counterclockwise at the same speed. In 2013,
Bereg et al. [3] studied a similar problem in which
the apices of rotating floodlights have to be located
at the elements of a point set P, and the elements of
a second point set must be always illuminated by at
least one floodlight.

We will assume that all the lights rotate counter-
clockwise such that at a time ¢ = «, they have rotated
«a degrees. We say that a point p of the plane is il-
luminated by a floodlight f at instant ¢ (w.r.t some
polygon P), if the segment fp is contained in the il-
lumination angle of f at time ¢, and there is no edge
of P intersecting the interior of fp. In this paper we
study the following problems: i) illumination of or-
thogonal polygons with vertex floodlights of size 37“
(i.e. located at the vertices of the a polygon). And
ii) illumination of simple polygons with vertex flood-
lights of size m. For simplicity, we assume that all
floodlights rotate counter-clockwise. We give sharp
bounds for both problems.
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2 Orthogonal polygons

We use the following notation as in [12]. Given an
orthogonal polygon P, we call an edge of P a top edge
if there is an € > 0 such that any point at distance less
than or equal to € from the mid-point of e, and below
e belongs to the interior of P. Right, bottom, and left
edges are defined in a similar way. A vertex of P is
called a top-left vertex if the edges of P incident to
it are a top and a left edge. Top-right, bottom-right,
and bottom-left vertices are defined in a similar way;
see Figure 1. Since a vertex may also be convex or
reflex, there are eight possible types of vertices in an
orthogonal polygon.

(a) (b)

Figure 1: In (a) e is a top edge, f is a right edge, and
v is a TR-vertex. In (b) f is a left edge, and v is a
TL-vertex.

For a given rotating floodlight f, the beginning of
f is the oriented half-line starting at the apex of f,
that leaves the area illuminated by f to its right, and
the area not illuminated by f to its left. The end of
f is defined in a similar way, see Figure 2.

Figure 2: Beginning, end and orientation of a flood-
light.

Given a rotating floodlight f, its orientation at time
t is the value of the (non-negative) angle made from
the positive z-axis to the beginning of f, for illustra-
tion see Figure 2.

Following [1] we define placement rules for «-
floodlights at the vertices of an orthogonal polygon as
follows: in the Top-Left-illumination rule (for short
the T'L-illumination rule), we place an a-floodlight at
the left endpoint of each top edge, and an a-floodlight
at the top vertex of each left edge. Unless otherwise
specified, we will assume that the orientation of our
a-floodlights is 0. For example if o = 7, in the ini-

107
108
109
110
111
112
113
114
115
116
117
118

119

120
121
122

123

124
125

126

127

128

129

130
131
132
133
134
135

136

137
138
139
140
141
142
143

144

78

Figure 3: TL-rule for F-floodlights.

tial position of a m-floodlight, it will illuminate the
half-plane below the line passing through its apex.

The other three possible rules (TR-rule, BR-rule,
and BL-rule) are defined in a similar way, see Fig-
ure 3, although the orientations of the floodlights are,
respectively 3777, 27“, and 7.

Now we define the a-(TR,BL)-illumination rule as
the union of the a-floodlights of the T'R-illumination
rule, and the BL-illumination rule, with the addi-
tional restriction that all the a-floodlights start with
equal orientations. The a-(TL,BR)-illumination rule
is defined similarly. The following result proved in [1]
will be used.

Theorem 1 [1] Let P be an orthogonal polygon with
or without holes. Then the T L-illumination rule pro-
duces an assignment of static floodlights of size 7,
that illuminate the interior of P.

The same is true for each of the TR-illumination
rule, the BR-illuminatio rule and the BL-illumination
rule.

3 Guarding the interior of orthogonal polygons

The main result of this section is the following Theo-
rem.

Theorem 2 Let P be an orthogonal polygon with
2m vertices, with or without holes. Then, m 37”—
rotating floodlights, with initial orientation 0, and lo-
cated according to the 2F-(TR,BL)-illumination rule
or the 37 -(TL,BR)-illumination rule, are always suf-
ficient to illuminate P. Furthermore m 3T

sr-rotating
floodlights are sometimes necessary.

Proof. Let f be a 37“—1rotati11g floodlight, placed at

a vertex v of P by the T L-illumination rule. We
say that f is active at a time t according to the TL-
illumination rule if f illuminates the region that would
be illuminated by a (non-rotating) 5-floodlight placed
at p by the T'L-illumination rule. In a similar way we
define an active 377T-rotating floodlight according to
the TR-, BR-, and BL-illumination rules.






